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Abstract

We prove that all but 3 of the 27 closed, orientable, flat, four
dimensional manifolds have a spin structure.
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By flat manifold we understand a compact Riemannian manifold with sec-
tional curvature equal to zero. Any such manifold M is an orbit space R" /T,
where I' = m(M) is a Bieberbach group, i.e. a discrete, cocompact and
torsion - free subgroup of the isometry group E(n) = O(n) x R™ of the n-
dimensional euclidean space R™. Moreover, by Bieberbach theorems (cf. [2])
the translations subgroup I' N R™ of I' is a free abelian group of rank n of
finite index. The finite group I'/(I' N R™) is also the holonomy group of the
manifold M. Let us recall that an oriented manifold M (a group I') has a
spin structure if and only if there exists a homomorphism € : I' — Spin(n)
such that A\,e = h. Here ), is the covering map from the group Spin(n) to
the group SO(n) and h is the projection of I' onto SO(n) sometimes called a
holonomy homomorphism. By ¢;,7 = 1,2, ...,n we shall denote the standard
basis of R™.

In [12, Problem 15] is formulated the problem of classifying the finite groups
that are the holonomy groups of flat oriented manifolds which admit a spin
structure.
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Let G be a finite group. From the already known results (cf. [3], [6] and [7])
the following cases, related to the above problem can be distinguished.

1. Any oriented flat manifold M with holonomy group G has a spin structure
(if G is a finite group of odd order (cf. [3, Proposition 1]), G = Zy (cf. [6,
Theorem 3.1,(3)], [7, Proposition 4.2]), or if G is a cyclic group of order
2", n >3 (cf. [6, Theorem 3.1, (3)]).

2. There are flat manifolds M = R™/T" and M’ = R" /I with holonomy group
G and the same holonomy homomorphism such that M has a spin structure
but M’ has none (it happens for groups of order four (cf. [6, Example 3.3],
[7, Table 1, page 327] and Lemma 1)).

3. There exists a finite group G and a group representation h : G — GL(n, Z)
such that any Bieberbach group with the above holonomy group and holon-
omy homomorphism has no a spin structure (it happens for G = Z, (cf. [6,
Theorem 3.1, (4)])).

Here 7Z, denotes the cyclic group of order n and D, denotes the dihedral
group of order n.

It is well known (cf. [8, § 12]) that any oriented three manifold has a spin
structure. In this paper we shall consider existence of spin structures on four
dimensional flat oriented manifolds. We shall prove.

Theorem All but 3 of the 27 four dimensional oriented flat manifolds have
a spin structure. The holonomy groups of the manifolds which do not admat
a spin structure are equal to Zo B Zo and Dsg.

Our methods are elementary and direct. Let I" be a four dimensional ori-
ented Bieberbach groups with maximal abelian subgroup Z*. We define a
homomorphism e : Z* — Z,, which satisfies the conditions:

L (LT () =1
—1 if for any v € I" such that (7)? =#; (=(A\;'(h(7)))? = -1.

e(t;) = { 1 if for any v € I such that ()

If € exists, we have to extend it to a group homomorphism € : I' — Spin(4),
such that A\ye = h. We want to mention that an application of Proposition 2.1
of [6] about the existence of a spin structure on M = R"/I" being independent
of the representation of I" as a subgroup of F(4) is crucial for our argument.
The above theorem was announced in 2000 by J. Ratcliffe and S. Tschantz,

[10]. Some cases were considered in [11, Theorem 6]. One of our motivations
was to give an explicit, written proof for all cases.
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1 Proof of the main result

From the Bieberbach theorem (cf.[2]) there are 27 four dimensional flat ori-
entable manifolds (Bieberbach groups), up to affine equivalence (up to iso-
morphism) see [9].

It is not difficult to prove that the following Bieberbach groups of rank
four have a spin structure: Z* the fundamental group of the torus, whose
holonomy group is trivial, the two groups with holonomy group Z, [7, Propo-
sition 4.2], the two groups with holonomy group Zs, the group with holonomy
group isomorphic to Zg and the three groups with holonomy group Dg [3,
Proposition 1]. Moreover, there are two Bieberbach groups with holonomy
group Z,. In this case existence of the spin structure follows from [6, Theorem
3.1 (4) and Theorem 3.2].

Hence we still have to consider 16 Bieberbach groups of rank four: 9 with
holonomy group Zo @ Zs, 2 with holonomy group Ay, 4 with holonomy group
Dg and 1 with holonomy group D1s.

Lemma 1 All but 2 of the 9 closed, oriented, flat four-manifolds with holon-
omy group Zo ® Zo have a spin structure. In five cases the number of spin
structures is equal to 8, in one case 4 and in one case 16.

Proof: We shall use notations from CARAT [9]. The first group I'; from
the family 22.1.1 is the product of a 3-dimensional group H and the integers.
The group H is the fundamental group of the three dimensional Hantzsche-
Wendt manifold, [12, Section 3] and admits four spin structures. Hence I'y
has eight spin structures. The second group from the same family is

Iy = gen{fyA = ([_17 L, _17 1]_7 (0_7 07_07_1/2))77B =
([1, —-1,-1, 1], (1/2, 0,0, 0)), t1, 12, ts, t4} C E(4)

The bracket [z, z2, z3, 24] denotes a matrix [a;;], with a;; = 0, for ¢ # j
and ay; = x;4,) = 1,2,3,4. Moreover t; = (I,t;), for i = 1,2,3,4. Let
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+s), € Spin(4) be mapped by A4 to a diagonal matrix M € SO(4)NGL(4,Z).
By Lemma 2.3 of [6], we have that (sp)? = —1, for M # +I. We have
(74)? = t4, (yayB)?* = t4, (yB)? = t1. Hence, we can define a family of sixteen
maps € : I'y — Spin(4) such that, €((y4)) = teies, e((y5)) = Leses, e(tz) =
+1,¢e(t3) = +1,¢e(t1) = €(ty) = —1. We can prove, by immediate calculations,
that each of them is a homomorphism, which establishes a spin structure,
where e;e; € Spin(4) are the standard generators for, 4,5 =1,...,4, (cf. [4]).

The similar methods we apply to the group

FB :gen{’YC'— ([ 1 1 71]7(0’ 1127707}/27))7’7D:
([17-17 ] (1/27 ’070))7t17t2at37t4}

and the group

L'y —gen{VE_ ([ L1, 171]7<071/_271_/2_71/_2))7'7F:
([1 17 ]7( /2707070))7t17t27t37t4}

from the family denoted 22.1.1. In the first case we have eight homomor-
phisms € : I's — Spin(4) such that, e(yc) = *eies, e(yp) = teqes, e(ts) =
+1,e(t1) = €(ty) = —1,€e(tz) = 1 and \ge = h. In the second case we
have the following eight spin structures: €(vg) = tejes, e(yr) = teses and
€(f1) = —1,€(tz2) = €(t3) = —e(tg) = £1.

We still have to consider five groups. All of them do not have diagonal
linear parts. We shall apply [6, Proposition 2.1]. Let us start from the group
(22.1.12)

F5 = gen{717 Y2, {17 {27 {37 {4}

where
1 0 2 0
—1 0 -1 -1
M= 0 0 —1 0 ?(_1/27 1/2a070) and
-1 -1 -1 0
[ -1 0 0 -2
1 0 1 1
Y2 = 1 1 0 1 7(_1/27070a 1/2)
000 1




We shall conjugate the group I's inside the group GL(4,R) x R* by an
element (Ajs,0), where

A5:

e e e
[ = S S
— = =
e e e

The Bieberbach group

Il = (A5,0)05(A5",0) = gen{As11 A5 " =7, A5 Ay =75, f1 =
(I, Ast1), fo = (I, Asta), f3 = (I, Asts), fa = (I, Asts)}

is a subgroup of E(4) and has diagonal linear matrices. To finish the proof
in that case it is enough to define € : Iy — Spin(4) by formulas e(v,) =
teges, €(7) = Feren, €(fa) = e(fs) = e(fs) = —e(f1) = +1. Hence we have
eight different spin structures on I's.

The next group (22.1.2)

FG = gen{’Yb V2, t_17 t_27 t_?n t_4}

where
-1 0 0 0
0 1 0 0
M= 0 0 0 1 ’ (1/27 1/2a 07 O) and
00 -1 0
[ —1 0 0 0
0100
Yo = 0 0 0 1 7(071/27070)
0 010

As above, after conjugation by an element (Ag,0) where

A6:

o O O =
o O = O
|
_—_ 0 O
—_ 0 O

we get the Bieberbach group

Ty = (A, 0)T6(A5",0) = gen{Ae11 45" =7}, Ae 12 A5 = Vb, 1 =
(I, Agt1), 92 = (I, Agt2), 95 = (I, Agts), 92 = (I, Agta) }
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with diagonal rotation matrices. We put €(7]) = Lejeq, €(74) = tejes and
€(g1) = €(g2) = —1,€e(g3) = €(g4) = £1. It gives eight different spin struc-

tures.

Next we shall prove that the group (22.1.4 or 05/01/04,/006 in [1])

F? = gen{’)/la V2, t71> {27 {?n {4}7

where ~
10 0 0
0 -1 0 0
71 - 0 0 O _1 ? (1/27 1/27 07 O) and
0o 0 -1 0
-1 000
Yo = 8 _(1) (1) 8 ,(0,0,—1/2,1/2) | has no spin structure.
| 0 001
After conjugation by an element (Ag,0) we get the Bieberbach group

I = (A6,0)07(A5 ", 0) = gen{Aegn1Ag " =1, As124s " =5, 91,92, 93, 9a}

where, v, = ([1,—1,1 — 1],(1/2,1/2,0,0)),v5 = ([-1,-1,1,1],(0,0,1,0))
and v+, = ([-1,1,1,-1],(1/2,1/2,1,0)).

Assume that there exists a homomorphism € : I', — Spin(4) of groups,
such that A\je = h. We have €(g1) = —1,e(94 — g3) = —1,€(g2 + g4 —
gs) = 1. Hence e(v}gi7}) = elgr — g5) = e((1})2)elga) = —e((1}))elga) =
—e(1)€e(ga)e(vy) = —e(v194777) and the spin stucture does not exist.

Let us consider a group (22.1.5)

FS - gen{’Yb V2, {17 {27 {3) 2(:74}

where
-1 0 0 0
0 1 10
M= 00 —1 0 >(1/27 _1/27()’ 0) and
00 -1 1
[ —1 00 0
0O 00 -1
’}/2 - 0 O 1 0 ?(0707 1/270)
0 -1 0 0




After conjugation by an element (Ag,0) where

100 0
011 —1
A8_0010’
010 1

we get the Bieberbach group

Fé = (A87 O)FB(A8_17 0) = gen{A871A§1 = 717 A872A§1 = 7&7 hl =
(I, Agt1), ho = (I, Asta), hs = (I, Asts), hy = (I, Asty)}

where
v =(-1,1,-1,1],(1/2,-1/2,0,—-1/2)),
vy = ([-1,1,1,-1],(0,1/2,1/2,0))
and ’71’}/5 = ([17 17 _17 _1]7 (1/2a 07 _1/27 _1/2))
We define €()) = £ejes, e(v,) = Feieq and e(hy) = e(hy) = e(hs) =
€(hy) = —1. By immediate calculations we check that e defines four spin
structures on group I's.

The second group, which has no spin structure, is the group (22.1.8 or
05/01/06/006 in [1])

Fg = gen{717 Y2, {17 {27 {37 {4}

where
-1 0 0 0
O 1 0 O
M= 0 —1 0 1 7(1/27_1/271/270) and
. 0 -1 -1 0
[ -1 00 ©
001 —1
Y2 = 01 0 1 7(07_1/27071/2)
| 000 1
After conjugation by an element (Ag,0) where
10 0 0
01 1 -1
d=1o1 1 1|
01 —1 1

we get the Bieberbach group



[y = (Ag, 0)T9(Ag",0) = gen{Agm1 45" =}, Agy2Ag'} = 74, k1 =
(I, Agty), ko = (I, Aota), ks = (I, Agts), ks = (I, Agty)}

where
’yi = ([—1, 1, -1, 1], (1/2,0,0, —1)),7& = ([—1, 1,1, —1], (O, —1,0,0))

and viv4 = ([1,1,—-1,—-1],(1/2,—-1,0,—1)).

From definition €(ks —ky) = —1,€(ky—ky) = —1 and €(k; — ko +ky) = —1.
Hence e(k1) = 1,€(ko) = 1,€e(ks) = —1 and €e(ky) = —1 or €(ky) = 1, €(ks) =
—1,¢e(k3) = 1 and e(ky) = 1. In any case we have e(vhkovy) = €(kz+kys—ko) =
—e(vh)e(k2)e(v4) and it proves our statement.

For the second proof of the last part of Lemma we shall use [4, Proposition
on page 40], which says that the spin structures are classified by the first
cohomology group with coeficients in Z,. With support of GAP [5] we can
prove that | H'(T';,Z,) |= 8 for i = 1,3,4,5,6. Moreover | H'(T'y,Z,) |= 16
and ‘ Hl(Fg,Z2) |: 4.

Next we have.

Lemma 2 All but 1 of the 4 closed, oriented, flat four-manifolds with the
holonomy group Dg have a spin stucture. In two cases the number of spin
structures is equal to 4 and in one case 8.

Proof: We shall use the list of groups, from [9]. Let us introduce the matrices

1 0 0 0 0 -1 0 0
0 =10 0 1 0 0 0
Di=\|g g 1 o |2dDe=| o o 1
0 0 0 —1 0 0 0 —1

Then the three Bieberbach groups from the family (29.1.1) of [9] have the
following sets of generators in the group E(4),

A1 = gen{al = (Dh (07 07 1/27 1/4))7 62 = (D27 (07 07 1/27 0))7 t717t727 537 54}7
AZ = gen{a2 = (Dla (]‘/27 07 07 1/4))7527fla EQ) 2?37{4}7
A?) = gen{ai’) = (Dla (]‘/27 07 1/2’ 1/4))76% 2?17t_27t_37t_4}‘



We define spin structures

E(Oéi) = :|:€264, (Z = 1, 2, 3),

1
j:—(el + 62)64

€(ﬁ2) = \/5

Moreover, for the group A :

The last Bieberbach group ((29.1.2) in [9] or 13/04/04/011 in [1]) of rank 4,
with holonomy group Dg, has the set of generators.

A4 = gen{(F17 (07 _1/27 07 1/2>>7 (F27 (1/47 07 1/27 O))7 t_lu 527 537 t_4}7

-1 0 0 O -1 0 0 O

0 01 -1 0 0 0 -1
where F; = 010 1 , Fy = 0 0 1 0 )

0O 00 1 0 -1 0 0

Let us conjugate the group A, by the element (A, 0) € GL(4,R) x R, where

01 1 1
01 -1 1
A= 01 1 -1
10 0 O

We get AF{A~Y = Dy and AF, A~ = D,. Hence

A} ={mn = (D1,(0,0,-1,0)),72 = (D2, (1/2,-1/2,1/2,1/4)), 1 =
(I Atl) (Iv (O 0,0, 1)) ( t2) - ( (17 L, 170))’13 = (]7At3) =
(1,(1,-1,1,0)),l4y = ( Aty) = ( (1,1,—-1,0))}.
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We claim that this group has no spin structure. By contradiction, assume
that € : A/, — Spin(4) defines a spin structure. Similar to the previous cases,
we have:

€(m) = Fegeq, €(72) = :I:%(el + eg)ey.
Hence
e(ls) = e(73) = —1,
e(ls+ 1) = e((m3)?) = —1=€(ly) = 1.
Moreover,
e(ls — o) = e((12m12)?) = —1 = €(ly) = 1.
Finally

1=e(ly)e(ly) = e(ly — Is) = e(v?) = —1.
What is impossible.

O

For the Bieberbach group with holonomy group group D;5 it is enough to
observe that it has a subgroup isomorphic to the group I'y from the Lemma 1.
Hence it has a spin structure by Proposition 1 of [3]. Let us finally consider
the 2 Bieberbach groups with holonomy group A4. In [1] they are denoted
by 24/01/02/004 and 24/01/04/004. Since the Sylow 2-subgroup of A, is
equal to Zy ® Zs, then it is enough to prove that the subgroups I, I of the
above groups, with Zy @ Zs holonomy, have a spin structure. In the first
case it is obvious because I' = I';. For the second group IV we can prove
that it is isomorphic to I's. (We thank R.Lutowski for help.) However, using
calculations analogous to those in Lemma 1, we shall give a direct definition
of the spin structures. In fact, from [1]

f/ = gen{717 V2, t_lv t_27 t_37 t_4}7

where
100 O
001 -1
M= 010 —1 7(1/271/27071/2) and
000 -1
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1 -1 -1 1
0 0 -1 1
0 1 -120

Then we can conjugate the group I inside the group GL(4,R) x R* by
the element (X, 0), where

2 -1 -1 1
0 1 -1 -1
X = 0o 1 -1 1
0o 1 1 -1

The group

I = (X,0)["(X7,0) = gen{ X X ' = 7, X7po X =, f1 =
(IJXt1>7f2 = (I7Xt2)7f3 = (I7Xt3)7f4 = (I7Xt4)}
is a subgroup of E(4) and has diagonal linear matrices. Finally we shall

define homomorphisms )
e: I — Spin(4),

by the formulas €(7y;) = +eses, €(7y) = Feseq and €(fy) = —1, e(f2) = e(fs) =
—e(f4) = £1. Hence we have eight different spin structures on I".

This finishes the proof of the main theorem.
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