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Topological setup

B Torus T = (5')" or (C*)" acts on a topological space M.
B Denote by TV = Hom(T, S') the group of characters.

B Equivariant cohomology H*(M) is a modul over

Hx(pt) = Q[TY] = Q[t1, to, - - - t,]

If M is an algebraic manifold and T acts algebraically then

HT (M) @z (pr) @ = H*(M)




Localization

(Almost) everything about equivariant cohomology
can be read from some data concentrated at the
fixed points.

Borel localization theorem
The restriction to the fixed set

Hy(M)—H7(MT)

is an isomorphism after inverting TV — {0}.




Atiyah-Bott or Berline-Vergne formula

B Assumption about fixed points:
MT = {po, p1,...pa} is discrete.

B Forpc M
Define the Euler class e, as the product of weights
of T appearing in the tangent representation.

Integration Formula

The integral can be expressed by the local data.
For a € H3(M) it is the sum of fractions
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B We use Localization Theorem to compute some
invariants of T-invariant singular varieties X C M.

B The main interest:
M is the Grassmannian G,,(C")
and X is a Schubert variety.

B The invariant:
Chern-Schwartz-MacPherson class.



Chern-Schwartz-MacPherson class

B For a singular variety csy(X) € H.(X)

B If X is smooth, then csy(X) is the Poincaré dual
of the usual Chern class

B It is functorial (in some sense)

B It can be computed via resolution 7 : X = X

csm(X) = mi(ce(X)) + correction terms
B Correction terms are supported by singulatities.

B There is an equivariant version of CSM classes.



Chern-Schwartz-MacPherson class

From Localization theorem it follows that
equivariant Chern-Schwartz-MacPherson classes are
determined by local Chern classes at the fixed
points.

Before computing equivariant Chern classes of
Schubert varieties let us first see some
computations based on Localization Theorem.




Example of computation

M = Pr , T = (C*)n—i-l

MT = {po,p1,...p,} fixed points

|
|
B T, M=, L, decomposition into lines
B e =[], (t — t) Eulerclass

|

c1 = c1(O(—1)) Chern class of the tautological bundle

/cl’":O for m<n
]P)n

=(-1)" for m=n



B Applying Berline-Vergne formula we get an identity
n

tm

Y S

= ot — ti)

for m< n
B Forexample: n=2, m=20

1 1 1
(tr — to)(t2 — to) * (to — t1)(t2 — t1) * (to — t)(t1 — t2)

=0

B (Please, check it by hand!)



Integral of higher powers

B What do we get for m > n?

/c{":?

B For example n=2, m=4

tg N t} N t3
(t1 —to)(t2 —to)  (to—t1)(t2—t1) (to— t2)(t1 — t2)

Z4

2 2 2
=ty tty+t5+tt1+tobr+tity =

Res,—

B in terms of the elementary symmetric functions:

:0'%—0'2 =5



Integral of higher powers

In general

where Sy is the Segre class (a special case of Schur function)

T
n+k n—1 n—2 1
R U
R -
. k ;1 .—2 -1 .
5 — R it S O |
[Tic;(ti — %)

(Jacobi-Trudy formula, Weyl character formula)



Analogue computation can be performed for Grassmannians.

)

But still, the calculus of rational symmetric functions is not
developed enough.

)

B Equivariant Schubert calculus studied by Knutson,
Laksov—Thorup, Gato—Santiago, ...

B Some formulas for flag varieties can be obtained by taking
residue at oo, [Berczi—Szenes].



Relation between local Chern classes

B Assumption: M7 is discrete.

B We apply the Berline-Vergne integration formula
for equivariant Chern-Schwartz-MacPherson class of
a singular subvariety.

Except from the top gradation

cT(X
3 (X)

p -0
peMT ©p




Top equivariant Chern class

B The top component of the local Chern class is
easy:

Theorem

If p€ X" and wy, wo, ..., w, are weights of T
acting on the tangent space, then

dim(M
T (X)piop = [ [ Wi € H7™™(pt),
i=1

i.e. the top equivariant Chern class is equal to the
Euler class at p.




Computation of local equivariant Chern classes

e smooth point
already computed Chern class
e unknown Chern class



Computation of local equivariant Chern class in Grass;(C*)

B Let us compute the local equivariant Chern class of the
Schubert variety of codimension 1, i.e.
V1 = {W s Wn <€1,€2> 7é 0}

B The neighborhood of the point p;, in Grass,(C*) is
identified with

Hom(span(e1,€2), span(es, 1))

1 0 a b
01 ¢ d

B The equation of X is det (i Z) =0



Schubert variety V4 in Grassy(C*)




Computation of local equivariant Chern class in Grass;(C*)

B e.g. for p13, the coordinates are
1 a 0 b
0 c 1 d
and the equation of X is b =10

B For that point the local Chern class is equal to
(t4 — tl)(l + tr — tl)(l + tr — t3)(1 + tg — t3)

B The summand in the integration formula:

(t4 — tl)(l + tr — tl)(]. + b — t3)(1 + ty — t3) _
(ta — t1)(t2 — 1) (2 — t3)(ta — t3) a

1 1 1
:(1+ )<1+ )(1+ )
th — t1 tr — t3 ty — 3




Computation of local equivariant Chern class in Grass;(C*)

1 1
1+ ) (l+ ) (1+ )
tlu-t2u tlu-t3u -t3u+tdu

[
+

1 1
ke = )
tlu-t2u tlu-t4u t3u-tdu
1
) (2 ) (2 )
-tlu+t2u t2u-t3u -t3u+tdu

1 1
1+ ) (l+ ) (1+ )
-tlu+t2u t2u-tdu t3u-tdu

1

+

- Chern = Expand [Factor[-(a+b+c+d) * (£3 - t1) % (£3 - £2) » (td - t1l) » (t4 - t2) »u*4]];

«=- DO [Print["deg=", n]; Print[Factor[Coefficient[Chern, u, n]]], {n, 3}]
deg=1
—E1-t2+t3+t4
deg=2
(t1+t2-t3-t4)2
deg=3
—(EL+t2-t3-t4) (2€1t2-t1€3-t2E3-t1t4-t2t4+2t3¢4)




Schur expansion

B The coefficients of the expansion in the Schur
basis

c"(Vh) = Z ar3S1(—t1, —t2) - Si(t3, ta)
(0) (1) (11) (2) (21) (22)

(0) 1 1 1 2 1
1 1 1 3 1 1

(11) 1 3 1

2 1 1 1

21) 2 1

(22) 1



Computation of local equivariant Chern class in Grasss(C°)

B Computations can be continued without problems for
Grass3(C®)

B The expression which has to be simplified to compute the
gradation 1

~3t1-362+2t3+264-385-3t6

-3t1+2t2-3t3+264-3t5-386

(£1-£3) (£2- £3) (£3 + £4) (EL+ £5) (E2+ t5) (-td + £5) (E1+ E6) (£2+£6) (~td+t6)  (EL-£2) (E2 - £3) (E2+ £4) (EL+ L3 (£3 + £5) (-bd + £5) (EL+ £6) (3 + £6) (-t t6)

2t1-3t2-3t342t4-3t5-316

S3t1-3t242t3-3k442t5-316

[61-2) (EL-t3) (E1+ t4) (L2 + ) (63 £3) (A + £3) (E2 + £6) (E3+ L6y (-td+t6)  (EL-t3) (E2 - £3) (EL s Ed) (2 + EA) (83 + £3) (~bd + £3) (EL - L) (E2+56) (-E3+86)
-3t14+2t2-3t3-3t4+2t5-386 2t1-3t2-3t3-3t4+2¢5-3¢6

(E1-t2) (t2-t3) (E1+t4) (t3+4) (t2+ 5) (-td + £5) (EL+ £6) (E3+ L6) (~t5+t6)  (E1-1t2) (E1-£3) (t2+t4) (E3+ EA) (E1+E3) (~EA+E3) (L2 +L6) (E3+E6) (-E54t6)
S3t142t242£342t4+2t5-386 t1-3£2+2t3+2t442£5-3¢6

E1-t2) (T1_t3) (52+t4) (t3+4) (£2+ €3] (£3+£3) (EL+6) (T4~ L6l (3 +76) = (F1-t2) (£2-3) (TL+td) (63 + t4) (T1+E3) (E3+E0) (E2+06) (-t +t6) (-E3+c6)
2t142t2-3t342t442t5-316 t1-3t2-3t3-3t4-3t542t6

(T1-t3) (£2t3) (t1+t4) (t2+ 4] (C1+ D) (:2+%3) (E3+L6) (T4~ T6) (3 76) = (F1-t2) (E1-3) (t2+t4) (63 + t4) (€2 +£3) (£3+ 5] (F1+06) (04 +t6) (€54 c6)
S3t142t2-3t3-3t4-3t542t6 ~3t1-3t2+2t3-3t4-3t5+216

{E1-t2) (t2t3) (t1+t4) (t3+ 4] (C1sC0) (t3+3) (t2 + T6) (T4 + L6} (51 T6) = (F1-T3) (£2 - €3) (T1+t4) (62 + T4) (t1+E3) (£2 - C5] (£3+06) (-t +t6) (L5 vc6)
2£1+22-3t3+284-35+216 2t1-3t2+2t3+2t4-3t5+2¢6

(€1-t3) (E2-t3) (E1+td) (t2+ th) (€34 5) (A + E5) (EL+E6) (E2+ 6) (-5+£6) (EL-€2) (E2- €3) (tL+ t4) (€3 + £A) (£2+ £5) (-Ed+ E5) (EL+ £6) (E3+L6) (-E5+ E6)
3612424283 +284 3154286 241+262-343-3t4+2t5+26

(E1-t2) (EL-13) (t2+t4) (83 +54) (E1+55) (-E4+ 3] (E2+ L) (E3+ L6) (5+%6)  (t1-%3) (£2-3) (t3+ ) (E1v E8) (E2+E8) (-4 +E5) (EL+t6) (E2+ L) (-EA+E6) |
261-362+2t3-3t4+2t5+216 “3t1+2t2+2t3-384 425286

(61-£2) (£2-t3) (52 + t4) (b1+t5) (£3 +t5) (b4 +£5) (E1+£6) (£3+b6) (~td+£6) (b1 -t2) (E1-t3) (tL+bd) (£2+55) (£3+t5) (~b4+5) (E2 + £6) (B3 + £6) (-t + £6)

B The

result is equal to [Vi] = —t1 — b

— B3+t +ts+ 16



Local Chern class of V4 C Grass3(C®) in Schur basis

cT(Vi) =X aigSi(—t1, —ta, —t3) - Sy(ta, ts, t6)

0 1 11 2 1111 21 3 211 31 22 311 221 32 321 222 33" 331 322 332 333
0 1 2 2 4 5 1 9 3 4 6 9 3 8 4 1 3 6 3 1
i 1 4 8 5 12 12 2 19 5 8 8 16 4 8 10 1 2 4 1
11 2 8 12 9 16 16 3 18 6 8 6 10 4 4 1 1
2 25 9 4 11 9 1 13 2 5 3 10 1 2 5 1
111 4 12 16 11 8 16 4 6 10 4 i
21 5 12 16 9 16 14 2 15 3 5 3 5 1 1
3 1 2. 3 1 4 2 3 1 2 1
211 9 19 18 13 15 3 3 5 1
31 3 5 6 2 6 3 3| 4 it
22 48 8 5 10 5 1 5 1 1
311 6 8 6 3 3 1
221 9 16 10 10 5 2 1
32 34 4 1 4 1 1 e g
3218 8 4 2 1 All coefficients
222 4 10 5 1 -
33 11 1 1 are nonnegatlve.
331 3 2 1
322 6 4 1
332 3 1
333 1



Computation of local equivariant Chern class in Grass,(C?)

B Now appears a problem with the size of the
expressions since dim(Grass;(C?)) = 16 and
dim(T) =8

B In a polynomial of degree 15 in 8 variables there
are
245157 monomials.

B The expression is a sums of 79 fractions with
factors t; — t; in denominators.



Computation of local equivariant Chern class in Grass,(C?)

B The result written in the Schur basis

SI(_t17 _t27 _t37 _t4) ’ SJ(t57 t67 t77 t8)

is the following:



Local equivariant Chern class of V; C Grass,(C?)




equivariant Chern class C Grass,(C?

0 1 11 2 111 21 3 1111 211 31 22 4 2111 311 221 41 32 3111 2211 411 321 222 42 33 4111 3211 2221 421 331 322 43 4211 3311 3221 2222 431 422 332
0 13 3 7 10 3 13 23 11 11 1 44 26 33 4 15 50 72 10 47 26 6 £ 20 102 B0 20 20 42 & 45 64 123 69 15 20 33
1 1 6 16 12 32 39 10 S5 83 35 39 3 147 77 108 11 44 137 213 25 127 83 15 21 45 251 219 45 €7 107 9 90 138 280 150 30 40 74
11 3 16 38 20 70 B4 22 10§ 162 €9 75 6 248 135 182 20 78 203 316 40 199 127 25 34 60 325 280 65 95 145 14 105 158 300 165 40 50 89
2 3 12 29 18 52 56 12 84 111 40 51 3 186 83 132 10 46 142 243 21 125 96 12 19 36 237 228 33 57 99 6 63 114 246 135 18 26 59
111 7 32 70 52 110 139 37 135 225 106 117 10 261 172 238 30 114 180 285 50 235 135 35 439 S0 250 185 75 110 14519 75 114 165 30 45 50 &
21 10 39 84 56 139 152 35 194 272 102 122 & 392 187 283 24 103 272 444 44 244 176 26 38 €4 385 352 61 97 161 12 96 156 322 186 30 40 &
3 3 10 22 12 37 35 6 S8 66 10 29 1 108 38 72 3 20 6 129 6 53 49 3 7 10 99 115 & 21 40 1 6 21
1111 13 55 105 84 135 194 58 80 245 145 150 15 80 180 245 40 145 20 60 50 240 135 45 58 20 20 75 106 155 24 s0 93
211 23 83 162 111 225 272 €6 245 400 173 202 15 428 258 371 40 163 266 399 60 304 184 40 59 €0 314 206 75 118 161 18 0 8
31 11 35 69 40 106 102 19 145 173 52 74 3 244 92 163 & 47 132 250 14 108 95 7 14 20 169 186 16 35 €8 2 10 28
22 11 39 75 S1 117 122 29 150 202 74 84 6 272 122 179 16 63 166 267 26 131 95 15 19 36 194 194 30 40 €8 & 15 21
£ 4 8 6 3 #. A T 5 15 3 6 4 6§ 15 a i a 10 T 15 24 1§ 3
2111 44 147 248 186 261 392 108 ©0 428 244 272 24 72 266 381 56 217 16 36 60 308 190 54 76 8 8 75 118 167 24 36 40 84
311 26 77 135 83 172 187 38 180 258 92 122 € 266 132 211 14 75 136 213 20 136 95 11 21 20 138 97 20 42 €8 3 20 42 70 € 10 28
221 33 108 188 132 238 283 72 245 371 163 179 15 381 211 282 35 129 211 297 45 197 103 30 40 45 200 113 45 61 €8 12 45 63 70 18 15 721
41 4 11 20 10 30 24 3 40 40 8 1§ 56 14 35 7 20 54 16 20 2 25 40 5 10 g 20 20 4
32 15 44 78 46 114 103 20 145 163 47 63 3 217 75 120 7 34 10L,.92 11 69 6 5 7 15 103 132 10 14 35 1 15 21 70 70 2 5 7
3111 50 137 203 142 180 272 64 20 266 132 166 10 16 136 211 20 101 20 136 101 15 28 20 42 70 ¢ € 10 28
2211 72 213 316 243 285 444 129 60 399 250 267 27 36 213 297 54 192 45 202 101 45 59 45 63 70 12 18 15 21
411 10 25 40 21 50 44 € 50 €0 14 26 60 20 45 11 20 20 3 20 § 10 § 10 4
321 47 127 199 125 235 244 53 240 304 108 131 & 308 136 197 16 €9 136 202 20 104 €6 10 14 20 105 70 15 21 35 2 15 21 35 2 8 7
232 26 83 127 96 135 176 49 135 184 95 95 10 190 95 103 20 66 101 101 20 66 & 1521 20 70 15 21 15 31 €

2 & 15 25 12 35 26 3 45 40 7 15 54 11 30 5 15 45 10 15 ! 15 30 £l 3 10 15 1
33 8 21 34 10 49 38 7 S8 59 14 19 1 76 21 40 2 7 28 59 3 14 21 1 + 2 42 2 2 3 91 3% 1
4111 20 45 60 36 S0 €4 10 @ 20 36 20 45 15 20 20 4 10 4
3211 102 251 325 237 250 385 99 20 314 169 134 15 & 138 200 25 103 20 105 70 15 21 5, 2 S5R ap o5
2221 80 219 280 228 185 352 115 20 206 186 194 24 & 97 113 40 132 20 70 30 22 15 21 12 €
421 20 45 65 33 75 61 8 75 15 16 30 75 20 45 10 20 45 15 1s 2 15 15 3§ = 1
331 28 67 95 57 110 97 21 106 118 35 40 3 116 42 6L 5 14 42 6 6§ 21 21 2 6 21 71 A 7 3 7 i

22 42 107 145 99 145 161 40 155 161 €8 68 6 167 68 68 10 35 70 70 10 35 5 7 18 85 At c I 1.

43 4 6 A4 e 5 13 i ‘o hm D & 2 3 12 i o4 s I 5 B 1 2 €
4211 45 90 105 63 75 96 15 75 25 45 20 45 15 15 15 3 3 s 1
3311 64 132 158 114 114 156 42, (22 56 59 6 42 63 8 2 & 217 3 3 7 b
3221 123 220 300 246 165 322 99 67 136 136 15 70 70 20 70 10 35 10 14 & 2 1
2222 €9 150 165 135 30 126 66 0 93 101 15 20 0 15 21 &
431 15 30 40 18 45 30 3 wwe® 36 5 12 6 6 18 2 6 18 3 6 ) gl it 1

22 20 40 50 26 S0 40 6 S0 40 10 15 40 10 15 B 10 15 5 it H 1 &
332 33 74 89 S9 E9 80 21 93 80 28 2L 3 84 28 2L 4 7 228 2 & 7 1 & 7 L L

s 3 3 & 1 o4 03 s 3 1 ! 2 3 1 2 i
4311 36 63 66 36 45 48 6 6 8 18 6 18 3 3 6 i
4221 60 105 100 66 SO 80 15 40 20 30 10 15 10 H 2 1
3321 100 201 182 156 97 160 56 84 56 42 8 28 21 & 14 s 2 i
3222 100 195 165 159 10 167 64 70 70 10 10 35 S L
41 4 7 & 3 10 5 10 6 2 § 3 3 1 1
432 20 35 40 18 40 24 3 40 24 4 € 4 1 6 B4 6 1 1



B The local Chern classes are a positive
combination of monomials
B But starting from Grass,(C?) they are not

positive combinations of products of Schur
functions.



Conclusion

B This supports the conjecture of Aluffi and
Mihalcea that the Chern class (or even equivariant
Chern class) of a Schubert variety is effective.



Further directions of work

B Develop a calculus of symmetric rational
functions

B Deduce positivity results

B Study global equivariant Chern classes of
Schubert varieties and open cells
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20 145 163 47 63 3 217 175 129 1 101 192 11 69 66

64 20 266 132 166 10 16 136 211 20 101 8 -4 20 136 101

129 60 399 250 267 27 36 213 297 54 192 -4 24 45 202 101

6 50 60 14 26 60 20 45 11 20 45 20 20

53 240 304 108 131 8 308 136 197 16 69 136 202 20 104 66

49 135 184 95 95 10 190 95 103 20 66 101 101 20 66 8

3 45 40 7 15 54 11 30 5 15 45 10 15
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