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1 Introduction and notations

In this notes we will assume that the Reader is familiar with the basic notions related to
normed spaces. We will usually denote the normed space with E or Ei, i ∈ {0, 1, 2, ...}
whenever we are referring to more then one space at a time. The norm of the space E will be
denoted as ‖ · ‖, while the norm in the space Ei will be denoted as ‖ · ‖i. In case of the inner
product spaces we will denote the inner product by 〈·, ·〉 (adding the appropriate subscript
if necessary). In this case we will always refer to the inner product space as to the normed
space with the norm naturally de�ned by:

‖x‖ =
√
〈x, x〉,

for x ∈ E.
The space of linear and continuous maps between two normed spaces Ei and Ej will be

denoted by L(Ei, Ej). We will always assume that such space is naturally equipped with the
norm

‖A‖ = sup
‖x‖i=1

‖Ax‖j,

where A ∈ L(Ei, Ej).
The dual of the space E, i.e. L(E,R), will be denoted as E∗. Dual pair 〈·, ·〉 between

spaces E∗ and E is denoted as
〈f, x〉 = f(x)

for f ∈ E∗, x ∈ E.
We will refer to some speci�c examples of spaces, especially including:

• Euclidean spaces, Rk, with the scalar product

〈x, y〉 = x1y1 + x2y2 + ...+ xkyk

for x = (x1, ..., xk), y = (y1, ..., yk);

• C(Ω) being the space of continuous functions f : A→ R de�ned on Ω ⊂ Rk, being the
compact subset of the Euclidean space. This space will, by default, be equipped with
the norm

‖f‖ = sup
x∈Ω
|f(x)|,

for f ∈ C(Ω). The most common example will be C[a, b], for Ω = [a, b] ⊂ R1.

• L2(Ω) being the space containing the equivalence classes of measurable functions f :
Ω → R, Ω ⊂ Rk a Lebesque measurable set, and such that

∫
Ω
|f(x)|2dx < +∞, under

the relation of being equal almost everywhere. This space is equipped with the scalar
product

〈f, g〉 =

∫
Ω

f(x)g(x)dx,

for f, g ∈ L2(Ω).



2 Derivative of the map

Before we introduce the basic de�nitions let us remind the notion of the derivative of the map
F : Rk → Rm between the two Euclidean spaces.

De�nition 1. Let U ⊂ Rk be the open set and x0 ∈ U be �xed. The linear map A : Rk → Rm

is called a derivative of the map F : U → Rm at x0 if

∀ε>0∃δ>0∀x∈U |x− x0| ≤ δ ⇒ |F (x)− F (x0)− A(x− x0)| ≤ ε|x− x0|.

We know that the linear map A = DF (x0) is represented by the Jacobi matrix, i.e.

DF (x0) =

[
∂Fi(x0)

∂xj

]
1≤i≤m,1≤j≤k

,

where F = (F1, ..., Fm).
The very natural generalization of this concept is given in the following de�nition:

De�nition 2. Let U ⊂ E1 be the open subset and x0 ∈ U . The map F : E1 → E2 is said to
be Frechét di�erentiable at x0 if there exists A ∈ L(E1, E2) such that

∀ε>0∃δ>0∀x∈U‖x− x0‖1 ≤ δ ⇒ ‖F (x)− F (x0)− A(x− x0)‖2 ≤ ε‖x− x0‖1.

We will denote such linear map A as DF (x0) and call Frechét derivative of the map F at
point x0.

Alternatively we may write

lim
x→x0

‖F (x)− F (x0)− A(x− x0)‖2

‖x− x0‖1

= 0 (1)

or

lim
h→0

‖F (x0 + h)− F (x0)− A(h)‖2

‖h‖1

= 0 (2)

This concept is the natural generalization of the de�nition of the derivative in Euclidean
spaces, but as we know there may be di�erent perspectives used. For example we may try
to generalize the concept of the partial or directional derivative. As we know, in case of
di�erentiable map, all directional derivatives exist, but the opposite is not necessarily true.
So there may appear functions having directional derivatives but not necessarily di�erentiable.
In this case there is a chance to operate in the broader class of maps.

So now we will be looking at the di�erentiation from the di�erent perspective. Let F :
E1 → E2 be given. Let us �x x, v ∈ E1 and assume that there exists the limit

Ax(v) = lim
t→0

F (x+ tv)− F (x)

t
.

Property 1. Assume the limit Ax(v) exists. Then for each α ∈ R exists the limit Ax(αv)
and the equality Ax(αv) = αAx(v) holds true.

De�nition 3. If the limit

Ax(v) = lim
t→0

F (x+ tv)− F (x)

t

exists for each v ∈ E1 and the map v 7→ Ax(v) is a continuous linear map, then we say the
map F : E1 → E2 is Gâteaux di�erentiable at x. The map Ax is called Gâteaux derivative of
F at x. We will denote it as DF (x), as the previously de�ned Frechét derivative. As we will
see the de�nitions are essentially di�erent, but this should not lead to any misunderstanding.



Remark 1. If the map Ax(v) is de�ned for each v ∈ E1, then the map Ax is homogeneous but
it may happen not to be additive.

Example 1. How is it possible that the map A is not additive? Let us consider the function
f : R2 → R given by

f(x1, x2) =

{
x21x2
x21+x22

0 for (x1, x2) = (0, 0).

Let us now take any direction v = (v1, v2) ∈ R2 and look at the function ϕv : R → R given
by ϕv(t) = f(tv1, tv2). Then for t 6= 0 and v 6= (0, 0) we can see that

ϕv(t) = t
v2

1v2

v2
1 + v2

2

,

what means that

A(0,0)(v) =
∂f

∂v
(0, 0) =

v2
1v2

v2
1 + v2

2

.

And this map is obviously not additive.

Remark 2. In the literature we may �nd di�erent (and not necessarily equivalent!) versions
of the de�nition of the Gâteaux derivative. Actually one may not require that the map A
is continuous, or even linear. Here we will not follow these more general de�nitions but
will focus on the de�nition that is easier to handle formally. So we can always assume that
Df(x) ∈ L(E1, E2) (no matter if Df(x) denotes Gâteaux or Frechét derivative).

Theorem 1. If the map F : E1 → E2 is Frechét di�erentiable at x, then it is Gâteaux
di�erentiable as well, and the two derivatives coincide.

Proof. Assume that F is Frechét di�erentiable at x0, so

lim
h→0

‖F (x0 + h)− F (x0)−Df(x0)h‖
‖h‖

= 0.

Let us now �x v ∈ E1, v 6= 0 so we have

lim
t→0

‖F (x0 + tv)− F (x0)−Df(x0)(tv)‖
‖tv‖

= 0,

lim
t→0

‖F (x0 + tv)− F (x0)−Df(x0)(tv)‖
|t|

= 0,

lim
t→0

F (x0 + tv)− F (x0)−Df(x0)(tv)

t
= 0,

lim
t→0

F (x0 + tv)− F (x0)

t
= Df(x0)(v).

This shows that Df(x0)(v) is also the Gâteaux derivative at x0.

As we are going to observe in a moment the two de�nitions are not equivalent. This obser-
vation will justify calling the Frechét derivative a strong derivative, while Gâteaux derivative
a weak one. But before we present the very simple example we should observe that Frechét
derivative has some properties that are well-known from the calculus in Euclidean spaces.

Let us start with the well-known necessary condition for di�erentiability.



Theorem 2. Assume F : E1 → E2 is Frechét di�erentiable at x0, then F is continuous at
x0.

Proof. Let us observe that there exists such η > 0, that

‖F (x)− F (x0)−DF (x0)(x− x0)‖2 ≤ ‖x− x0‖1,

for ‖x− x0‖1 ≤ η. Then we may say

‖F (x)− F (x0)‖2 − ‖DF (x0)(x− x0)‖2 ≤ ‖F (x)− F (x0)−DF (x0)(x− x0)‖2 ≤ ‖x− x0‖1,

‖F (x)− F (x0)‖2 ≤ (1 + ‖DF (x0)‖) · ‖x− x0‖1.

This implies that for any ε > 0 we may choose δ = min{η, ε/(1 + ‖DF (x0)‖)} > 0 and for
‖x− x0‖1 ≤ δ we have

‖F (x)− F (x0)‖2 ≤ ε.

Hence F is continuous at x0.

Let us now look at the example showing that the de�nitions of Frechét and Gâteaux
derivative are not equivalent.

Example 2. For the functional f : R2 → R given by

f(x1, x2) =

{
x31x2
x61+x22

for (x1, x2) 6= (0, 0)

0 for (x1, x2) = (0, 0),

we can see that

A(v) =
∂f

∂v
(0, 0) = 0,

for each direction v ∈ R2\{(0, 0)}, so it is Gâteaux di�erentiable at (0, 0). But the functional f
is not continuous at (0, 0). This makes the example of the map that is Gâteaux di�erentiable,
but not Frechét di�erentiable.

The above example not only shows that that Gâteaux di�erentiable map may not be
Frechét di�erentiable, but it may also happen that it is not continuous!

Of course with some additional assumptions the Gâteaux (weak) di�erentiability is enough
to have Frechét derivative. The appropriate condition closely resembles the su�cient condition
for di�erentiability in Euclidean spaces.

Theorem 3. Assume the map F : E1 → E2 is Gâteaux di�erentiable in some open neigh-
bourhood of x0 ∈ U ⊂ E1, and the map x 7→ Df(x) ∈ L(E1, E2) is continuous at x0, then the
map F is Frechét di�erentiable at x0 as well.

We will leave this theorem without the proof.



3 Basic applications: extrema

Now we will look at the special case of E2 = R, i.e. when E is the Banach space and
I : E → R. Then if the Gâteaux derivative DF (x) exists it is an element of the dual space
E∗. In this very special case we will denote the Gâteaux derivative DI(x) = ∇I(x). Hence,
for the Gâteaux di�erentiable functional I, we have ∇I : E → E∗. In the special case of E
being the Hilbert space and due to the Riesz representation theorem we may associate E∗

with E and think of ∇I : E → E.
For the map I : E → R we may naturally de�ne the local maximum and minimum of the

map I

De�nition 4. The point x0 ∈ E is the local minimum of the functional I if there exists such
open neighbourhood x0 ∈ U ⊂ E, that I(x0) ≤ I(x) for x ∈ U .

De�nition 5. The point x0 ∈ E is the local maximum of the functional I if there exists such
open neighbourhood x0 ∈ U ⊂ E, that I(x0) ≥ I(x) for x ∈ U .

We say x0 ∈ E is an extremum of the map I if it is local minimum or local maximum.
The basic observation should be made that the necessary conditions of the extremum

existence are similar to those known in the Euclidean spaces case.

Theorem 4. Assume x0 ∈ E is the local extremum of the Gâteaux di�erentiable functional
I : E → R, then ∇I(x0) = 0.

Proof. Let us �x v ∈ E and consider the map ϕv : R → R given by ϕv(t) = I(x0 + tv).
Because I is Gâteaux di�erentiable, we can see that

ϕ′v(0) = ∇I(x0).

If x0 is an extremum of I, then 0 is the extremum of ϕv, so ϕ
′(0) = 0, what completes the

proof.

We will be interested in minimizing the values of the functional I : E → R. Of course if
the functional is bounded from below, i.e. there exists such c ∈ R that

∀x∈EI(x) ≥ c

we can ask if there exists the global minimum of the functional i.e. x∗ ∈ E satisfying

f(x∗) = inf
x∈E

I(x).

De�nition 6. We call the sequence {xn} ⊂ E the minimizing sequence of the functional I if

lim
n→+∞

I(xn) = inf
x∈E

I(x)

One could expect that the existence of bounded or convergent minimizing sequence implies
the existence of the global minimum of the functional I. Let us have a look at two examples.

Example 3. Let I : C[0, 1]→ R be given by

I(u) =

∫ 1

0

(t+ u(t))2dt.



The functional is bounded from below, we can also see that it is continuous and Gâteaux
di�erentiable. Moreover the sequence un(t) = tn − t is the minimizing sequence, i.e.

I(un) =

∫ 1

0

t2ndt =
1

2n+ 1
→ 0.

But if we look for such function u∗ ∈ C[0, 1], that f(u∗) = 0 we can see that it must be
u∗(t) = −t. But the sequence un does not converge to u∗.

Example 4. We can make the example given above even more evident if we consider the
same functional on the space C0[0, 1] of continuous functions satisfying boundary conditions
u(0 = u(1) = 0. As we can see the sequence un(t) = tn − t belongs to C0[0, 1], and it is
again the minimizing sequence of the functional I but the functional I does not achieve its
minimum in the space C0[0, 1].

One may specify di�erent su�cient conditions for the existence of the extremum, some of
them similar to conditions known in Euclidean spaces, including these related to the second
derivative. We are not going to talk about higher order derivatives but rather concentrate on
the results related to convexity.

De�nition 7. Let E be the Banach space and U ⊂ E its convex subset. The functional
I : U → R is called convex if for each pair of points x1, x2 ∈ U and any number t ∈ [0, 1] the
inequality holds

I(tx1 + (1− t)x2) ≤ tI(x1) + (1− t)I(x2).

Theorem 5. Assume U ⊂ E is the convex and open subset of the Banach space E. Let
I : U → R be the Gâteaux di�erentiable functional. Then the two conditions are equivalent

(i) I is convex;
(ii) for each pair of points x1, x2 ∈ U the inequality holds

I(x2)− I(x1)− 〈∇I(x1), x2 − x1〉 ≥ 0.

Proof. First we are going to prove that (i) implies (ii). Let us take any x1, x2 ∈ U and de�ne
the map ϕ : [0, 1]→ R by

ϕ(t) = I(x1 + t(x2 − x1)).

As it may be observed the function ϕ is di�erentiable and we can �nd its derivative as

ϕ′(t) = 〈∇I(x1 + t(x2 − x1)), x2 − x1〉.

That is why by the mean value (Lagrange) theorem there exists such τ ∈ (0, 1) that

I(x2)− I(x1) = ϕ(1)− ϕ(0) = ϕ′(τ) ≥ ϕ′(0),

as ϕ is a convex function. Hence

I(x2)− I(x1) ≥ 〈∇I(x1), x2 − x1〉,

what completes the proof of the �rst implication.
Now let us assume (ii) and prove that I is convex. Let us have x1, x2 ∈ U �xed and let

x0 = (1− t)x1 + tx2 for t ∈ [0, 1]. Then we have

I(x1) ≥ I(x0) + 〈∇I(x0), x1 − x0〉



I(x2) ≥ I(x0) + 〈∇I(x0), x2 − x0〉

and
(1− t)I(x1) + tI(x2) ≥ I(x0) + 〈∇I(x0), (1− t)x1 + tx2 − x0〉

(1− t)I(x1) + tI(x2) ≥ I((1− t)x1 + tx2),

what proves (i).

The convexity makes the necessary condition for the existence of the minimum a su�cient
one as well � as the next theorem says.

Theorem 6. Let U ⊂ E be the open and convex subset of the Banach space E, and the
functional I : U → R be convex. Then x0 ∈ U is the minimum of I if and only if ∇I(x0) = 0.

Proof. By Theorem 4 any local minimum x0 ∈ U satis�es ∇I(x0) = 0. Hence it is enough to
show that each zero of the gradient map ∇I(x0) = 0 must be a local minimum.

Let us assume, contrary to our claim, that there exists x ∈ U such that I(x) < I(x0). Let
us take any t ∈ (0, 1) and have a look at

I(x0 + t(x− x0)) ≤ (1− t)I(x0) + tI(x) ≤ I(x0) + t(I(x)− I(x0))

and
I(x0 + t(x− x0))− I(x0) ≤ t(I(x)− I(x0))

I(x0 + t(x− x0))− I(x0)

t
≤ (I(x)− I(x0)) < 0

and passing to the limit t→ 0 we have

〈∇I(x0), x− x0〉 < 0,

what contradicts the assumption of ∇I(x0) = 0.
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