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Crystallographic group

Let us denote by E(n) the isometry group Isom(R") = O(n) x R"
of the n-dimensional Euclidean space.
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Crystallographic group

Let us denote by E(n) the isometry group Isom(R") = O(n) x R"
of the n-dimensional Euclidean space.

Definition

A crystallographic group of dimension n is a cocompact and
discrete subgroup of E(n).
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Crystallographic group

Let us denote by E(n) the isometry group Isom(R") = O(n) x R"
of the n-dimensional Euclidean space.

Definition

A crystallographic group of dimension n is a cocompact and
discrete subgroup of E(n).

| A\

Example
12zn

1 0
2.16(B, (1)), (1, ( 9)) € E(2), where B = ( 0 1 ) then

the group I' C E(2) generated by the above elements is a
crystallographic group of dimension 2.
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Bieberbach theorems

The first part of the eighteenth Hilbert problem was about the
description of discrete and cocompact groups of isometries of R".
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Bieberbach theorems

The first part of the eighteenth Hilbert problem was about the
description of discrete and cocompact groups of isometries of R".
The answer for the above Hilbert problem was given by the
German mathematician L. Bieberbach in 1913.
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Bieberbach theorems

The first part of the eighteenth Hilbert problem was about the
description of discrete and cocompact groups of isometries of R".
The answer for the above Hilbert problem was given by the
German mathematician L. Bieberbach in 1913.

Theorem

(Bieberbach) 1. If I C E(n) is a crystallographic group then the
set of translations I N (I x R") is a torsion free and finitely
generated abelian group of rank n, and is a maximal abelian and
normal subgroup of finite index.
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Bieberbach theorems

The first part of the eighteenth Hilbert problem was about the
description of discrete and cocompact groups of isometries of R".
The answer for the above Hilbert problem was given by the
German mathematician L. Bieberbach in 1913.

Theorem

(Bieberbach) 1. If I C E(n) is a crystallographic group then the
set of translations I N (I x R") is a torsion free and finitely
generated abelian group of rank n, and is a maximal abelian and
normal subgroup of finite index.

2. For any natural number n, there are only a finite number of
isomorphism classes of crystallographic groups of dimension n.

Andrzej Szczepanski (joint work with R. Lutowski) University  Outer automorphism group of crystallographic groups



Bieberbach theorems

The first part of the eighteenth Hilbert problem was about the
description of discrete and cocompact groups of isometries of R".
The answer for the above Hilbert problem was given by the
German mathematician L. Bieberbach in 1913.

Theorem

(Bieberbach) 1. If I C E(n) is a crystallographic group then the
set of translations I N (I x R") is a torsion free and finitely
generated abelian group of rank n, and is a maximal abelian and
normal subgroup of finite index.

2. For any natural number n, there are only a finite number of
isomorphism classes of crystallographic groups of dimension n.

3. Two crystallographic groups of dimension n are isomorphic if
and only if they are conjugate in the group A(n) = GL(n,R) x R".
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Flat manifold

Definition

A flat manifold M" of dimension n is a compact connected
Riemannian manifold without boundary with sectional curvature
equal to zero.
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Flat manifold

Definition

A flat manifold M" of dimension n is a compact connected
Riemannian manifold without boundary with sectional curvature
equal to zero.

1. torus R"/Z" ~ S x St x ... x St
n

\
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Flat manifold

Definition

A flat manifold M" of dimension n is a compact connected
Riemannian manifold without boundary with sectional curvature
equal to zero.

Example
1. torus R"/Z" ~ S x St x ... x St

n

2. R"/T, where T C E(n) is a torsion free crystallographic group
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Flat manifold

Definition

A flat manifold M" of dimension n is a compact connected
Riemannian manifold without boundary with sectional curvature
equal to zero.

Example
1. torus R"/Z" ~ S x St x ... x St

n

2. R"/T, where T C E(n) is a torsion free crystallographic group

Remark

Any flat manifold M" ~ R" /T, where I = m1(M"). T is a torsion
free crystallographic group of rank n.
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Flat manifold

From the theorems of Bieberbach the fundamental group
m1(M™) =T (Bieberbach group) determines a short exact sequence
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Flat manifold

From the theorems of Bieberbach the fundamental group
m1(M™) =T (Bieberbach group) determines a short exact sequence

0-2"—>T2G-—o,
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Flat manifold

From the theorems of Bieberbach the fundamental group
m1(M™) =T (Bieberbach group) determines a short exact sequence

0-2"—>T2G-—o,

where Z" is a torsion free abelian group of rank n and G is a finite
group with is isomorphic to the holonomy group of M".

Andrzej Szczepanski (joint work with R. Lutowski) University  Outer automorphism group of crystallographic groups



Flat manifold

From the theorems of Bieberbach the fundamental group
m1(M™) =T (Bieberbach group) determines a short exact sequence

0-2"—>T2G-—o,

where Z" is a torsion free abelian group of rank n and G is a finite
group with is isomorphic to the holonomy group of M".

Any flat manifold M" ~ R" /I ~R" /7" /T J7" ~ T"/G.
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Let I be a crystallographic group. We have
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Let I be a crystallographic group. We have

07" -T2 G-o.
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Let I be a crystallographic group. We have
0-2"—-T2G6 -0

Let hr : G — GL(n,Z) be the integral holonomy representation
defined by the formula

Veechr(g)(e) = geg ™,

where g €, p(g) =g and e € Z".
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Let I be a crystallographic group. We have
0-2"—-T2G6 -0

Let hr : G — GL(n,Z) be the integral holonomy representation
defined by the formula

Veechr(g)(e) = geg ™,

where g € ', p(g) = g and e € Z". Since Z" is a maximal abelian
subgroup, hr is a faithfull representation.
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Let o € H?(G,7Z") be an element which corresponds with the
above short exact sequence.
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Let o € H?(G,7Z") be an element which corresponds with the
above short exact sequence. Let

N ={X € GL(n,Z) |Vf € hr(G) X f X~! € hr(G)}.
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Let o € H?(G,7Z") be an element which corresponds with the
above short exact sequence. Let

N ={X € GL(n,Z) |Vf € hr(G) X f X~! € hr(G)}.

N acts on H?(G,Z") by formula
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Let o € H?(G,7Z") be an element which corresponds with the
above short exact sequence. Let

N ={X € GL(n,Z) |Vf € hr(G) X f X~! € hr(G)}.
N acts on H?(G,Z") by formula
nx[cl(g1, &) = n~[c(ngin™?, c(ngan™"],

where [c] € H*(G,Z"),n € N, g1,8 € G.
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Let o € H?(G,7Z") be an element which corresponds with the
above short exact sequence. Let

N ={X € GL(n,Z) |Vf € hr(G) X f X~! € hr(G)}.
N acts on H?(G,Z") by formula
nx[c)(gr, &) = n*[c(ngin™*, c(ngan™],
where [c] € H?(G,Z"),n € N, g1,8> € G. Finally let

Noy={neN|nxa=a}.
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From now, all crystallographic groups have a trivial center.
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From now, all crystallographic groups have a trivial center. It is
easy to see, that in this case (Z")¢ =0 and Inn(I) =T
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From now, all crystallographic groups have a trivial center. It is
easy to see, that in this case (Z")® = 0 and Inn(I') = I'. We have
a restriction homomorphism F : Aut(I') — Aut(Z").
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From now, all crystallographic groups have a trivial center. It is
easy to see, that in this case (Z")® = 0 and Inn(I') = I'. We have
a restriction homomorphism F : Aut(I') — Aut(Z"). In 1973 L.
Charlap and A.T.Vasquez proved that the kernel Fy of F is
isomorphic to Z1(G,Z") and the following diagram has exact rows
and columns. This is our main technical tool.
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hr
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Diagram

Lemma

Assume Z(I') = {e}, then
@ HY(G,Z") ~(Q"/Z")¢ = H%(G,Q"/Z");
Q ZYG,Z") ~{m € Q" |Vgec gm— m € Z"} = A°(T) as N,
modules;
Q A(l) = Nagn)() = {a € AF(R") | Vyerayat e T} ~
Aut(T).
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Theorem

For every n > 2 there exists a crystallographic group I of
dimension n with Z(I') = Out(I') = {e}.

Let Ty = Gy x Z? be the crystallographic group of dimension 2
with holonomy group Gy = Dip, where

DS G A

is the dihedral group of order 12.

D12 = gen {

A\
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Comments

Definition

A group G is said to be complete if its center Z(G) and outer
automorphism group are both trivial.
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Comments

Definition

A group G is said to be complete if its center Z(G) and outer
automorphism group are both trivial.

Complete groups were introduced by O. Holder in 1895. He has
proved already that the symmetric group S, is complete provided

n# 2 or 6.
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Comments

Definition

A group G is said to be complete if its center Z(G) and outer
automorphism group are both trivial.

Complete groups were introduced by O. Holder in 1895. He has
proved already that the symmetric group S, is complete provided
n#2or 6. J. L. Dyer and E. Formanek proved in 1975 that if F is
a non-cyclic free group then Aut(F) is complete.
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Comments

In 2005 M. Belolipetsky and A. Lubotzky proved that for every

n > 2 and every finite group G there exist infinitely many discrete,
cocompact and torsion free subgroups I' Clsom(H") with

Out(lN) ~ G.
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Comments

In 2005 M. Belolipetsky and A. Lubotzky proved that for every

n > 2 and every finite group G there exist infinitely many discrete,
cocompact and torsion free subgroups I' Clsom(H") with

Out(l') ~ G. In particular for a trivial group G we obtain examples
of complete groups.
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Comments

In 2005 M. Belolipetsky and A. Lubotzky proved that for every

n > 2 and every finite group G there exist infinitely many discrete,
cocompact and torsion free subgroups I' Clsom(H") with

Out(l') ~ G. In particular for a trivial group G we obtain examples
of complete groups.

In 2003 R. Walmiiler found an example of complete, torsion free
crystallographic group I of dimension 141 with holonomy group
Mi1 (Mathieu group)
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Comments

In 2005 M. Belolipetsky and A. Lubotzky proved that for every

n > 2 and every finite group G there exist infinitely many discrete,
cocompact and torsion free subgroups I' Clsom(H") with

Out(l') ~ G. In particular for a trivial group G we obtain examples
of complete groups.

In 2003 R. Walmiiler found an example of complete, torsion free
crystallographic group I of dimension 141 with holonomy group
Mi1 (Mathieu group)

2141

0— —>|_—>M11—>0.
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We shall need a few lemmas.

Aut(T") is a crystallographic group if and only if Out(T) is a finite
group.
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We shall need a few lemmas.

Aut(T") is a crystallographic group if and only if Out(T) is a finite
group.

Proof: We start with an observation that Z1(G,Z") is a free
abelian group of rank n which is a faithful N, module.
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We shall need a few lemmas.

Aut(T") is a crystallographic group if and only if Out(T) is a finite
group.

Proof: We start with an observation that Z1(G,Z") is a free
abelian group of rank n which is a faithful N, module. First,
assume that Aut(I") is a crystallographic group with the maximal
abelian subgroup M. From Bieberbach’s theorems, M is the unique
normal maximal abelian subgroup of Aut(I"). Hence,

M = Z1(G,Z"), and Out(T) is a finite group. The reverse
implication is obvious.
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Let G, H be finite groups and H C G C GL(n,Z). If the group
Ngi(n,z)(H) is finite, then N (n7)(G) is finite.
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Let G, H be finite groups and H C G C GL(n,Z
Ngi(n,z)(H) is finite, then N (n7)(G) is finite.

). If the group

Proof: From the assumption, Aut(H) and Aut(G) are finite and
we have monomorphisms:

Not(nzy(H)/ Cerinzy(H) % Aut(H)

and
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Let G, H be finite groups and H C G C GL(n,Z). If the group

Ngi(n,z)(H) is finite, then N (n7)(G) is finite.

Proof: From the assumption, Aut(H) and Aut(G) are finite and
we have monomorphisms:

Not(nzy(H)/ Cerinzy(H) % Aut(H)

and _
Néi(n,z)(G)/ Cor(nz)(G) % Aut(G),
where ¢ is induced by ¢(s)(g) = sgs™t,g € G,s € GL(n,Z).
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Let G, H be finite groups and H C G C GL(n,Z
Ngi(n,z)(H) is finite, then N (n7)(G) is finite.

). If the group

Proof: From the assumption, Aut(H) and Aut(G) are finite and
we have monomorphisms:

New(nzy(H)/ Corgnzy(H) 2 Aut(H)
and _
Ner(n,z)(G)/ Co(n,z)(G) % Aut(G),

where ¢ is induced by ¢(s)(g) = sgs™1,g € G,s € GL(n,Z). Since
Ce1(n,z)(G) C Cer(nz)(H), our Lemma is proved.
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If | Out(T) |< oo, then | Out(Aut(T)) |< oco.
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Let I' be a crystallographic group with a holonomy group G of
dimension n. Assume that the group H'(G,Z") = {e}, and the
group Out(l) is finite.
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Let I' be a crystallographic group with a holonomy group G of
dimension n. Assume that the group H'(G,Z") = {e}, and the
group Out(l) is finite.

Inductively, put o =T and ;11 =A(l;), for i > 0.

Outer automorphism group of crystallographic groups
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Let I' be a crystallographic group with a holonomy group G of
dimension n. Assume that the group H'(G,Z") = {e}, and the
group Out(l) is finite.

Inductively, put o =T and ;11 =A(l;), for i > 0.

dN such that FNH =Iy.

Outer automorphism group of crystallographic groups
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Let I' be a crystallographic group with a holonomy group G of
dimension n. Assume that the group H'(G,Z") = {e}, and the
group Out(l) is finite.

Inductively, put o =T and ;11 =A(l;), for i > 0.

dN such that FNH =Iy.

Proof: We start from observations that for i > 0, I; is a
crystallographic group, Z(I';) = {e} and My = M;, where

M; = A%(T;_1) C T; is the maximal abelian normal subgroup (a
subgroup of translations). Let G; = I';/M;. From definition we can
consider (G;) as a nondecreasing sequence of finite subgroups of
GL(n,Z). From Bieberbach theorems and from the diagram, there
is only a finite number of possibilties for G;. Hence 4N € N such
that V;sn G; = Gy. This finishes the proof.
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Proof

Let T = Gy x Z3 be the crystallographic group of dimension 3,
with holonomy group Gy = Sy X Zy generated by matrices

01 0 0 0 1
0 -1 -1/, |0 -1 -1
1 1 0 -1 0 1

Here S, denotes the symmetric group on four letters.
Fori =1,2 we have

NGL(n,-,Z)(Gi) = G,' and Hl(G,',Zn") = 0,

where n; is the rank of T'j. Hence A(';) =T, and Out(T;) = {e},
fori =1,2.
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We shall use the following observation.

Let[;, i = 1,2,....k be mutually nonisomorphic directly
indecomposable torsion free crystallographic groups with trivial
center. Let nj e N, i = 1,2,...,k. Then

Out (" x T2 x ... x [¥) ~ Out(F'1) 1 Sp, X ... X Out(Fk) 2 Sp,.
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Now we are ready to finish the proof of Theorem. The cases
n = 2,3 are done in the above examples. Assume n > 4. Let
n = 2k + 3i, where i € {0,1}.

Andrzej Szczepanski (joint work with R. Lutowski) University  Outer automorphism group of crystallographic groups



Now we are ready to finish the proof of Theorem. The cases

n = 2,3 are done in the above examples. Assume n > 4. Let

n =2k +3i, where i € {0,1}. Put " =¥ x T}, Then " is
centerless and by the last theorem the bottom exact sequence of
the diagram looks as follows

0—0— Out(l") — S, — 0.
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Now we are ready to finish the proof of Theorem. The cases

n = 2,3 are done in the above examples. Assume n > 4. Let

n =2k +3i, where i € {0,1}. Put " =¥ x T}, Then " is
centerless and by the last theorem the bottom exact sequence of
the diagram looks as follows

0—0— Out(l") — S, — 0.

Hence, I satisfies the assumption of Lemma 0.4 and the sequence
Fo=T', Tiy1 = A(l;) stabilizes, i.e., 3N such that V;>y T =
I'y. Finally, Out(l'y) = {e} and Z(I'y) = {e}.
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