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1. Introduction

Let M™ be a flat manifold of dimension n. By definition, this is a compact connected,
Riemannian manifold without boundary with sectional curvature equal to zero. From
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the theorems of Bieberbach ([1,8]) the fundamental group 71 (M™) = T' determines a
short exact sequence:

02" ->T %G -0, (1)

where Z" is a torsion free abelian group of rank n and G is a finite group which is isomor-
phic to the holonomy group of M™. The universal covering of M™ is the Euclidean space
R™ and hence I' is isomorphic to a discrete cocompact subgroup of the isometry group
Isom(R™) = O(n) x R™ = E(n). In the above short exact sequence Z" = (I' NR") and p
can be considered as the projection p : ' = G C O(n) C E(n) on the first component.
An orthogonal representation p is equivalent (see [8]) to a holonomy representation. That

L where

is a homomorphism ¢r : G — GL(n,Z), given by a formula ¢r(g)(z) = gzg~
g€, g€ G,z € Z" and p(g) = g. Conversely, given a short sequence of the form (1),
it is known that the group I' is (isomorphic to) a Bieberbach group if and only if T" is
torsion free.

By Hantzsche-Wendt manifold (for short HW -manifold) M™ we understand any ori-
ented flat manifold of dimension n with a holonomy group (Z,)"~!. It is easy to see that
n is always an odd number. Moreover, any HW-manifold has a diagonal holonomy repre-
sentation, see [7]. It means 71 (M™) is generated by 8; = (B;, b;) € SO(n)xR™, 1 <i <n,
where

B; = diag(—1,-1,...,—1, 1 ,—1,—1,...,—1) (2)

%

and b; € {0,1/2}™. For other properties of M"™ we send a reader to [8] and to next
sections. We shall need

Definition 1. (See [4].) Two flat manifolds M; and M are cohomological rigid if and only
if a homeomorphism between M and M is equivalent to an isomorphism of graded rings
H*(Ml, IFQ) and H*(Mg, Fg)

Our main result is the following theorem.
Theorem. Hantzsche—Wendt manifolds are cohomological rigid.

The Theorem answers the question from [2, problem 4.3].

For the proof we introduce a new presentation of HW -manifolds. We consider these
manifolds rather as a finite quotient of the torus than a quotient of the R™. Here, we
use an obvious equivalence R"/T" = (R"/Z"™)/G = T" /G, where T is a Bieberbach group
from (1). According to the definition of n-dimensional HW -manifold we shall define a
(n x n)-HW -matriz A. The analysis of properties of the matrix A is used in the proof.
Moreover, we apply the Lyndon—Hochschild—Serre spectral sequence {EP9,d,.} of the
covering T" — T" /G with 5 coefficients. Since a holonomy representation ®r is diagonal
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EY? = HP((Z2)""')® HY(Z™). We shall only use the multiplicative structure of the first
and second cohomology group. In particular, we shall consider the properties of the
transgression homomorphism dy : HY(Z") — H?((Z2)""'). Finally, another important
point of the proof is an isomorphism of cohomology groups H'((Zs)"~1) and H(T),
which was proved in [6, Theorem 3.1]. Hence, we can consider elements of the image of
the transgression homomorphism dy as homogeneous polynomials of degree two which
are equivalent to polynomial functions.

Let us present a structure of the paper. In the next section, we give a “new-old”
definition of HW -manifold and we outline the proof of the theorem. In section 3 we
define HW -matriz and prove some of its properties.

At the last section, we present the proof of the Main Lemma.

2. Proof of the Main Theorem
Let D= {g; | i =0,1,2,3}, where g; : S' — S, and Vz € S* C C,
90(2) = 2,91(2) = —2,92(2) = Z,93(2) = —2. (3)
Equivalently, if S = R/Z,V[t] € R/Z,

1 1

go([t]) = [l 1 ([t]) = [t + 5], 92([t]) =[], 95([t]) = [ + 3. (4)

Let (t1,t2,...,tn) € D" and (21,22, ..., 2,) € T = S* x ' x ... x . Tt is easy to see

that D = Zy X Zs, and g3 = g192. For k = 1,2, 3 we have different projections
p*) D Fy={0,1} (5)

such that p(*)(gx) = 1 and for i = 1,2, ..,n we have homomorphisms

(k)
p® opr; : D" - D" Ty (6)

given by the formula p®) o pr(t1, ta, ..., ti, ..., tn) = pF)(t;).

We summing up values of the projections p® and p®) in Table 1.

Table 1
Values of the projections from D — Fa.
9o g1 g2 93
p® 0 1 1

p® 0 1 0 1
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The next, obvious formula
Ve eD z=p@(2)2+p®(2)3 (7)
will be useful later. We can define an action D™ on T" as follows:
(t1,ta, s tn) (21, 22y oy 2n) = (t121, 8222, ooy tn2n)- (8)
We have

Proposition 1. Let M™ be a HW-manifold of dimension n. Then there exists a subgroup
(Zo)"~1 C D™ such that M™ = T"/(Z2)" ", where the action (Z2)"~* on T™ is defined
by (2) and (8).

Proof. Let w1 (M™) =T and (B, b;) € T be the generators (2), I = 1,2,..,n. On each
coordinate, (4) defines g; € D,j =0, 1,2,3 which are determinated by projections pM o
pri,p® opri, p® opr;. O

Let us start to prove that the graded ring H*(M™ Fs) defines a manifold M™. We
have an exact sequence

02" =T 5 (Zy)" ' >0, (9)

where I' = 71 (M™). As we mentioned already in the introduction the image of a holon-
omy representation ®r((Zy)"~ 1), is a subgroup of the group of all diagonal matrices of
GL(n,Z). Moreover (see [6]) H'(I',Fy) = (F2)"~! for any Hantzsche-Wendt group I of
dimension n. That is an observation which we shall use during the proof.

Since (Z2)"~! € D™ the above maps p®) opr;, k = 1,2,3 define homomorphisms from
(Zs)"' = Fy € Hom((Zo)" ', Fs) = H'((Zs)"',F5)  H'(M",F,). Hence we can

define elements
T; = (p@ o pry) U (P o pry) € H*(Z2)" ', Fa),

where U is a cup product. It is well known that H*((Z3)"~!,F) is isomorphic to
Fylz1, 22, ..., Tn—1]. Hence the elements p(k) opr; = pik correspond to

n—1 n—1
> 0 oraby))a; =Y M (Aj)a; € Folwy,xa, ooy 1], (10)
j=1 j=1

where by, ba, ..., b, _1 is the basis of (Z2)" ! and k = 2,3;i = 1,2, ...,n. Here the matrix
Aij,i=1,2,...,n—1;5=1,2,...,n is related to HW -matriz (Definition 2) from the
next section.
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We shall apply the Lyndon—Hochschild—Serre spectral sequence { EP>?, d,.} of (9). Since
a holonomy representation ®r is diagonal EY? = HP((Z2)" 1) ® H(Z™). Hence (see |3,
Corollary 7.2.3 on p. 77]) we have an exact sequence (see [2, p. 770])

HY(Z",Fy) B H2((Z)""1, Fy) % H(D, ), (11)

where ds is a transgression and p* is induced by the above homomorphism p : I' —
(Z3)"~t. In what follows we shall prove (see also [2, Theorem 2.7]) that a rank of

m(dg) C H2((Z2)n_1,F2) C H*(<Z2)n_1,F2) ~ Fg[l’l,xg, ...,an,l]
is equal to n.

Let us define a basis £;,i = 1,2,...,n of HY(Z" Fy) = Hom(Z",F,). For k € Z, we shall
write k = 0 if k is even and k = 1 if k is odd. Let (k1, k2, ..., k,) € Z™ and let

f?i(kl,kg,...,kn) = ];Z,Z = 1,2,...,71.
We have

Proposition 2. dy(#;) = T; = (p® opr;) U(p® opr;). Moreover elements Ty, i = 1,2,...,n
are a basis of Im(dz ).

Proof. By Theorem 2.5 (ii) and Proposition 1.3 of [2] and using (10) it follows that

do(t;) = Zaz —I—Zxxj,

Ajr=1 i#j

where the second sum is taken for such i, ;7 that

(Aila Ajl) € {(17 2)’ (2a 1)7 (la 3)7 (37 1)a (37 1)3 (37 2)7 (27 3)}

On the other hand

7 =pp? = Zp(2 )P (Ag)a? +
+ Y P AP (Ap) + PP (AP (Aw)wix;. (12)
1<i<j<n—1

Comparing coefficients of the above two polynomials finishes the proof. 0O

The main idea of the proof of rigidity is an application of the above Proposition 2.
It means, we show that any HW -manifold M, of dimension greater than three, define
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elements in the cohomology ring H* (M, Fs) which determines M up to affine equivalence.
In the Main Lemma, we shall prove an existence of n linear independence elements
T, T>...,T, € Im(ds) such that for any i« = 1,2,...,n T; = p;q;. At the end of this
section we give a method of a reconstruction of HW -group from the set {T;}i=1,2, . n.

Let us define
D ={y € Tm(ds) | y is a product of two polynomials of degree 1}. (13)

We shall prove that D has less than n + 2 elements from which we can reconstruct the
basis Ty, T, ..., T, of Im(ds).

Main Lemma. Let n > 3, then there are the following possibilities for the structure of
the set D:

1. D= {Tl,TQ, - ,Tn};

2. D ={T1,Ts,...,T,,T; + T}}, and we can find a polynomial p of degree one such
that p | T; and p | Tj for some 1 <4,j < n. In the second case we can rediscover the set
of generators Ty, Ts,...,T,. O

Let M be HW -manifold of dimension n. From the Main Lemma, we know that there
isaset D={T1,T>,...,T,} C Im(ds) such that any T; is a product of two polynomials
p; and ¢q;,i = 1,2,...,n of a degree one. Let V be (n — 1)-dimensional Fy vector space.
We define a linear map h : V* — D", which simple version is (7) such that

hi(z) = pi(x)2 + ¢;(x)3, for i =1,2,...,n, (14)

where p;,q; € V ~ V**. Hence, through formulas (10), (12) and the Table 1, Im(h),
defines a Hantzsche-~Wendt group.

Example 1. 1. Let V = gen{xy,z2, 23} and D = {2% + 2129, 1129 + 2123 + 23 + 2013}
Put p1 = z1,q1 = x1 + 22, p2 = 21 + X2, q2 = 22 + x3. Hence a homomorphism h(z}) =
(1,2), h(z3) = (3,1) and h(x%) = (0,3). Here x7, x5, 2} is a dual basis of V*. Finally we
define a subgroup of D? which generators are rows of the matrix

1
3
0

w = N

2. Let Zi~' € D™ be a HW -group, and D a set from the Proposition 2. Assume that
D = {p1q1,p292, - .., Pnan}. Then

hi(z) = pi(2)2 + ¢i(2)3 = p(x;)2 + q(x;)3 = x;.

Hence for 2 € Zi ™', h(x) = x and Im(h) = Z5 .
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Let ¢ : H*(My,Fy) — H*(M5,F3) be an isomorphism of cohomology rings of
HW -manifolds M; and Ms. From the Main Lemma for the both manifolds we have
the sets of elements D; and Dy such that ¢(D;) = Ds. Hence we obtain the affine
equivalence manifolds M7 and Ms. O

3. Properties of Hantzsche-Wendt matrices

Let us illustrate the Proposition 1 on two HW -manifolds of dimension 5, (see [8]).
We shall denote by I'; and I's its fundamental groups.

Example 2. A group I'y C E(5) is generated by
(B1,(1/2,1/2,0,0,0)), (B2,(0,1/2,1/2,0,0)),
<B37 (07 07 1/27 1/27 O))? <B4’ (0? 0’ 07 1/27 1/2))

From above R%/T'y ~ T /(Z3)*, where (Z2)* C D? is defined by

(91793792792792)a (92,91793792792)3
(92792791793792)a (92,92792791793)-
Moreover a group I'y C E(5) is generated by
(Bla (1/2; 07 1/27 1/2a O))? (B27 (Oa 1/2a 1/2a 1/27 1/2))7
(Bs,(1/2,1/2,1/2,1/2,1/2)), (B4, (1/2,0,1/2,1/2,1/2)).
Hence, R%/T'y ~ T®/(Z3)* where generators of a group (Zs)* C D? are following
(91, 92,93, 93, 92) (92, 91, 93, 93, 93),
(93793791793793)ﬂ (g37927g3vglvg3>'

In what follows we shall write ¢ for g;, i = 0, 1,2, 3. Let A be a (n x m) matrix with
coefficients A;; € D. For short A € D"*™. Let A; (A7) denote i-row (j-column) of a
matrix A.

Definition 2. By HW -matriz we shall understand a matrix A € D™*" such that A;; = 1,
A;jje{2,3} fori#j,1<i,j<nandif X C {1,2,...,n} and 1 <#X <n —1 then the
row Y ..y A; has 1 on a some position.

Lemma 1. Any HW-manifold of dimension n defines a (n x n) HW-matrix.

Proof. Let (B;,b;), 1 < i < n — 1 be generators of the fundamental group of
some n-dimensional HW-manifold M. Then i-generator defines i-row of some (n x n)
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HW -matriz, cf. (2), (4). See also Example 2 and Proposition 1. The last row is defined
by the product 8185 ... [Sn—1 or equivalently is a sum of the first (n — 1) rows. It is easy
to see that the first property of the above matrix follows from a definition, see [5, p. 4].
Since a holonomy group (Zz)" ! acts free on T™ (or equivalently 71 (M) is a torsion free
group) the last part of lemma follows. O

We shall present some properties of HW -matrices.

Remark 1. Let 0 € S,, and let P, be the corresponding permutation matrix. It is not
difficult to see that if A is HW -matriz then P, AP, ! also satisfies conditions of the Defi-
nition 2. Moreover, if A’ is a conjugation matrix of A, where conjugation means exchange
at some column numbers 2 for 3, then A’ is again a HW -matriz. The HW -matriz is
related to the matrix defined on page 6 of [5].

Remark 2. Let A be a (n x n) HW -matriz. Then

011 .. 11
101 .11
@ +pA)= |- ], (15)
11101
11.. 110
Let A € D™*™ be a (mxn) matrix with coefficients in D and (aq, g, ..., o) € {2,3}™.
By p(®)(A) we shall understand a (m x n)-matrix with coefficients in Fy which a i-column
is equal to p(®)(A%).
Let M be a matrix. By defect of M we shall understand a number

d(M) = {number of columns of M} — rk(M).

Lemma 2. 1. Let My be a matrix M from which we remove some columns. Then

d(My) < d(M).
2. If A is a HW-matrix of dimension n and « € {2,3}, then

d(p®(4)) < 1.
Proof. The first statement is clear. For the proof of a second one, let us assume
that d(p(®)(A)) > 1. Hence rk(p'®(A)) < n — 1. By definition there exists a non-
trivial X C {1,2,...,n — 1}, such that 3,y p{®)(4;) = 0. Finally p(®) (3, . 4;) =

Diex p(®(A;) = 0. This contradicts the Definition 2. O

Lemma 3. Let m < n and W € D™*" 4s a sub-matriz of some (n x n) HW-matrix.
Then rk(p(® (W)) = m.
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Proof. Similar to the proof of the last Lemma. 0O

A symmetric (m x m) matrix A € (Fg)™*™ defines a nonoriented graph, graph(A)
with set of vertices {1,2,...,m} and two different vertices ¢ and j are connected if and
only if A;; = 1. We say that a matrix A is connected if a graph(A) is connected. Let
A € D™ be a symmetric matrix, then p(¥)(A) are symmetric with coefficients in
Fy,i = 2,3. We shall write ¢ ~4 j if i, j are at the same connected component of a matrix
p?)(A). Similar definition is for a relation i ~3 j.

Lemma 4. Let a HW-matrix M have the following decomposition on the blocks:

* 2 x
M:|:CAD:|, (16)
* 3 %

where A is a symmetric matriz and 2,3 are block matrices with all rows and columns
equal 2 and 3 correspondingly. Then
(I) ifi~ej = D;=Dj;

Proof. For the proof of (I) let us assume that i,j (where ¢ < j) are connected by a
2-edge; i.e. A;; = 2. Let r be some column of a matrix D. Let us consider a diagonal
submatrix of the matrix M related to (i, j, 7). It looks like

]

The sums of the first two columns are zero. Since Lemma 3 a sum of elements of the
last one is not zero. Hence a = b. We have just proved that if 4; ; = 2 then D; = D;. It
also means that if ¢ ~5 j then D; = D;. The proof of the second point of the lemma is
similar. O

The next lemmas are about possibilities of complement of some matrices to a
HW -matriz. We shall first consider an odd case.

Lemma 5. Let A € D™*™ be a symmetric matriz with 1 on the diagonal and {2,3} off
the diagonal with a column sums equal to 1. Assume that m > 1. Then a matrix

K= M (18)

cannot be complement to HW -matrix.

Proof. Let us assume that there exists a HW -matrixz



J. Popko, A. Szczepaniski / Advances in Mathematics 302 (2016) 1044—-1068 1053

* 3 %

[éié]. (19)

From assumption m is an odd number and heights of the blocks 2 and 3 are also odd.
We shall use induction. For m = 3

laa
A= |:a 1 a] . (20)
a a
Here a = 2 or 3. If @ = 3 then rk(p®(A)) = 1 and d(p®?(A)) =3 -1 =2 > 1. From

Lemma 2 it is impossible. For a = 3 the proof is the same. Let us assume that m > 3.

1. We shall consider a matrix p(®)(A). We claim that there is no such decomposition as
PP (4) =Be&E,

such that a dimension of a matrix B is odd and > 1. In fact, in that case
_ | B3
Af{3E} (21)

Since a column sums of A are equal to 1 and height of a block 3 under B is even, a
column sums of B are 1. If K4 has complement then K 5 has a complement (where a
dimension of a block 3 is greater on a dimension of E). But by induction it is impossible,

since 1 < dimension(B) < m.

2. We claim that there is no such a nontrivial decomposition as
p?PA) =BoFEaF.

In fact since m is odd we have two possibilities:

(a) dimension of one component is odd and other components have dimension even
(b) dimension of all components are odd.

In the case (a) dim(B @ E) > 1 and odd. Hence we consider decomposition p(?)(A) =
(B@ E) @ F. But it is a previous case 1.

In case (b), since m > 3 there exists a component (for example B) which dimension is
> 1. In that case we have a decomposition p(®)(A) = B @ (F @ F) which was already
considered in the point 1.

3. By definition we have a decomposition
pP(A) =B, ®..® B,,

where all components are connected matrices. From the above we can assume that s = 2
and odd component has a graph equal to one point or s = 1. Equivalently,
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(a) A= [:15 g} and p(®(B) is connected or

(b)  pP(A) is connected.

In the first case
1 1
p'¥(4) = [1 p<3>(3)} : (22)

Hence p(®(A) is connected. Summing up, we have

(a)  A=[l?2] and both p®(B) and p(®(A) are connected or

(b) p)(A) is connected.

If we exchange p(® for p® in the above points 1., 2. and 3. with the similar arguments,
we obtain finally two cases:

(a) A= [:15 g} and both p®(B) and p(® (A) are connected or

(b) both p®(A) and p(® (A) are connected.

We come back to the beginning of the proof. We shall try to figure out matrices C
and D. From definition of ~3 and because p(®)(A) is connected we conclude that all
rows of the matrix C are identical. By conjugation we can assume that C' = 2. Using
the same arguments and definition of ~s together with a connectedness of p(z)(B) we
conclude that with exception of the first row, all rows of the matrix D are the same. By
conjugation and permutation we can assume that the first row of the matrix D is equal
to [2,...2,3, ..., 3]. All other rows of a matrix D consist only 3. Summing up a matrix

W =[C A D

is following

HE )

Apply homomorphisms: p(3), [p(2),p(3)}7p(2),p(2) to the corresponding columns we get a

matrix

W =

0 (1 1 10
0 [0 p(3)(3>} 0 0]~ (24)

We have kW’ = 1 4 rk(p®® (B)). From assumption sums of columns of a matrix A are
equal to 1. Hence sums of columns of a matrix

1 1
(p@,pPhHA = [O p(3)(B):| (25)
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are also equal to 1 and sums of columns of a matrix p(?’)(B) are equal to 0. It means
tk(p®®(B)) < m — 1 and also tk(W') < m. From Lemma 3

tk(W’) = rk(W) = number of rows (W) = m.

Hence a matrix W cannot be a matrix of some rows of HW -matriz.

We have to still consider a case when matrices p(®)(A) and p®)(A) are connected.
Similar to the above consideration, using relation ~9 and ~3 plus conjugation we can
assume that

[C A D=2 A 3.
Hence all nonempty sums of rows of a matrix A include 1. For m > 1 it is impossible. O
The next lemma is an even version of the Lemma 5.

Lemma 6. Let A € D™*™ be a symmetric matriz with 1 on the diagonal and {2,3} off
the diagonal with a column sums equal to 3. Assume that m > 1. Then a matriz

Ka= E} ; (26)

cannot be a complement to some HW -matrix.

Proof. As in the proof of the previous lemma let us assume that there exists a
HW -matriz

3] &

From assumption and Definition 2 m is an even number and a hight of the block 2 is
even and 3 is odd. We shall use induction. For m = 4.

1. On the beginning let us consider the case, where p(2)(A) is not connected. We have
two cases of matrices of dimension 4:

(a)  A=[l2], where B has a dimension 3 and
(b) A= [f g], where matrices A, B have rank two.

The case (a) is impossible since 1+3 # 3. In the case (b) matrices A and B are symmetric

with columns sums equal to 3. Hence B = F = [; f]7 and

1100
1100
0011]° (28)
0011
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From the other side a matrix p®)(K4) has rows of 1 (p®(2) = 1) and rows of 0
(p®(3) = 0). These rows are linear combination of rows of p(?)(A) and

tkp® (K 4) = rkp@ (A) = 2.

Finally d(K4) =4 —2=2> 1 and from Lemma 2 we are done.

2. As the second step let us consider the case where p(*)(A) is not connected. We have
to consider two cases of matrices of dimension 4:

(a) A:B;},and

(b) A= [g }23], and B and F have dimension 2.

In the case (a) a matrix B is symmetric of dimension 3 with sums of columns 1. If
K 4 has complement to HW-matriz then also a matrix Kp has this possibility. But it is
impossible by Lemma 5. In case (b) matrices B, E are symmetric with sums of columns 3.
Hence B=F = [; f] and

PP (A) =

1111
1111
1111]° (29)
1111

In the matrix p(Q)(K 4) we have rows of 1 and 0. They are linearly dependent from the
rows of p(?)(A). Hence

rkp® (K 4) = rkp'® (4) = 1
and
d(Ky)=4—-1=3>1.

From Lemma 2 the matrix K 4 has not complement to the HW -matriz.

3. By the above points 1. and 2. we have that p(® (A) and p®) (A) are connected matrices.
As in the proof of Lemma 5 using relations ~s, ~ 3 and conjugations of matrices we can
assume that

[C AD=[2 43

By assumption a sum of all rows of the above matrix has 1 on a some position. We can
see easily that it is impossible at the first and the third block. For a matrix A it is also
impossible since m is even. This contradicts our assumption that m < n.

Let us assume that m > 4. We shall consider three steps.

1. Assume that p®)(A) is not connected. We have to consider two cases:
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(a) p®(A) is a direct sum of two odd blocks,
(b) p)(A) is a direct sum of two even blocks.

Hence A = [f I‘Z’J In the case (a) since dimensions of B, E are odd and sums of column
of A are 3 we obtain that sums of column of B and E are 0. Moreover, if B is an
odd diagonal submatrix of HW -matriz then by Definition 2 a sum of rows of B should
enclose 1. But this is impossible and also case (a) is impossible.

In case (b) since dimensions of B, F are even and sums of column of A are 3 we obtain
that sums of column of B and F are 3. Moreover either the matrix B or the matrix E has
rank > 2. Assume the matrix B has such a property. If a matrix K4 has complement,
then a matrix Kp has complement to HW -matriz. But by induction it is impossible.

2. Assume that p(3)(A) is not connected. We have to consider two cases. The same as in
the step 1.

(a) p®)(A) is a direct sum of two odd blocks,
(b) p®(A) is a direct sum of two even blocks.

Hence A = [123 ;] . In the first case since dimensions of B, E are odd and sums of column
of A are 3 we obtain that sums of column of B and E are 1. Moreover, either the matrix
B or the matrix E has rank > 2. Assume the matrix B has such a property. If a matrix
K 4 has complement then (after permutation of indexes) a matrix Kp has complement
to HW -matriz. But by Lemma 5 it is impossible. In the second case, since dimensions
of B, E are even and sums of column of A are 3 we obtain that sums of column of B and
E are 3. Moreover, either the matrix B or E has rank > 2. Assume the matrix B has
such a property: If a matrix K 4 has complement then a matrix Kp has complement to
HW -matriz. But by induction it is impossible.

We can assume that matrices p(?)(A) and p(®)(A) are connected. As in the previous cases
we can assume that

[C A D =243

By Definition 2 a sum of all rows should enclose 1. Since m is even and m < n we have
a contradiction. 0O

4. Proof of the Main Lemma

We keep the notation from previous sections, but we also need a new definitions.
Denote by P, an algebra of all subsets of the set {1,2,...,n}. Let | U | denote the
number of elements of a set U € P,, modulo two. We have an isomorphism of algebras
I:Fy — P,, where

I(z)={i|z;=1},z € F} (30)

is an indicator.
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Definition 3. Let A be a HW -matriz. The function J : P, — P, is defined by

JU)={s|> A =1}, (31)

iU
where U € P,.

Remark 3. In what follows we shall use a formula (10) with a basis b;, 1 <i <n—1. Let

us consider a map [ : P,, = Fa[z1,...,2,_1] given by a formula
ZZ = le (32)
=

In this language the formula (10) for k = 2,3 we can write as

n—1

> A =1s

j=1
where S = {P(k)(Al,i)7p(k)(A2,z’)7 ~--,p(k) (An—1)}
Proposition 3. The map J has the following properties:

1. U # 0,1 then J(U) # 0, here 0,1 denote the trivial additive and multiplicative
element of the algebra Py, respectively;

2. JU+1)=J(U) where U +1="U"' denotes a complement of the subset U in the set
{1,2,...,n};

3. J({i}) ={i},i=1,2,...,n;

4. if |U |=1 then JU) C U;

5. 4f |U |=0 then JU) CU".

Proof. Elementary calculations with support of the matrix (15). O

Any polynomial of Fa[xy,zo, ..., x,] we shall identify with a polynomial map F} —
F5. Hence by indicator function (30) the formula (32) has the following presentation
lz(e;) ={j € Z}, where Z € P,. Since the transgressive elements T; € Fa[z1,..., ;1]

we define a split monomorphism of rings Fa[z1,...,2,_1] LA Folz1,...,xy,] such that
T = ¢(T;) € Folay,...,xn],i = 1,...,n. Here, ¢(x;) = x; + xp,i = 1,2,...,mn — 1.
Obviously #D = #¢(D).

From definition, for polynomial functions 7; we have Ti(ej) = 045, where 1 <4,j <n
and e; € (F2)™ is the standard basis. Hence, by the isomorphism (30) a map J (see
Definition 3) is equivalent to a function T : Fy — F3, T(x) = (Ty(x), Ta(x), ..., Th(z)),
where x € F3. Hence and from an equation (12) we have a commutative diagram
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n T n
]FQ FQ

I I .

1059

We shall use these observations in the proof of the Main Lemma. Moreover, we shall

apply a remark that homogeneous polynomials of degree 2 are recognized by their poly-

nomial functions. Let S, Z1, Zs € P,,. From definition if

S Ti=lz 1z,

€S

then S = Zl N Zg.

Proposition 4. The following conditions are equivalent.

() YsesTi =1z, -z,
(i) YU € PulJ(U)S| = [UZ] - [UZs).

Proof. We shall use (33) and an isomorphism I. Let © € Fy, U = I(x). We have

S @)= Y 1=|IT@)NnS|=| JI)NnS|=| JU)NS|.

€S i€SNI(T(x))

From the other side

Iz, (2) lgy(x) = > 1o Y 1=|UZ]-|UZ)|

i€Z1NI(x)) i€ZoNI(x))

This finishes a proof. O

Corollary 1. Let us assume the condition (ii) of Proposition 4, then

1. |Zy1| or |Zs] is even,
2. if S #0 then |Z1| and |Zs| are even
3.if S#Zy and S # Zy then Z1 U Zy = 1.

Proof. 1. Since J(1) = J({1,2,...,n}) = 0 the condition is true.

2. Since J(U) = J(U') = J(U + 1) we have
\UZ1|UZy| = |(14+U)Z1||(1 4+ U) Zs|.

Hence
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| 21| Z2| + | Z1[|U Za| + | Z2||U Z1| = 0.
From a point 1. we can assume that |Z1| = 0 (or |Z2] = 0) and | Z3||[UZ;| =0.If | Z3| = 1
then YU € P,,|UZ;| =0 and Z; = 0. Since S = Z; - Zs # 0 we have a contradiction.
3.Letaec Z1\S,be Zy\Sand c ¢ Z1UZy. Put U = {a, b, c}. We have J(U)S CcUS =0
and UZ, = {a},UZy = {b}. Hence

0=|JU)S|=|UZ||UZy| =1-1=1.

This is a contradiction. O

Definition 4. Define
Uf = ZA‘”’
€S
where a € {1,2,...,n},5 C {1,2,...,n} and A € D"*".

Let us present relations between the above definition and the function J.

Proposition 5. Let A be (n x n) HW-matrix, a,b € {1,2,...,n} and S € P,,. Then
1. 1J({a,b})S| = 05 + o}, where a,b ¢ S;

2. |J({a,b})S| = 05 + 05 + Aup+ 1, wherea ¢ S, b e S.

3. [J({a,b})S| =05 + o) + Aup + Aba, where a,b € S.

Proof. 1. By a point 5. of Proposition 3 we know that J({a,b}) C {a,b}. If
J({a,b})S = 0 we are done. On the contrary we shall consider the following
cases.

(a) Assume |S| = 1 and |J({a,b})S| = 1. We have two rows, which correspond to a
and b,

(34)

with a number of columns equal to |\S], and a number of columns with different coefficients
equal to J({a,b}). Hence a sum of the upper row is equal to 2 and a sum of the down
row is equal to 3. This finishes a proof in this case.

(a’) Assume |S| =1 and |J({a,b})S| = 0. We also have (34) and a sum of the upper row
is equal to 2 and a sum of the down row is also equal to 2. This finishes a proof in this
case.

(b) Assume |S| = 0. Then again we have two subcases |J({a,b})S| = 1, then a sum of
the upper row of (34) is equal to 0 and a sum of the down row is equal to 1. The proof
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of the case is complete. When |J({a,b})S| = 0 a sum of the upper row of (34) is 0 and
a sum of the down row is also 0. This finished a proof of point 1. The proofs of other
cases are similar and we put it as an exercise. O

Using the above language we shall prove that for a HW -manifold there exists only a
limited number of transgressive elements which are a product of degree one nontrivial
polynomials.

Proposition 6. Let A be a (n x n) HW-matrix, (n > 3) then there does not exist not
empty set S C {1,2,...,n} such that

VU € P,|J(U)S| = |US|. (35)

Proof. It is the case S = Z; = Z5. Let us assume (35). We are going to divide the proof
into four steps.

Step 1. We claim that, if a,a2 ¢ S and b € S then A,, , = Ay, p- In fact, from (35) for
U = {a1,as}, |[J({a1,a2})S| = |[{a1,a2}S| = 0. By Proposition 5 (1.), 05 =05 :=0.If
a ¢ S then from Proposition 5 (2.)

1=|J({a,b})S| = {a,b}S| =05 + 05 + Aap +1 =04 05 + Agp + 1.

Hence Va ¢ S, Aqp =0 + Jf and Step 1. is proved.

Step 2. We claim that, if US = 0 then J(U)S = 0. In fact from Step 1. all elements
(numbers of columns) of J(U) which are considered have not the first indexes from S
and are equal each other. Then J(U)S = 0.

Step 3. We claim that, if S # 0 then #S = n — 1. From Step 2. if 0 # U C S’ then
J(U)S" # 0. Let B be a diagonal submatrix of the matrix A related to the set S’. Then
B is a quadratic matrix with 1 on the diagonal and 2,3 otherwise. Moreover all sums
of rows of B have at some position an element 1. Hence, the only possible matrix B is
(1 x 1) matrix.

Step 4. We claim that, if S # 0 then n < 3. For the proof, let us assume that n > 3. From
the Step 3. we can assume that S = {2,3,...,n}. Let lo denote a number of 2 at the first
column of A. We shall prove that |l5] = 0. In fact, we can assume that 0 < Iy <n —1
and at the first column, from the top we have first 2 then going down we have 3. On
the contrary, suppose that /3 is odd and let v be a sum of the first 2ls + 1 rows. Since
lo+1 is even v has not 1 on places 1,2,...,ls+ 1. Then it has 1 on the position > I5 + 1.
Hence there exists & > [y + 1 such that A; , # Ay, or equivalently A; , + Ay, = 1. Let
us consider a diagonal submatrix

1% Ap
[2 : A] . (36)
3% 1
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A sum of elements at the first column and at the third column is 0, then it at the second
column has to be # 0. Let U = {1, k,r}. Since j(U) C U and n > 3, J(U) = {k}. Finally

L= [{k}S| = [J(U)S| = [US| = [{k,7}S] = 0.

That is a contradiction and Is is even. Moreover if I3 is a number of 3 at the first column
then |ls=n—1—1Iy|=0and asum 1417y *2+13%2 = 1. But a sum of all rows is zero
and we have a contradiction. This finishes a proof. O

Corollary 2. At the space Im(ds) we have not squares.
Proof. If i; € Im(dz), then S = Z = Z. For n > 3 it is impossible. O

Proposition 7. Let S,Z C {1,2,...,n} such that 0 £ S # Z. Let A, J be as in Proposi-
tion 6. Assume that

YU eP, | JU)S|=|US|-|UZ|
then #S =2, Z|=0and S C Z.
Proof. On the beginning we claim that up to permutation and conjugation,
* 2 %
a=[i23], BT

where B is a symmetric matrix with a column sums 3. Moreover a block 2 has rows
indexed by numbers from the set Z\ S and a block 3 has rows indexed by numbers from
the set 1 + Z = Z'. In fact, from Proposition 4, S € Z and Corollary 1, S C Z and
|S| =|Z| = 0. Let us change the indexes of A such that

* B *
A= |:* B *:| y (38)
* I ox
and F has rows indexed by numbers from the set Z\ S, B has rows indexed by numbers
from S and F is indexed by 1+ Z = Z’. From the point 1 of Proposition 5, for a,b ¢ S
aq + oy =[J({a,0}8] = [{a,b}S| - [{a,b}Z| = 0.

Hence 05 =0y . Let 0 := 05, fora ¢ S.

By the point 2 of Proposition 5 for b € S and a ¢ Z,
Aup =+ 0. (39)

From the above all columns of the matrix F' are constant. Again from the point 2 of
Proposition 5 for b € S,a € Z\ S,
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Agp=0+0) +1. (40)

It follows that also columns of the matrix E are constant. Let us conjugate columns
of the matrix A such that £ = 2. In that case o0 = 0 since for a« € Z \ S we have
c=02=|5]-2=0.

From (40), for b € 5,2 = 0—1—0;? + 1. Hence af = 3 and F' = 3, because from the formula
(39) Ay =0+3,fora € Z' and b € S. Finally, from Proposition 5 for a,b € S we have

Aa,b + Ab,a =3+3+ Aa,b + Ab,a = UaS + O—i? + Aa,b + Ab,a =
= |J({a,b})S| = {a,b}S] - [{a, b} Z] = 0. (41)

To finish a proof it suffices to apply Lemma 6. O

Proposition 8. We keep the notation from the previous propositions. Let us assume
S, Z1, 7 € Py, such that 0 £ S,S5 # Z1,5 # Zs and

VU € PolJ(U)S| = [UZy] - [UZ]
then #S =1, |Z1| = |ZQ| =0and Z1+ Zy = 1.

Proof. A proof is similar to the proof of Proposition 7. On the beginning we show that
(up to permutation and conjugation)

*x 2k
A_|:*B*:|, (42)
* 3 ok

where B is a symmetric matrix of odd dimension with sums of columns 1, a block 2
is indexed by the set Z; \ S and a block 3 is indexed by the set Z5 \ S. In fact, from
assumption and Corollary 1, S = Z175,|Z1| = |Z2] = 0 and Z; + Z3 = 1. Hence |S| = 1.
Let us change the order of rows in the matrix A such that

* B *
* F %
and E is indexed by Z; \ S, B by S and F by Z5 \ S. From Proposition 5 we have
Ya,b € Z; \ S,05 = 0 := op. With similar consideration we have Va,b € Z \ S,05 =
oy = op. Moreover, by Proposition 5 (2) for b€ S and a € Z; \ 9,
Agp =08+ Uf + 1. (44)

From the above, all columns of the matrix F are the same. By analogy for b € S and
a € 2o \ S,

Agp=0p+o, +1 (45)



1064 J. Popko, A. Szczepaniski / Advances in Mathematics 302 (2016) 1044—-1068

and columns of the matrix F' are also constant. Let us conjugate columns of A such that
E =2. Then o = 2, because for a € Z1\ S,0p =05 =|S|-2=2and for b € S,0; = 1.
The last equality follows from (44) because 2 = 2 + o3 + 1. Similarly, by (45) for b € S
and a € Zy \ S, we have A, = op +1+1 = op and the matrix F' is constant and equal
to op. Finally, a matrix B is symmetric since from Proposition 5

g + 0y + Aoy + Apa = |J({a, b}S]
what means,
Aa,b + Ab,a = |{a, b}Z1| . ‘{(L, b}22| =0.

We have still to show that o = 3. In fact from assumption a column’s sums of B are 1.
Since B is symmetric the same is true for rows. Let us calculate a sum of some column
of A:

(1Z:1] = [SD2+ 1+ (|1Z2| = [S])or =2+ 1+ 0p =3+ 0F =0.
To finish a proof of Proposition we have to apply Lemma 5. O

Summing up we have the following two possibilities:
IL#S=1and Z, + 25 =1,
I.#AS=2and S=2,,S# Zy or S = 7.5 # Z;.
Let us recall that Im(ds) is a n-dimensional Zs-space generated by T;,7 = 1,2,3,...,n.
We are interested in description of the set D of elements in Imds which are a product of

two nontrivial linear polynomials, see (13). We claim that D < n+ 1. In what follows, if
it does not give a contradiction we shall write T} for Tj,i =1,...,n.

Lemma 7. Let w € D, then w =T; or w =1} + T} for some 1 < 4,5,k < n.

Proof. On the beginning we shall prove that T; + T} is a product of two nontrivial linear
polynomials if and only if T3, T} have a common component. It means there exists p # 0
s.t. p|T; and p|T;. Let T; + T; have a common component, then from the above case II
we can assume that j =i+ 1 and the matrix A enclose:



J. Popko, A. Szczepaniski / Advances in Mathematics 302 (2016) 1044—-1068 1065

By definition

Ti= (14 + 2+ 1) (@ + Tigo + -+ Tn)
Tiv1= (@14 + 2+ 2ip1)(Tig1 + -+ Tn).

For the proof of the opposite conclusion we shall need

Definition 5. Let X be a subset of some monoid. By 'y we define a graph with the

vertex set X and two vertices a, b are connected by an edge a__/ b if and only if fl|a

i 9 k (46)

is not a subgraph of I', where ¢ :=T;,7=1,2,...,n. In fact we have two possibilities:

1. f=g Leti =1,7 =2,k = 3 and let J be an ideal generated by (f,T4,...,T,) in
the polynomial ring. Since there exists a nontrivial solution of system of (n — 2) linear
equation in (n — 1) linear space an algebraic set V(J) is not trivial. It means 0 # x €
V(3). From definition z € V(J’), where J’ is an ideal generated by (11,75, ...,T;). But
it is impossible.

2. f # g. Using permutation of indexes and conjugation we can assume that in
HW -matriz A,j =i+ 1,k =i+ 2. Recall that S = {i,i 4+ 1} and A is as in Lemma 6.
Hence it has a diagonal block related to rows (columns) {,7 + 1,7 + 2}

FTZ], (47)

331

and a matrix A has upper two first columns of (47) only elements 2, but lower only
elements 3. Let us consider polynomials T}, T;+1 and Tj4o for x5 =0,s ¢ {i,i+ 1,4+ 2}
and denote it by T; respectively. We have

Ty = (@i + @i41) (@i + Tig2)

and

A

Tiy1 = (@i + 1) (@ig1 + Tiga).

The both polynomials are divided by (z; + 2;41). Hence TiJrl and ﬁ+2 are divided by
(Zi+1 + Ti+2). From the above we can observe that

A

Tivo = (Tig1 + Tiv2)(Tiga + x;)- (48)
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By (48) and definition we get a # b. Hence a sum of all columns of the matrix (47) are
equal to 0. But it is impossible, since n > 3. This finishes a proof of our claim and we
have

Corollary 3. For n > 3 all connected components of a graph I' are points or edges
it 5. O

Corollary 4. For n > 3,D = {I1,T5,...,T,,} or D = {T1,T>,....,T,,, T; + T}} for some
1<i,j<n.

Proof. Conversely, suppose that edges
1_f 2 and 3_9 4

are components of the graph I'. Let us consider an ideal J = (f,¢,75,...,T,) in poly-
nomial ring. Since there exists a nontrivial solution of system of (n — 2) linear equation
in (n — 1) linear space an algebraic set V(J) is not trivial. It means 0 # x € V(J). But
from definition € V(3J’), where J’ is an ideal generated by (71, 75,...,Ty,). But it is
impossible. This finishes a proof. O

Let us prove the Main Lemma.

Main Lemma. Let n > 3, then there are the following possibilities for the structure of
the set D:

1. D={T1,Ts,...,Tp};

2. D ={T,Ts,...,T,,T; + T}}, and we can find a polynomial p of degree one such
that p | T; and p | T; for some 1 < i,j < n. In the second case we can rediscover the set
of generators Ty, Ts, ..., T,.

Proof. We start from the simple observation. If ¢ # j and T; = p-q,7; = p - r then
Vi=1,2,...,n q+ris not divided T;. In fact q + r # p since in other case T; +T; =
p(q+r1) = p%. By Corollary 2 it is impossible. Hence T; and T} are also not divided by
g+ r. Moreover, if T, = (q +r)s then T; + T; + T, = (q+r)(p + s). By Proposition 7,
a decomposition for #S = 3 is impossible. Let us prove the second point of the above
lemma. From definition the graph I'r, . 7, has connected components which are vertices
for r ¢ {i,j}, of the triangle with vertices T;,Tj,T; + T; and a constant label which is
a component of T; and Tj. Let T; = p-q and T; = p - r then T; + T; = p(q +r). The
triangle is a connected component of a graph because by (46) for r ¢ {i,j} elements
p,q,r do not divide T;.. Also from the above simple observation, the element (q+1) does
not divide 7.

We continue the proof of the Main Lemma. Let w = £n where £ and n are linear
polynomials. Let us define s(w) := {+n. Since HW -manifolds are oriented ), s(T;) = 0.
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We claim that if T; + T} € D, then s(§) + s(n) recognizes subsets of order two of the
set {T;,T;,T; + T;}. In fact, let T, = p-q,T; = p-r1, then T; +T; = p(q+ 1) and
s(Ti) + s(Tj) = a+r,s(T) + s(Ti + Tj) = v,8(T;) + s(Ti + Tj) = q.

Let n > 3, then there are the following possibilities for the structure of the set D:

1. D = {T17T2,...,Tn};
2. D={T,T>,...,T,,T; + T;}, for some 1 <4,j <n.Let n >3 if D has n elements

we are done. If it has (n + 1) elements then the graph I'ry 1, . 7, has (n — 2) discrete

.....

connected components D¢ and a triangle. We proceed in two steps:

1. Put spe := > . pe s(a)

2. From the triangle we take a unique pair &, 7 such that

s(§) + s(n) + spe =0.
Hence {T1,T5,...,T,} = {§,n} U D. This finishes a proof of the Main Lemma. 0O

For illustration of possibilities of the structure of the set D we present two examples.

12222
21322
Example 3. Let G C D? correspond to HW -matriz | 32132
32313
33321
The set

D ={T = (x1 +x2)(x1 + 23+ 24), T2 = (1 + T2 + T3 + T4) 22,
T5 = (21 + 23) (22 + 23 + 24)), Tu = (21 + 2 + 24) (T3 + 74), (49)
Ts = (!L‘l + 2o + ZE3).’E4}.

From Remark 1 the above group is isomorphic to the group I'; of the Example 2. The
next example illustrates the second case of the Main Lemma.

Example 4. Let a matrix

WN NN

2
1
2
2
3

NN =W N
N =W NN

2
2
2 | € D5*® be the second HW -matriz of dimension 5.
3
1
In this case we have
D ={T\ = (x1 + 2+ 23 + z4)21,To = (21 + 22 + 23 + T4) 22,

T; = (.%‘1 + x3 + QS4)((L‘2 + $3)7T4 = (.%'1 + x9 + .1‘4)(1‘3 + 56‘4), (50)
Ts = (.’L‘l + 29 + 373)374,T1 + TQ}.



1068 J. Popko, A. Szczepaniski / Advances in Mathematics 302 (2016) 1044—-1068

Acknowledgments

Authors would like to thank the referee for many constructive remarks, which improve
the exposition. The second author would like to thank R. Lutowski for help during
preparing the manuscript.

References

[1] L.S. Charlap, Bieberbach Groups and Flat Manifolds, Springer-Verlag, 1986.

[2] S. Console, R. Miatello, J.P. Rossetti, Zs-cohomology and spectral properties of flat manifolds of
diagonal type, J. Geom. Phys. 60 (2010) 760-781.

[3] L. Evens, Cohomology of Groups, Oxford University Press, 1992.

[4] Y. Kamishima, M. Masuda, Cohomological rigidity of real Bott manifolds, Algebr. Geom. Topol. 9
(2009) 2479-2502.

[5] R. Miatello, J.P. Rossetti, Isospectral Hantzsche-Wendt manifolds, J. Reine Angew. Math. 515
(1999).

[6] B. Putrycz, Commutator subgroups of Hantzsche-Wendt groups, J. Group Theory 10 (2007) 401-409.

[7] J.P. Rossetti, A. Szczepanski, Generalized Hantzsche-Wendt flat manifolds, Rev. Mat. Iberoam.
21 (3) (2005) 1053-1079.

[8] A. Szczepanski, Geometry of Crystallographic Groups, World Scientific, 2012.


http://refhub.elsevier.com/S0001-8708(16)30987-2/bib4368s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib434D52s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib434D52s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib6576656E73s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib4B4Ds1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib4B4Ds1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib4D52s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib4D52s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib50s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib5253s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib5253s1
http://refhub.elsevier.com/S0001-8708(16)30987-2/bib5333s1

	Cohomological rigidity of oriented Hantzsche-Wendt manifolds
	1 Introduction
	2 Proof of the Main Theorem
	3 Properties of Hantzsche-Wendt matrices
	4 Proof of the Main Lemma
	Acknowledgments
	References


