
List of Contens

Introduction

1 Definitions 9

1.1 Exercises 17

2 Bieberbach Theorems 18

2.1 The first Bieberbach Theorem 18

2.2 Proof of the second Bieberbach Theorem 24

Cohomology group language 24

2.3 Proof of the third Bieberbach Theorem 32

2.4 Exercises 33

3 Classification Methods 36

3.1 Three methods of classification 37

3.1.1 The methods of Calabi and Auslander-Vasquez 38

3.2 Classification in dimension two 46

3.3 Platycosms 49

3.4 Exercises 57

4 Flat manifolds with b1 = 0 59

4.1 Examples of (non)primitive groups 63

4.2 Minimal dimension 65

4.3 Exercises 71

5 Outer Automorphism Groups 72

5.1 Some representation theory and 9-diagrams 72

5.2 Infinity of outer automorphism group 79

5.3R1 - groups 86

5.4 Exercises 94

6 Spin Structures and Dirac Operator 96

6.1 Spin(n) group 96

6.2 Vector bundles 99

6.3 Spin structure 102

1



6.3.1 Case of cyclic holonomy 110

6.4 The Dirac operator 116

6.5 Exercises 122

7 Flat manifolds with complex structures 124

7.1 Kähler flat manifolds in low dimensions 126

7.2 The Hodge diamond for Kähler flat manifolds 132

7.3 Exercises 137

8 Crystallographic groups as isometries of Hn 138

8.1 Hyperbolic space Hn 138

8.2 Exercises 143

9 Hantzsche-Wendt groups 144

9.1 Definitions 144

9.2 Non-oriented GHW groups 149

9.3 Graph connecting GHW manifolds 156

9.4 Abelianization of HW groups 158

9.5 Relations with Fibonacci groups 163

9.6 An invariant of GHW 167

9.7 Complex Hantzsche-Wendt manifolds 172

9.8 Exercises 175

10 Open Problems 177

10.1 The classification problems 177

10.2 The Anosov relation for flat manifolds 179

10.3 Generalized Hantzsche-Wendt flat manifolds 179

10.4 Flat manifolds and other geometries 181

10.5 The Auslander conjecture 183

Appendix I 184

Appendix II 188

Appendix III 192

Bibligraphy 200

Index 210

2


