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Definition

An open rosette without self intersections is said to be a simple
open rosette.

Definition

A pair of open rosettes (C1, C2) which satisfy conditions:

◮ rosettes C1 and C2 are simple open rosettes,

◮ asymptotes A1, A2 are given by y = kx and y = −kx,
k ∈ (0,∞),

◮ rosette C1 lies between asymptotes A1 and A2 in II and III
quadrant of the coordinate system, rosette C2 lies between
asymptotes A1 and A2 in I and IV quadrant of the
coordinate system,

◮ p1(t) and p2(t) are support functions of C1 i C2 and they
are defined on the same interval (−β, β), where

β =
π

2
− arc tg k,

is said to be a pair of open rosettes with common asymptotes.
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Figure: A pair of open rosettes with common asymptotes
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Figure: Section Cα,1,1 of α-isoptic
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Figure: Section Cα,1,2 of α-isoptic
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Figure: Section Cα,2,2 of α-isoptic
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Figure: Section Cα,2,1 of α-isoptic
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Figure: Asymptotic points of α-isoptic of pair of open rosettes with
common asymptotes
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Figure: Orientation of rosettes C1, C2 and sections of Cα



Theorem

Let (C1, C2) be a pair of open rosettes with common asymptotes
and let Cα be its α-isoptic for α ∈ (0, 2β). Then the
parametrization of section Cα,m,n of isoptic is given by

Cα,m,n : zα,m,n(t) = pm(t)eit +

(

−pm(t) cot α+
pn(t+ α)

sinα

)

ieit,

where t ∈ (−β, β − α), m = 1, 2, n = 1, 2.



Some useful functions

qα,m,n(t) = pm(t) cos t− p′m(t) sin t

− pn(t+ α) cos(t+ α) + p′n(t+ α) sin(t+ α)

+ i(pm(t) sin t+ p′m(t) cos t

− pn(t+ α) sin(t+ α)− p′n(t+ α) cos(t+ α),

λα,m,n(t) = −p′m(t)− pm(t) cotα+
pn(t+ α)

sinα
,

µα,m,n(t) = −pm(t)

sinα
+ pn(t+ α) cot α− p′n(t+ α),

̺α,m,n(t) = pm(t)− p′m(t) cotα+
p′n(t+ α)

sinα
.
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Figure: Parametrization of section Cα,1,1 of α-isoptic
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Figure: Parametrization of section Cα,1,2 of α-isoptic



Theorem

Let (C1, C2) be a pair of open rosettes with common asymptotes
and let Cα be its isoptic for α ∈ (0, 2β). Asymptotic points of
the isoptic have the following coordinates

Pα,1,1

(

p1(−β + α)√
1 + k2 sinα

, k
p1(−β + α)√
1 + k2 sinα

)

,

Pα,1,2

(

p1(β − α)√
1 + k2 sinα

,−k
p1(β − α)√
1 + k2 sinα

)

,

Pα,2,1

(

p2(−β + α)√
1 + k2 sinα

, k
p2(−β + α)√
1 + k2 sinα

)

,

Pα,2,2

(

p2(β − α)√
1 + k2 sinα

,−k
p2(β − α)√
1 + k2 sinα

)

.



Theorem

Let (C1, C2) be a pair of open rosettes with common asymptotes
and let Cα be its α-isoptic, α ∈ (0, 2β). Then

lim
t→−β+

zα,1,1(t) = Pα,1,1 = lim
t→−β+

zα,2,1(t),

lim
t→(β−α)−

zα,1,1(t) = Pα,1,2 = lim
t→(β−α)−

zα,1,2(t),

lim
t→−β+

zα,2,2(t) = Pα,2,1 = lim
t→−β+

zα,1,2(t),

lim
t→(β−α)−

zα,2,2(t) = Pα,2,2 = lim
t→(β−α)−

zα,2,1(t).



Theorem

Let (C1, C2) be a pair of open rosettes with common asymptotes
and let Cα be its α-isoptic, α ∈ (0, 2β). Then

lim
t→−β+

z′α,1,1(t)
∣

∣

∣
z′α,1,1(t)

∣

∣

∣

= − lim
t→−β+

z′α,2,1(t)
∣

∣

∣
z′α,2,1(t)

∣

∣

∣

,

lim
t→(β−α)−

z′α,1,1(t)
∣

∣

∣
z′α,1,1(t)

∣

∣

∣

= − lim
t→(β−α)−

z′α,1,2(t)
∣

∣

∣
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∣

∣

∣

,

lim
t→−β+
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∣

∣
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∣

∣

∣

= − lim
t→−β+

z′α,1,2(t)
∣

∣

∣
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∣

∣

∣

,

lim
t→(β−α)−

z′α,2,2(t)
∣

∣

∣
z′α,2,2(t)

∣

∣

∣

= − lim
t→(β−α)−

z′α,2,1(t)
∣

∣

∣
z′α,2,1(t)

∣

∣

∣

.



Theorem

Let (C1, C2) be a pair of open rosettes with common asymptotes
and let Cα be its α-isoptic, where α ∈ (0, 2β). Curvature of
section Cα,m,n is given by

κα,m,n(t) =

=
λ2
α,m,n(t) + ̺2α,m,n(t) + λ′

α,m,n(t)̺α,m,n(t)− λα,m,n(t)̺
′

α,m,n(t)

(λ2
α,m,n(t) + ̺2α,m,n(t))

3/2

where t ∈ (−β, β − α), m = 1, 2, n = 1, 2.



Theorem

Let (C1, C2) be a pair of open rosettes with common asymptotes
and let Cα be its α-isoptic, where α ∈ (0, 2β). Curvature of
section Cα,m,n is given by

κα,m,n(t) =
2|qα,m,n(t)|2 − [qα,m,n(t), q

′

α,m,n(t)]

|qα,m,n(t)|3
sinα,

where t ∈ (−β, β − α), m = 1, 2, n = 1, 2.



Corollary

Let (C1, C2) be a pair of open rosettes with common asymptotes
and let Cα be its α-isoptic, where α ∈ (0, 2β). Then:

◮ section Cα,m,n of α-isoptic for m 6= n is convex curve, if
and only if the following condition holds

2|qα,m,n(t)|2 > [qα,m,n(t), q
′

α,m,n(t)],

◮ section Cα,m,n of α-isoptic for m = n is convex curve, if
and only if the following condition holds

2|qα,m,n(t)|2 < [qα,m,n(t), q
′

α,m,n(t)],

for every t ∈ (−β, β − α), where m = 1, 2, n = 1, 2.



Theorem

Let (C1, C2) be a pair of open rosettes with common asymptotes
and let Cα be its α-isoptic, where α ∈ (0, 2β). Then

|qα,m,n(t)|
sinα

=
|λα,m,n(t)|
sin ξm,n

=
|µα,m,n(t)|
sin ηm,n

,

for m = 1, 2, n = 1, 2. Angle ξm,n is the angle between vectors
z′α,k(t) and ieit, and angle ηm,n is the angle between vectors

z′α,k(t) and iei(t+α).
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Figure: Sine theorem for section Cα,1,1 of α-isoptic, γ1 = η1,1,
γ2 = π − α, γ3 = ξ1,1
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Figure: Sine theorem for section Cα,1,2 α-isoptic, γ1 = η1,2, γ2 = α,
γ3 = π − ξ1,2



Hyperbole

Let us consider hyperbola C given by the formula

x2

a2
− y2

b2
= 1, a > 0, b > 0.

By C1 we denote left branch of hyperbola, and by C2 its right
branch.
The support function of C1 is given by

p(t) = − 1
√

x20
a4

+
y20
b4

= −
√

a2 cos2 t− b2 sin2 t.

Since C1 lies between asymptotes y =
b

a
x and y = − b

a
x, then

the domain of its support function is the interval (−β, β), where

β =
π

2
− arc tg

b

a
.



Theorem

Let C be such a hyperbola that a > b. Then the orthoptic of
hyperbola exists and its a circle with center in the origin of the
coordinate system and with radius

√
a2 − b2.

Theorem

Let C be a hyperbola and let Cα be its α-isoptic. For section
Cα,1,2 we have

∧

α∈(0,2β)

κα,1,2

(

−α

2

)

> 0.
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Figure: Point of section Cα,1,2 of α-isoptic lying on the y-axis



Theorem

Let C be a hyperbola and let Cα be its α-isoptic. Then, for
section Cα,1,1 of α-isoptic there exist such angles
α1, α2 ∈ (0, 2β), that

κ1,1

(

−α1

2
, α1

)

> 0, κ1,1

(

−α2

2
, α2

)

< 0.

Corollary

Let C be a hyperbola and let Cα be its α-isoptic. Let α0 be an

angle satysfying condition cosα0 =
b2

a2 + b2
(the critical angle).

Then, for section Cα,1,1 we have

κ1,1

(

−α

2
, α

)

> 0 for α < α0, κ1,1

(

−α

2
, α

)

< 0 for α > α0.



Figure: α-isoptics of hyperbolas for different angles. Bolded curve is
the α-isoptic for critical angle



Figure: Isoptics of pair of open rosettes

tk = t+ 2(k − 1)π + α



Consider open rosettes

C1 : p1(t) = 4− t cos t,

C2 : p2(t) = 4− t sin t

Figure: Pair of open rosettes



z 3π

4
,1(t) =(4− t cos t)eit

+

(

4 + 4
√

2− 2t cos t+ t sin t+
3π

4
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Figure: Isoptic of pair of open rosettes


