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o:rigin 0 in the intcrio*f of C. Let p(t), t € [0, 27}, be the distance from 0 to the support
line {(t) to C perpendicular to the vector ¢**. The function p is called a support function

of the curve C. It .is well known (cf. [2]) that the support function is differentiable and
that the parametrization of C in terms of

this function is given by
(1.1) . -
z(t) = p(t)e* + p(t)ie' for t € {0, 2x).

Let Cy be a locus of vertices of a fixed
angle 7 —« formed by two support lines of
the curve C. The curve €, will be called
an alpha-isoptic of C. '

Next we introduce the following no-
tations:
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Definition 2.1. The cut locus of the intersectibn points of the tangent
lines at ¢ and t; is said to be an isoptic of the type (k,a) and is denoted

Ck’a' -
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FIGURE 6. Parametrization of an k. a-1soptic.
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Ficure 4. Open rosette and its orthoptic of second order from
example 1



Definition

An open rosette without self intersections is said to be a simple
open rosette.

Definition

A pair of open rosettes (C7, Co) which satisfy conditions:
» rosettes (7 and (9 are simple open rosettes,

» asymptotes Ay, Ay are given by y = kx and y = —kuz,
k € (0,00),

» rosette C'1 lies between asymptotes A; and Ay in II and III
quadrant of the coordinate system, rosette Cy lies between
asymptotes A; and Ay in I and IV quadrant of the
coordinate system,

> p1(t) and po(t) are support functions of C; i Cs and they

are defined on the same interval (—f, 3), where

8= g — arctg k,

is said to be a pair of open rosettes with common asymptotes.



Figure: A pair of open rosettes with common asymptotes
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Figure: Section C, 1,1 of a-isoptic
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Figure: Section Cy 1,2 of a-isoptic
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Figure: Section Cy 22 of a-isoptic
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Figure: Section C, 21 of a-isoptic
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Figure: Asymptotic points of a-isoptic of pair of open rosettes with
common asymptotes
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Figure: Orientation of rosettes C'1, Cs and sections of C,



Theorem

Let (C1,C5) be a pair of open rosettes with common asymptotes
and let Cy, be its a-isoptic for a € (0,28). Then the
parametrization of section Cy m p of ts0ptic is given by

| / |
Ceriingn s Zarginmll) = pm(t)e” + (—pm(t) cot v - Pn(t + a)) ie't,

S1N v

where t € (=B, —a), m=1,2, n=1,2.



Some useful functions

Qo (t) = pm(t) cost — p; (t) sint
— pp(t + @) cos(t + a) + pl (t + o) sin(t + «)
+i(pm(t)sint + pl. (t) cost
— pp(t + @) sin(t + ) — p;, (t + @) cos(t + a),

pn(t + @)
Aamnt:_lt_mt t | 9
Pm(t
o (®) = ~ 22 4 bt 4 ) cotar— gt + @),

P (t + )

Oa,mn(t) = Pm(t) = P (1) cot a4 = ==,
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Figure: Parametrization of section Cy 11 of a-isoptic
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Figure: Parametrization of section Cy, 1 2 of a-isoptic



Theorem

Let (Cq,C5) be a pair of open rosettes with common asymptotes
and let C,, be its isoptic for a € (0,28). Asymptotic points of
the isoptic have the following coordinates

P 11(291(—5+0é) . p1(—8 + «a) )
T \V1+ K2sina’ V1 + K2sina /)

o (e e
o \/1+k28ma V1+ k2sina /)
(=8 + a) kPQ(—ﬁJrOé))

\/1—|—k251na V1 -+ Ek2sina /)’

R (7
Pyos ( . p2(8 — ) )

\/1+k281na V1 + k2sin o



Theorem

Let (Cq,C5) be a pair of open rosettes with common asymptotes
and let Cy, be its a-isoptic, a € (0,23). Then

lim =z t)=PFP = lim =z t),
A Za11(t) = Fapa = Iim za01(f)
lim Za,l,l(t) — Pa’172 — lim Za71,2(t),

t—(B—a)~ t—(B—a)~

lim =z t) =P = lim =z t),
A Za22(t) = Pag1 = 1lim za12(f)
lim Zajgjg(t) = Pa’272 — lim Zaygjl(t).

t—(B—a)~ t—(B—a)~



Theorem

Let (C1,C5) be a pair of open rosettes with common asymptotes
and let C,, be its a-isoptic, a € (0,23). Then

lim Z&,1,1(t) —  tim Z&,Q,l(t)

b =hT Z&,1,1(t)l t==p7 2q.21() |
lim Z&,1,1(t) —  km Z&,Lz(t)
b= (B Z&,1,1(t)‘ t=(f-a)” Zq.1,2(t) |
i 2n,2.2(1) — _ lm 2q.1,2(1)

b =hT Z&,2,2(t)l t==p7 2q.1.2(1) |
lim Z&,2,2(t) —  lim Z&,2,1(t)
b= (B Z&,2,2(t)‘ t=(f-a)” Z&,2,1(t)‘




Theorem

Let (C1,C5) be a pair of open rosettes with common asymptotes
and let Cy, be its a-isoptic, where oo € (0,203). Curvature of
section Cy.m.n %S grven by

'%amn(t) —

)‘gz M n( ) + Q?x,m,n( ) + )‘i)z 1M, n( )Qa m n(t) - Aa,m,n(t)gix,m,n(t)

(A2 mn () + 03 mn ()72

where t € (=0, —a), m=1,2, n=1,2.



Theorem

Let (C1,C5) be a pair of open rosettes with common asymptotes
and let Cy, be its a-isoptic, where o € (0,20). Curvature of
section Co.m.n %S grven by

iy 2 aama®OF ~ lamn(), o]
o PO |

where t € (=0, —a), m=1,2, n=1,2.




Corollary

Let (Cq,C5) be a pair of open rosettes with common asymptotes
and let C,, be its a-isoptic, where o € (0,203). Then:

> section Cy mp Of a-tsoptic for m # n is convex curve, if
and only if the following condition holds

2|qa,mn (0] > [gGamn(t)s @omn )],

> section Cy . Of a-1s0ptic for m = n s convex curve, if
and only if the following condition holds

2‘qa7m7n (t) |2 < [qaaman (t)7 q&,m,n@)])

for everyt € (—8,08 — «), where m =1,2, n =1, 2.



Theorem
Let (C1,C5) be a pair of open rosettes with common asymptotes

and let Cy, be its a-isoptic, where oo € (0,28). Then

|Qa,m,n(t)| . |)‘a,m,n(t)‘ . |:Uoz,m,n(t)|

. . . Y
sin o BT, SIN N

form =12, n=12. Angle &, 15 the angle between vectors
zc’xk(t) and i€", and angle Ny, s the angle between vectors

2, x(t) and jetltte),
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Figure: Sine theorem for section C, 11 of a-isoptic, y1 = 1.1,
V2 = T — (&, 73261,1



Figure: Sine theorem for section Cy, 1 2 a-isoptic, y1 = 1012, V2 = Q,
V3 =T —&1.2



Hyperbole
Let us consider hyperbola C given by the formula
2 2

L Y
3 b2:1,a>0,b>0.

By C; we denote left branch of hyperbola, and by (5 its right
branch.
The support function of C' is given by

1
p(t) = — —va2cos2t — b2sin?t.

5 Y
at ' bd
b

Since (' lies between asymptotes y = —x and y = ——x, then
a

a
the domain of its support function is the interval (—3, ), where

b
B = - — arctg —.
2 a



Theorem

Let C' be such a hyperbola that a > b. Then the orthoptic of
hyperbola exists and its a circle with center in the origin of the
coordinate system and with radius v a? — b2.

Theorem

Let C' be a hyperbola and let C,, be its a-isoptic. For section

Co.12 we have
o
/\ ,{a,]_’Q (_5) > O.
a€(0,28)
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Figure: Point of section C, 1 2 of a-isoptic lying on the y-axis



Theorem

Let C' be a hyperbola and let C,, be its a-1soptic. Then, for

section Cy 1.1 of a-tsoptic there exist such angles
a1, a9 € (0,20), that

1 0%
K1,1 (——,041) > 0, K11 (——,042) < 0.

2 2
Corollary
Let C' be a hyperbola and let C,, be its a-1soptic. Let ag be an
b2
angle satysfying condition cos gy = PERT (the critical angle).

Then, for section Cy 1,1 we have

o) o
K11 (—5,()4) >0 for a < ap, K11 (—5,04) < 0 for a > «y.



@
-

NS

Figure: a-isoptics of hyperbolas for different angles. Bolded curve is
the a-isoptic for critical angle
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Figure: Isoptics of pair of open rosettes
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Consider open rosettes

C1:p1(t) =4 —tcost,
Co :pa(t) =4 —tsint
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Figure: Pair of open rosettes
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Figure: Isoptic of pair of open rosettes




