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Abstract Using a formula from Donnelly (Indiana Univ Math J 27(6):889–918, 1978),
we prove that for a family of seven dimensional flat manifolds with cyclic holonomy groups
the η invariant of the signature operator is an integer number. We also present an infinite
family of flat manifolds with integral η invariant. The main motivation is a paper of Long
and Reid (Geom Topol 4:171–178, 2000).
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1 Introduction

Let Mn be a closed Riemannian manifold of dimension n. We shall call Mn flat if, at any
point, the sectional curvature is equal to zero. Equivalently, Mn is isometric to the orbit
space R

n/�, where � is a discrete, torsion-free and co-compact subgroup of O(n) � R
n =

Isom(Rn). From the Bieberbach theorem (see [4,18,19]) � defines the short exact sequence
of groups

0 → Z
n → �

p→ G → 0, (1)

where G is a finite group. � is called a Bieberbach group and G its holonomy group. We can
define a holonomy representation φ : G → GL(n, Z) by the formula:

∀g ∈ G, φ(g)(ei ) = g̃ei (g̃)−1, (2)

where ei ∈ � are generators of Z
n for i = 1, 2, ..., n, and g̃ ∈ � such that p(g̃) = g.

The main motivation is the paper of Long and Reid [9]. Using the methods from [2],
the authors of [9] proved that an obstruction, for the flat 4n − 1-dimensional manifold, to
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be realized as the cusp cross-section of a complete finite volume one-cusped hyperbolic
4n-manifold, is the non-integrality of the η invariant of the signature operator. They gave
(see [9]) an example of a 3-dimensional flat manifold M3 with η(M3) /∈ Z, see Example 1.

Donnelly in [5] formulated a general formula for the above η invariant for some special
class of flat manifolds. From (1) it is easy to see that any flat manifold Mn is diffeomorphic
to T n/G, where T n = R

n/Z
n is the n-dimensional torus. Hence, we can say that a map

T n → T n/G

is regular covering of T n/G with covering group G. The above formula expresses the η

invariant of the quotient space T n/G with the η invariant of T n, and some properties of
the covering map (or a group action). Such approach was already considered in an original
Atiyah et al. paper [2, pp. 408–413].

Let T 4n−2 be any flat (4n − 2)-dimensional torus, S1 be the unit circle and G be a finite
group which acts on S1 × T 4n−2 = T 4n−1, such that T 4n−1/G is an oriented flat mani-
fold with holonomy group G. Let � = π1(T 4n−1/G), g ∈ G and g = p(g̃) = Ā, where
g̃ = ( Ā, b) ∈ � ⊂ SL(4n −1, Z)� R

4n−1. We assume that g acts on T 4n−1 in the following
way

g(x, x̄) = (x + a, Ax̄ + ā), (3)

where b = (a, ā) ∈ S1 × T 4n−2 and A ∈ SL(4n − 2, Z). Equivalently, it means that

Ā =
[

1 0
0 A

]
. Here an element b ∈ R

4n−1 also denotes its image in R
4n−1/Z

4n−1. Since � is

torsion free we can assume that 0 �= a ∈ R/Z for g �= 1.

The main result (Theorem 1) is the following:
If M7 is a seven dimensional, oriented flat manifold with cyclic holonomy group, which

satisfies condition (3), then η(M7) ∈ Z.

There exists a classification of flat manifolds up to dimension six, (see [13]). It was com-
puted with the support of computer system CARAT. This algorithm also gives a method for
the classification of seven dimensional Bieberbach groups with a cyclic holonomy group. It
was done by Lutowski (see [10,11]). In the proof of the above result we were concentrated
only on those oriented flat manifolds which satisfy condition (3). Summing up, if there exists
a seven dimensional flat manifold with the η invariant /∈ Z, then either it has a noncyclic
holonomy group or it has a cyclic holonomy with a special holonomy representation.

There is already some literature on the η invariant of flat manifolds. For example see
[6,12,14,16]. However, in all these articles the authors mainly are concentrated on the η

invariant of the Dirac operator.
Let us present a structure of the paper. We prove Theorem 1 in Sect. 3 For the proof, we

use a generalized formula from Donnelly [5]. It is recalled in Sect. 2, see Propositions 1, 2
and Remark 1. In the last section we present two families of flat manifolds which exactly
satisfy assumptions from [5]. For the first family1 of oriented n-dimensional flat manifolds
with the holonomy group (Z2)

n−1 (see [15]), we prove that the η invariant is always equal
to zero. In the case of the second family we give an exact formula (17) for the η invariant.
However, we do not know how to prove that the values of the η invariant are in Z. We do it
only in a very special case.

For the proof of the main result we use the computer package CARAT, see [13,10,11].
We thank Lutowski for his assistance in the use of CARAT and checking the calculations
in the proof of Theorem 1. Moreover, the author would like to thank Miklaszewski, Putrycz

1 So called Hantzsche–Wendt manifolds.
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for their help in the use of “MATHEMATICA” version 7 and Mroczkowski for improving
English. Finally, we would like thank the referee(s) for a careful reading and many construc-
tive remarks.

2 Donnelly’s formula

Since the result of Donnelly [5] is more then 30 years old let us recall it with some details and
comments. We keep the notations from the introduction. Let X4n = X be a compact oriented
Riemannian manifold of dimension 4n with non-empty boundary Y 4n−1 = Y. Assume that
the metric of X is a product near the boundary Y. Let �(Y ) be the exterior algebra of Y (see
[1,5]), and let B : �(Y ) → �(Y ) be a first order self-adjoint elliptic differential operator
defined by

Bφ = (−1)n+p+1(ε ∗ d − d∗)φ,

where ∗ is the duality operator on Y and φ is either a 2p-form (ε = 1) or a (2p − 1)-form
(ε = −1). B preserves the parity of forms on Y and commutes with φ �→ (−1)p ∗ φ, so that
B = Bev ⊕ Bodd and Bev is isomorphic to Bodd. Bev has pure point spectrum consisting of
eigenvalues λ with multiplicity dim(λ). The spectral function

η(s, Y ) = 	λ�=0(signλ)(dimλ) | λ |−s

converges for Re(s) sufficiently large and has a meromorphic continuation to the entire
complex s-plane. Moreover η(0, Y ) is finite, see [1].

Consider the finite group G acting isometrically on a manifold Y and suppose g ∈ G.

Then the map defined by g on sections of �ev(Y ) commutes with Bev. This induces linear
maps g∗

λ on each eigenspace, with eigenvalue λ, of Bev. The spectral function

ηg(x, Y ) = 	λ�=0(signλ)Tr(g∗
λ) | λ |−s

converges for Re(s) sufficiently large and has a meromorphic continuation to the entire com-
plex s-plane. Suppose that Ŷ → Y is a regular covering space with finite covering group G
of order | G | . For each irreducible unitary representation α of G, one has an associated
flat vector bundle Eα → Y. The invariants ηα(0, Y ) are defined using the spectrum of the
operator Bev

α : �ev(Y ) ⊗ Eα → �ev(Y ) ⊗ Eα. These invariants were studied in [2]. In
particular

ηα(0, Y ) = 1
|G|	g∈Gηg(0, Ŷ )χα(g), (4)

where χα is the character of α. We use a special version of formula (4). If we take α to be
the trivial one-dimensional representation in (4) then we have

η(0, Ŷ )− | G | η(0, Y ) = −	g �=1ηg(0, Ŷ ), (5)

where the sum on the right is taken over group elements g ∈ G, g �= 1. Moreover, in the
case for Ŷ = T 4n−1 we have η(0, Ŷ ) = 0, cf. [2, p. 410].

In [5] the following is proved:

Proposition 1 ([5, Proposition 4.6]) Let g : T 4n−1 → T 4n−1 be given by the formula (3)
with A ∈ SO(4n − 2, Z) and a �= 0. If A has 1 as an eigenvalue, then ηg(0, T 4n−1) = 0.

Hence Proposition 1 reduces the problem of computing ηg(0, T 4n−1) only to those isom-
etries g satisfying det(I − A)�= 0. For such g the following is proved in [5]:
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Proposition 2 ([5, Proposition 4.7]) Let g : T 4n−1 → T 4n−1 be an isometry of T 4n−1

which is given by formula (3) with A ∈ SO(4n −2, Z). It extends to D2 ×T 4n−2, by rotation
through the angle 2πa in the first factor and the extension has only isolated fixed points.
Suppose that +1 is not an eigenvalue of A. The invariants ηg(0, T 4n−1) are given by

ηg(0, T 4n−1) = ν(g)(−1)ncot(πa)
2n−1
i=1 cot( γi

2 ) (6)

where ν(g) is the number of fixed points of the extension of g : D2 × T 4n−2 → D2 × T 4n−2

and γi , 1 ≤ i ≤ 2n − 1, are the rotation angles of A ∈ SO(4n − 2, Z). The invariants ν(g)

and ηg(0, T 4n−1) are independent of the translation ā ∈ R
4n−2/Z

4n−2 in formula (3).

However, the main result depends from the following observation:

Corollary 1 Propositions 1 and 2 are true for A ∈ SL(4n − 2, Z).

Proof It is well-known that any finite order, invertible, integral matrix is conjugate to an
orthogonal matrix. From the third Bieberbach theorem (see [4, Th. 4.1, Chapter I], [18, Th.
2.1 (3)], [19, Th. 3.2.2]) we know that an abstract isomorphism between Bieberbach groups
can be realized by conjugation within A f f (n) = GL(n, R) � R

n . Equivalently, it means
that flat manifolds with isomorphic fundamental groups are affine diffeomorphic. Then it is
enough to use Theorem 2.4 of [2] which says, that the signature η invariant is a diffeomor-
phism invariant. �


3 Main result

In this section, with the help of formulas (5) and (6), we prove that for all seven dimensional
flat manifolds with cyclic holonomy groups, which satisfy condition (3) the η invariant is an
integer number. We start with the 3-dimensional case.

Example 1 (See also [9]) Let M3 be a 3-dimensional, oriented, flat manifold. There are only
six such manifolds. The torus and manifolds M2, M3, M4, M5, M6, with holonomy groups
Z2, Z3, Z4, Z6, Z2 × Z2 correspondingly, see [18, Ch. III] or [19, Th. 3.5.5]. For holonomy
groups Z2 and Z2 × Z2 the above matrix A, has eigenvalues ±1. Hence the η invariant is
equal to zero. In other words η(M2) = η(M6) = 0. Let us consider the case of the holonomy
group Z3. Here M3 = R

3/�, where

� = gen{g = (B ′, (1/3, 0, 0)), (I, (0, 1, 0)), (I, (0, 0, 1))} ⊂ SL(3, R) � R
3,

where

B ′ =
[

1 0
0 B

]
with B =

[
0 −1
1 −1

]
. (7)

The action of an element (A, a) ∈ SL(3, R) � R
3 is standard: for x ∈ R

3(A, a)x = Ax + a.

We shall use formulas (5) and (6). It means that η(M3) = −ηg(0, R
3/Z

3) − ηg2(0, R
3/Z

3),

where Z
3 ⊂ � is the subgroup of translations. It is easy to see, that the number of fixed

points ν(g) in the formula (6) is equal to 3. In fact, these points are solutions of the matrix
equation B X = X, where X ∈ R

2/Z
2. It is easy to see that a solution is represented by a

three elements, i.e., (1/3, 2/3), (2/3, 1/3), (0, 0). Moreover, the rotation angle of the matrix
B is equal to 2π

3 and cot(π/3) = 1/
√

3. Hence and from formula (6)

ηg(0, R
3/Z

3) = −ν(g)cot(π/3)cot(π/3) = −1,
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and

ηg2(0, R
3/Z

3) = −ν(g2)cot(2π/3)cot(2π/3) = −1.

Finally

η(M3) = 1
3 (−1 + (−1)) = − 2

3 . (8)

A similar calculation for the 3-dimensional flat oriented manifolds with holonomy Z6 and Z4

gives the following version of formula (8). For Z6

η(M5) = − 1
6 (2cot2(π/6) + 6cot2(π/3)) = − 1

6 (6 + 2) = − 4
3

and for Z4

η(M4) = − 2
4 (cot2(π/4) + cot2(3π/4)) = −1.

Theorem 1 Let T 6 be any flat six-dimensional torus, and let a cyclic group G act freely on
the Riemannian product S1 × T 6 such that (x, x̄) → (x + a, Ax̄ + ā), where A ∈ SL(6, Z)

descends to T 6 and (a, ā), (x, x̄) ∈ S1 × T 6. (The action of G satisfies condition (3).) Let
M7 := (T 6 × S1)/G be endowed with the induced flat metric. Then η(M7) ∈ Z.

Proof Let us first assume that the first Betti number b1(M7) ≥ 2. Then from condition
(3) it follows that the matrix A has an eigenvalue 1, see [8]. Hence, from Proposition 1,
η(M7) = 0. Further we shall assume that b1(M7) = 1.

From the crystallographic restriction [7, Proposition 2.1, p. 543], the following num-
bers are possible for an order of the holonomy group of a seven dimensional flat manifold:
2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 18, 20, 24, 30. We shall consider these numbers case by
case. In each case we shall use the computer program CARAT, (see [10,11,13]) to determine
the number of flat manifolds which satisfy the assumptions.

For a holonomy group of order two, all eigenvalues of the matrix A are equal ±1. Hence,
from Propositions 1, 2, and 3 η(M7) = 0 always.

If a holonomy group is equal to Z3 and b1(M7) = 1, we can assume (see [17, chapter 13])
that the holonomy representation (see (2)) is a direct sum (over Q) of the trivial representa-
tion and three-times the two-dimensional representations, which we identify with matrices B
or B2 from the above Example 1. Hence, we can apply formula (6). With similar calculations
as in the above Example 1 we have ν(g) = ν(g2) = 33 = 27, where g ∈ π1(M7) and
p(g) �= 1. (p was defined on page 1.) Finally,

η(M7) = ν(g)cot4(π/3) + ν(g2)cot4(2π/3) = 27
3 ( 9

81 + 9
81 ) = 2.

Let M7 be a flat manifold of dimension 7 with holonomy group Z4. From [11], up to affine
diffeomorphism, there are thirteen such manifolds. For five of them, the η invariant is equal
to zero since the matrix A has an eigenvalue ±1, see Proposition 3. Let us consider the case

of the diagonal 6 × 6 matrix A =
⎡
⎣B 0 0

0 B 0
0 0 B

⎤
⎦ , where B =

[
0 −1
1 0

]
. Since the set of fixed

points of the action of B on S1 × S1 is equal to {(0, 0), (1/2, 1/2)}, then ν(A) = 8.2 Hence

η(M7) = 8
4 (cot4(π/4) + cot4(3π/4)) = 2 + 2 = 4.

That is the only case of a flat manifold with holonomy group Z4 and non-zero η invariant,
which we can calculate with the methods. In Example 2 we define a Bieberbach group with

2 Here and in what follows ν(A) = ν(g), where g = (A, a), see (3).
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a cyclic holonomy group of order four, which does not satisfy condition (3). There are seven
such manifolds, see [11].

For holonomy groups Z5 and Z10 it is enough to observe that any flat manifold M7 of
dimension 7, with such holonomy groups, either has the first Betti number greater then 1 or
all matrices Ak, k ∈ Z, have eigenvalues ±1. In fact, it follows from the crystallographic
restriction (see [7]) that any faithful integral representation of the group Z5 has dimension
greater than 3. Hence η(M7) = 0. We should add, that a seven dimensional flat manifold
with Z5 holonomy group and the first Betti number equal to 1 does not exist, [11]. However,
there are three such manifolds with holonomy group Z10.

From [11] there are sixteen isomorphism classes of Bieberbach groups with holonomy
group Z6, which are the fundamental groups of flat 7-dimensional manifolds with the first
Betti number 1. All of them satisfy our condition (3). Since in eleven cases the matrix A
has eigenvalues ±1, then the η invariant is equal to 0, cf. Proposition 3. Let us assume that

A =
⎡
⎣B1 0 0

0 B2 0
0 0 B3

⎤
⎦ , where Bi = D =

[
0 −1
1 1

]
, for i = 1, 2, 3. For A the number of fixed

points is equal to 1, for A2 it is equal to 33 = 27. Hence, the final formula is the following:

η(M7) = 1
6 cot4(π/6) + 27

6 cot4(2π/6) + 27
6 cot4(4π/6) + 1

6 cot4(5π/6) = 4.

There are still four manifolds to consider. For the first one the matrix A has on the diagonal

the matrices B1 = D, B2 = B3 = B̄ =
[−1 −1

1 0

]
and the η invariant is equal to 4. For the

second case the matrix A ∈ GL(6, Z) is not the diagonal type but is conjugate in GL(7, Q)

to the above matrix. Here the η invariant is also equal to 4.
The last two cases are the following. The matrix A is either the diagonal type B1 =

B2 = D, B3 = B̄ or is an integral matrix which is conjugate to A in GL(n, Q). By similar
calculation as above, the η invariant is equal correspondingly to 2 and 2.

For holonomy group Z7 the matrix A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 −1
1 0 0 0 0 −1
0 1 0 0 0 −1
0 0 1 0 0 −1
0 0 0 1 0 −1
0 0 0 0 1 −1

⎤
⎥⎥⎥⎥⎥⎥⎦

. Then ν(Ak) = 7

and the eigenvalues are equal to

cos(2kπ/7) + isin(2kπ/7), k = 1, 2, 3, 4, 5, 6.

Hence,3

η(M7) = 2cot(π/7)cot(2π/7)cot(3π/7)(cot(π/7) + cot(2π/7) − cot(3π/7)) = 2.

For holonomy group Z8 we have eleven isomorphism classes of Bieberbach groups with
the first Betti number one. Six of them do not satisfy condition (3). For two of them, the η

invariant is equal to zero, since the matrix A has eigenvalues ±1. The last three manifolds
have the η invariant equal to 2.

3 The computations of the trigonometric sums were done with the aid of a computer and MATHEMATICA
version 7.

123



Ann Glob Anal Geom

For instance, let us present the calculation for the following matrix:

Ā =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 −1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 0 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

.

We have ν(( Ā)k) = 4 for k = 1, 3, 5, 7 and

η(M7) = cot(π/8)cot(3π/8)(cot(π/8) − cot(3π/8)) = 2.

For a cyclic group of order 9 the matrix

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 −1
0 0 0 1 0 0
0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The characteristic polynomial of A is equal to x6 + x3 + 1. Moreover ν(Ak) = 3 for
k = 1, 2, 4, 5, 7, 8 and ν(Ak) = 27 for k = 3, 6. Hence

η(M7) = − 2
3 cot2(π/9)cot(2π/9)cot(4π/9) + 2

3 cot2(2π/9)cot(π/9)cot(4π/9)

+ 6cot4(π/3) − 2
3 cot2(4π/9)cot(π/9)cot(2π/9) = 2

3

+ 2
3 cot(2π/9)cot(π/9)cot(4π/9)(cot(2π/9) − cot(π/9)

− cot(4π/9)) = 2
3 − 2

3 = 0.

For holonomy group Z12 we have twenty nine manifolds, see [11]. This is the most
non-standard case. In seven cases the η invariant is zero, because the matrix A has an eigen-
value ±1. Moreover, condition (3) is not satisfied in ten cases. Let us assume, that the matrix

A =
⎡
⎣C1 0 0

0 C2 0
0 0 C3

⎤
⎦ , where Ci = E =

[
0 −1
1 0

]
, Ci = F =

[
0 −1
1 −1

]
or Ci = G =

[
0 1

−1 1

]
where i = 1, 2, 3. For example, we shall consider (compare with the case n = 6) :

C1 = F, C2 = C3 = E, and C1 = C2 = F, C3 = E . It is easy to see, that it is enough to
consider in the formula (5) only A, A5, A7 and A11. In fact, in all other cases eigenvalues
are equal to ±1 and we can apply Propositions 1, 2 and 3. For instance, we have

η(M7) = cot(π/12)cot(π/3)cot2(π/4) + cot(7π/12)cot(π/3)cot2(π/4)

+ cot(2π/3)cot(5π/12)cot2(π/4) + cot(11π/12)cot(2π/3)cot2(π/4) = 4,

or

η(M7) = 3
2 (cot(π/12)cot2(π/3)cot(π/4) − cot(7π/12)cot2(π/3)cot(π/4)

+ cot2(2π/3)cot(π/4)cot(5π/12) − cot(11π/12)cot2(2π/3)cot(π/4))

= 3
2 ( 1

3 cot(π/12) + 1
3 cot(5π/12) + 1

3 cot(5π/12) + 1
3 cot(π/12) = 4.
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From [11], we know that there are six such flat manifolds. For all, the η invariant is equal

to 4. There is still another possibility: the matrix A =
[

D 0
0 F

]
, where

D =

⎡
⎢⎢⎣

0 −1 0 1
1 0 −1 0
0 −1 0 0
1 0 0 0

⎤
⎥⎥⎦

is the faithful, irreducible rational representation of the group Z12, see [3,13, p. 234]. More-

over F =
[

0 1
−1 1

]k

or F =
[

0 −1
1 0

]
, k = 1, 2.

From the classification (see [11]) there are six such flat manifolds and the η invariants are
equal 0 in four cases and are equal 2 in two cases. Here, we should mention that one manifold
with the η invariant equal to zero is also considered at the end of the paper, see formula (18).

For holonomy group Z14,

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 1
−1 0 0 0 0 1
0 −1 0 0 0 1
0 0 −1 0 0 1
0 0 0 −1 0 1
0 0 0 0 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The characteristic polynomial of the matrix A is equal to x7+1
x+1 . Moreover

ν(Ak) =
{

1 for k = 1, 3, 5, 9, 11, 13
7 for k = 2, 4, 6, 8, 10, 12

Finally,

η(M7) = cot(π/14)cot(3π/14)cot(5π/14)( 1
7 cot(π/14) − 1

7 cot(3π/14) − 1
7 cot(5π/14))

+ cot(π/7)cot(3π/7)cot(2π/7)(−cot(π/7) − cot(2π/7) + cot(3π/7)) = 0.

There is only one flat manifold of this kind, see [11].
For cyclic group of order 15,

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 −1 0 0 0 0
1 −1 0 0 0 0
0 0 0 0 0 −1
0 0 1 0 0 −1
0 0 0 1 0 −1
0 0 0 0 1 −1

⎤
⎥⎥⎥⎥⎥⎥⎦

and ν(Ak) = 15 for k = 1, 2, 4, 7, 8, 11, 13, 14. Moreover ηgk (0, T 7) = 0, for k =
3, 5, 6, 9, 10, 12, where g ∈ SO(7) � R

7 denotes an isometry defined by the formula

g((x1, x2, ..., x7)) = (A(x1, x2, ..., x6), x7) + (0, 0, ..., 0, 1/15).

Summing up, we get

η(M7) = 2cot(π/3)cot(π/5)cot(2π/5)(cot(π/15) + cot(2π/15) + cot(4π/15)

− cot(7π/15)) = 4.
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For holonomy group Z18,

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 1
−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 1
0 0 0 −1 0 0
0 0 0 0 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

.

We have

ν(Ak) =
⎧⎨
⎩

1 for k = 1, 3, 5, 7, 10, 11, 13, 15, 17
3 for k = 2, 4, 8, 10, 14, 16
27 for k = 6, 12

Hence,

η(M7) = 1
9 cot(π/18)cot(7π/18)cot(5π/18)(−cot(π/18) + cot(5π/18) − cot(7π/18))

+ 1
3 cot(π/9)cot(2π/9)cot(4π/9)(−cot(π/9) + cot(2π/9) − cot(4π/9))

+ 1
9 cot4(π/6) + 3cot4(π/3) = −1 − 1

3 + 1 + 1
3 = 0.

In the cases above, for a holonomy group of order 2, 3, 7, 9, 14, 15, and 18 there exists
only one flat manifold with the first Betti number one. Let us consider the last three cases of
cyclic groups of order 20, 24, and 30. We start with the matrix

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 −1 0 0
1 0 0 −1 0 0
0 1 0 −1 0 0
0 0 1 −1 0 0
0 0 0 0 0 −1
0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

of order 20. From previous facts we have only to consider the following elements: Ak,

k ∈ {1, 3, 7, 9, 11, 13, 17, 19} = S. For all other the η invariant is equal to zero. Finally, we
have

η(M7) = 	k∈S
10
20 (cot(kπ/20)cot(kπ/5)cot(2kπ/5)cot(kπ/4)) = cot(π/5)cot(2π/5)

×(cot(π/20) + cot(3π/20) + cot(7π/20) + cot(9π/20)) = 4.

From [11], there is another flat manifold with holonomy group Z20, and in this case the η

invariant is also 4. The cyclic group of order 24 is isomorphic to Z8 × Z3 or to Z8 × Z6 and
there are only two such flat manifolds, see [11]. For the first group the matrix

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 −1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 −1
0 0 0 0 1 −1

⎤
⎥⎥⎥⎥⎥⎥⎦

and has order 24. As in the last case we have only to consider the elements Ak for k ∈
{1, 2, 5, 7, 10, 11, 13, 14, 17, 19, 22, 23} = T . Moreover

ν(Ak) =
{

6 for k = 1, 5, 7, 11, 13, 17, 19, 23
3 for k = 2, 10, 14, 22
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We have

η(M7) = 	k∈{1,5,7,11,13,17,19,23} 1
4 cot(kπ/24)cot(kπ/8)cot(3kπ/8)cot(kπ/3)

+	k∈{2,10,14,22} 1
2 cot(kπ/24)cot(kπ/8)cot(3kπ/8)cot(kπ/3) = 4.

For the second group the matrix A is almost the same as the matrix above. We only put in
the right-down corner, the (2 × 2) integral matrix of order 6 in place of the matrix of order
3. The η invariant is equal to 0. In the last case of cyclic group of order 30 there are three
manifolds with the following matrices

A1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 −1 0 0
1 0 0 −1 0 0
0 1 0 −1 0 0
0 0 1 −1 0 0
0 0 0 0 0 1
0 0 0 0 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎦

, A2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0
−1 0 0 1 0 0
0 −1 0 1 0 0
0 0 −1 1 0 0
0 0 0 0 −1 −1
0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

and

A3 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0
−1 0 0 1 0 0
0 −1 0 1 0 0
0 0 −1 1 0 0
0 0 0 0 0 1
0 0 0 0 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎦

.

We shall present calculatins for A1, the other cases are similar. As in the cases above, we
have only to consider elements

Ak
1, k ∈ {1, 2, 4, 7, 8, 11, 12, 13, 14, 16, 17, 19, 22, 23, 26, 28, 29} = R.

We have

ν(Ak) =
{

5 for k = 1, 7, 11, 13, 17, 19, 29
15 for k = 2, 4, 8, 14, 16, 22, 26, 28

We have

η(M7) = 	k∈{1,7,11,13,17,19,29} 5
30 cot(kπ/30)cot(2kπ/10)cot(4kπ/10)cot(kπ/6)

+	k∈{2,4,8,14,16,22,26,28} 15
30 cot(kπ/30)cot(2kπ/10)cot(4kπ/10)cot(kπ/6) = 0.

For the other two manifolds with holonomy group of order 30, the η invariant is equal to 4
and 0. �


Let us present a final Table.
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Holonomy Number of
manifolds

Number with
b1 = 1

Number of cases not calculated Values of η

All b1 = 1

Z2 15 1 0 0 0
Z3 6 1 0 0 0, 2
Z4 87 13 37 7 0, 4
Z5 2 0 0 0 0
Z6 74 16 0 0 0, 2, 4
Z7 1 1 0 0 0
Z8 24 11 10 6 0, 2
Z9 1 1 0 0 0
Z10 12 3 0 0 0
Z12 89 29 27 10 0, 2, 4
Z14 1 1 0 0 0
Z15 1 1 0 0 4
Z18 1 1 0 0 0
Z20 2 2 0 0 4
Z24 2 2 0 0 0, 4
Z30 3 3 0 0 0, 4

Example 2 Let R
7/� be the seven dimensional flat oriented manifold with the fundamental

group � ⊂ SO(7) � R
7 generated by

{(A, (1/2, 0, ..., 0)), (I, ei )},
where ei , i = 1, 2, ..., 7 is a standard basis of R

7 and

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

It is easy to see that the manifold R
7/� has holonomy Z4 and does not satisfy the condi-

tion (3).

4 Holonomy group as a subgroup of SO(n, Z)

This part is a modified and refreshed version of some results of [5]. We shall present the
formula (6) under the assumption that the image of the holonomy representation (see (2)) is
a subgroup of SO(n, Z). In this case (see [5]) a method is given for finding the number ν(g)

of fixed points of g, where g is an isometry of the torus.
Let ei , 0 ≤ i ≤ 4n − 2 be a standard basis of the space R

4n−2. Since A ∈ SO(4n − 2, Z)

one has A(ei ) = ±e j (A,i), i �= j (A, i) for each i. We denote by σ(A) the element of
SO(4n − 2, Z) defined by σ(A)(ei ) = e j (A,i). Then σ(A) is a permutation matrix and we
may decompose σ(A) = σ1(A)σ2(A)...σl(A) into disjoint cycles. Summing up we have:

Proposition 3 ([5, Proposition 4.9]) Let g : T 4n−1 → T 4n−1 be an isometry given by the
formula (3) with a �= 1. Then ηg(0, T 4n−1) = 0 if A has an eigenvalue equal to +1 or −1.

Otherwise

ηg(0, T 4n−1) = 2l(−1)ncot(πa)
2n−1
i=1 cot

(γi

2

)
(9)
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where

(i) The angles γi are the rotation angles of the orthogonal matrix A.

(ii) The integer l is the number of distinct cycles in the decomposition of the permutation
matrix

σ(A) = σ1(A)σ2(A)....σl(A),

corresponding to A. �

As an immediate corollary we have a special version of the formula (4).

Proposition 4 ([5, Proposition 4.12]) We keep the above notations. The corresponding eta
invariant is given by

η(0, Y ) = 1
|G|	

′(2l(−1)ncot(πa)
2n−1
i=1 cot( γi

2 )) (10)

where the symbol 	′ means summation over the group elements g whose associated A has
no eigenvalue equal to ±1. Furthermore γi are the rotations angles of A ∈ SO(4n − 2, Z),

and l is the number of distinct cycles of A as above.

Let us present two families of flat manifolds which satisfy the above assumptions.

Example 3 1. Let Mn be an oriented flat manifold with holonomy group (Z2)
n−1, so called

Hantzsche–Wendt manifold. From [15] it follows that n is an odd number and the image of
the holonomy representation of π1(Mn) (see (2)) in GL(n, Z) consists of diagonal matri-
ces with ±1 on the diagonal. Hence, from Proposition 3, η(Mn) = 0. We should add,
that the same is true for any oriented flat manifold of dimension n with holonomy group
(Z2)

k, 1 ≤ k ≤ n − 2 whose fundamental group has the holonomy representation with a
diagonal image in the above sense.

Example 4 Let us recall the fundamental group � of a flat manifold of dimension 4n − 1
with holonomy group Z2(4n−2). From Bieberbach theorems (see [18]) � defines the short
exact sequence of groups.

0 → Z
4n−1 → � → Z2(4n−2) → 0. (11)

Moreover � ⊂ SO(4n − 1) � R
4n−1, is generated by the translation subgroup � ∩ {I } ×

R
4n−1 � Z

4n−1 and an element (A′, (0, ..., 0, 1
2(4n−2)

)). Here

A′ =
[

A 0
0 1

]
(12)

and

A =

⎡
⎢⎢⎢⎢⎣

0 0 ... 0 −1
1 0 ... 0 0
0 1 0 ... 0

...........

0 0 ... 1 0

⎤
⎥⎥⎥⎥⎦ (13)

is (4n − 2)× (4n − 2) integral orthogonal matrix of order 2(4n − 2). Using the formula (10)
from Proposition 4 for a flat manifold R

4n−1/� = M4n−1 we have

η
(
M4n−1) = (−1)n

8n−4 	8n−5
k=1 2lk

(
cot

(
kπ

2 (4n − 2)

)

2n−1

l=1 cot

(
k (2l − 1) π

2 (4n − 2)

))
, (14)
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where lk is the number of distinct cycles of Ak, see Proposition 3. The characteristic poly-
nomial of the matrix A is equal to det (A − (λ)I ) = λ4n−2 + 1. Hence, it is easy to calculate
that A2n−1 = −I, and ±1 is a root of the characteristic polynomial of A2. It is easy to see
that, for 1 ≤ m < n and k = 2r + 1

cot
(

k(m−1)π
2(4n−2)

)
= cot

(
kπ
2 − k(2m−1)π

2(4n−2)

)
= tg

(
k(2m−1)π
2(4n−2)

)
(15)

and

cot
(

k(2n−1)π
2(4n−2)

)
= cot

( kπ
4

) = (−1)r . (16)

Using elementary formulas

cot( π
2 − α) = tg(α), cot(π − α) = −ctg(α)

and the above Eqs. 15, 16 we obtain

η(M4n−1) = (−1)n

8n−4 	4n−3
r=0 2lr (−1)r cot

(
(2r+1)π
2(4n−2)

)
. (17)

Here lr is the number of distinct cycles of A(2r+1).

For n = 2, the components of the above formula are non zero only for k = 1, 3, 5, 7, 9, 11.

It is easy to see that l0 = l2 = l3 = l5 = 1 and l1 = l4 = 3. Summing up

η
(
M7) = 2

12 cot
(

π
12

) − 8
12 + 2

12 tg
(

π
12

) + 2
12 tg

(
π
12

) − 8
12 + 2

12 cot
(

π
12

)
= 1

3

(
cot

(
π
12

) + tg
(

π
12

)) − 4
3 = 4

3 − 4
3 = 0 ∈ Z. (18)
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15. Rossetti, J.P., Szczepański, A.: Generalized Hantzsche-Wendt flat manifolds. Rev. Mat. Iberoamerica-

na 21(3), 1053–1070 (2005)

123

http://rlutowsk.mat.ug.edu.pl/flat7cyclic/
http://rlutowsk.mat.ug.edu.pl/flat7cyclic/
http://wwwb.math.rwth-aachen.de/CARAT/
http://wwwb.math.rwth-aachen.de/CARAT/


Ann Glob Anal Geom

16. Sadowski, M., Szczepański, A.: Flat manifolds, harmonic spinors, and eta invariants. Adv. Geom. 6(2),
287–300 (2006)

17. Serre, J.-P.: Linear Representations of Finite Groups. Springer-Verlag, Berlin (1977)
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