ARE SCALES FRECHET?
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ABSTRACT. We continue the study of Dow spaces of a b-scale, originally
introduced by Dow in [14]. We prove that it is consistent that all such
spaces are Fréchet, but it is also consistent that none of them is. We use
these spaces to exhibit (consistently) a A} ideal that does not satisfy the
Category Dichotomy. Finally, we prove that the Category Dichotomy
holds for all co-analytic ideals.

1. INTRODUCTION

During the 2012 thematic program on Forcing and its Applications at the
Fields Institute, Juhasz asked the following question:

Problem 1 (Juhdsz). Is there a countable, Fréchet' space with uncountable
m-weight?

Although the consistency of existence of such spaces is easy to establish,
no ZFC result was known. The problem was motivated by the following
result of Hrusdk and Ramos:

Theorem 2 (H., Ramos [33]). It is consistent that every countable, Fréchet
topological group is second countable.

Since for topological groups the notions of weight and w-weight coincide,
Juhéasz’s question asks to what extent the algebraic structure is needed for
the consistent result above. The question is particularly interesting, as many
of the results in [33] do not use the algebraic structure at all. The problem
remained open until Dow provided a solution:

Theorem 3 (Dow [14]). There exists a countable, Fréchet, zero dimensional
space with w-weight at least b.

Not only is this result impressive, but its proof is highly ingenious and
illuminating. Given a b-scale B, Dow defined a topological space D(B) =
(w<¥,78) (which we call the Dow space of B) that is zero dimensional and
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Undefined concepts will be reviewed in the following sections.
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whose m-weight is exactly the bounding number b. Dow then proceeds to
take a sequential modification to obtain a topology op extending 75 such
that D1 (B) = (w<¥, op) is Fréchet, zero dimensional and its m-weight is at
least b (the exact m-weight is currently unknown). Evidently, the advantage
of Dy (B) over D(B) is that it is Fréchet. Nevertheless, the original space D(B)
has certain advantages over Dy (B). Mainly, the open sets of D(B) admit a
very nice combinatorial description and are intuitive to work with, but the
same is no longer true for Dy (B). It is then natural to ask the following
question:

Can the Dow space of a scale be a Fréchet space?

In other words, we wanted to know if taking the sequential modification
is really needed. We will say that a b-scale is Fréchet if its Dow space is
Fréchet. In this article, we will prove the following result:

Theorem 4. Both of the following statements are consistent (but not at the
same time) with ZFC:

(1) Ewvery b-scale is Fréchet.
(2) No b-scale is Fréchet.

We finish the paper with an application to the Katétov order on ideals
and prove that the Category Dichotomy of [30] is true for all co-analytic
ideals.

The structure of the paper is as follows. Section 2 covers the necessary
notation and definitions that will be used throughout the paper. The next
five sections provide the required background on cardinal invariants of the
continuum, filters and ideals, topology, and forcing that will be needed in
the article. The reader may skip these preliminary sections and return to
them as needed. The definition of the Dow space of a b-scale from [14] is
reviewed in Section 8. In Section 9 we prove that p = b implies that all
b-scales are Fréchet. In Section 10 we produce a model where there is a
non-Fréchet b-scale and in Section 11 we build a model where no Fréchet
b-scales exist. In Section 12 we use results from the previous sections to
find a consistent example of a Al ideal that does not satisfy the Category
Dichotomy and prove that this is the least possible complexity. Section 13
contains open questions that we do not know how to answer.

It is worth pointing out that countable, Fréchet spaces with uncountable
m-weight have received a lot of attention recently, as can be seen from the
recently published papers [17] and [15].

2. NOTATION

Our notation is basically standard and follows [43] and [38]. Given s,t €
w<¥ by st we denote the concatenation of s and t. We write s n instead
of s7(n). If F Cw<¥, define s"F ={s"z|z¢€ F}. Wesay that T C w<¥
is a tree if it is closed under taking initial segments. For s € T, define



ARE SCALES FRECHET? 3

sucy (s) = {n|s neT}. We say s is the stem of T (denoted by s =
st(T)) if every node of T' is comparable with s and s is maximal with this
property. The domain of a function f is denoted by dom(f) and its image
by im(f). By f ;X — Y we mean that f is a partial function from X to Y
(i.e., dom(f) € X). The expression “for almost all” means “for all except
finitely many”.

If k is a cardinal, define H(x) as the set consisting of all sets whose tran-
sitive closure has size less than «. We will work with elementary submodels
of these sets. For an introduction to this very important technique, we refer
the reader to the survey [13].

We will need the concepts of F,, Gs, Borel, analytic, co-analytic and
projective subsets of a Polish space, which can be consulted in [40] or [56].

3. PRELIMINARIES ON CARDINAL INVARIANTS OF THE CONTINUUM

Cardinal invariants of the continuum play an important role in this ar-
ticle. We now review some basic definitions that will be needed. To learn
more, see [7| and [58]. For f, g € w*, define f <* g if f(n) < g(n) holds for
almost all n € w. We say a family B C w® is unbounded if B is unbounded
with respect to <* . A family D C w* is a dominating family if for every
f € w¥, there is ¢ € D such that f <* g. The bounding number b is the
size of the smallest unbounded family and the dominating number 0 is the
smallest size of a dominating family. We say that B={f, |« € b} C w® is
a b-scale if every f, is an increasing function, B is unbounded and f, <* f3
whenever o < . A scale is a dominating b-scale. It is not hard to see that
the existence of a scale is equivalent to b = 0.

The order <* can be extended to partial functions. Given f,g ;w — w
define f <* g if f (n) < g (n) holds for almost all n in their common domain.
It is well-known that b-scales are not only unbounded with respect to total
functions, but also with respect to infinite partial functions. See [58, Fact
3.4] for the proof of the following lemma:

Lemma 5. Let B C w* be a b-scale and g;w — w an infinite partial
function. There is f € B such that f £* g.

Let A and B be two subsets of w. Define A C* B (A is an almost subset
of B) if A\ B is finite. For H C [w]” and A, B C w, we say that A is a
pseudo-intersection of H if it is almost contained in every element of H. A
family P C [w]” is centered if the intersection of finitely many of its elements
is infinite. The pseudo-intersection number p is the least size of a centered
family without an infinite pseudo-intersection. We say 7 = {A, | @ < K} is
a pre-tower if it is C*-decreasing and it is a tower it has no infinite pseudo-
intersection. The tower number t is the least length of a tower. By ¢ we
denote the size of the real numbers. It is easy to see that p <t < b <0 <.
Moreover, an impressive theorem of Malliaris and Shelah establishes that
p =t (see [48]). The following is essentially [4, Theorem 4.2].
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Proposition 6 (Baumgartner, Dordal [4]). If there are no towers of length
b, then every b-scale is a scale (so b =70).

Proof. Assume that there is a b-scale B = {f, | @ € b} that is not a dom-
inating family. Let g € w* be not dominated by any function in B. It
follows that the set Ay = {n | fo (n) < g(n)} is infinite for every o < b and
T ={As | @ € b} is a pretower. Since there are no towers of length b, there
is X € [w]” which is a pseudointersection of 7. We get f, | X <* ¢ | X for
every a < b, which contradicts Lemma 5. ([

We will need the following result in Section 9.

Lemma 7. Let B = {f, | @ € b} be a b-scale and M an elementary submodel
of H(k) (for some large enough regular cardinal k) such that B € M, the size
of M is less than b and 6 = M Nb € b. If g;w — w is an infinite partial
function in M, then fs £* g.

Proof. By Lemma 5, there is v < b such that f, ¢* g. Moreover, by elemen-
tarity, we may assume that o < . Since f, <* f5, the result follows. O

Let M be a model of ZFC and f € w¥. We say that f is dominating
(unbounded) over M if for every g € M Nw®, it is the case that g <* f

(f £ 9).

4. PRELIMINARIES ON FILTERS AND IDEALS

We denote the power set of a set X by P (X). Z C P (X) is an ideal on
XifpeZand X ¢ Z, forevery A,BC X,if AcZand BC Athen B€EZ
and if A, B € Z then AUB € Z. A family F C p(X) is a called a filter on X
if X € Fand ) ¢ F, for every A, BC X,if A€ Fand A C B then B € F
and if A,B € F then AN B € F. Given a family B of subsets of X, we
define B* = {X \ B | B € B} . Note that if F is a filter, then F* is an ideal
(called the dual ideal of F) and if 7 is an ideal, then Z* is a filter (called
the dual filter of 7). Let Z be an ideal on X. The collection of Z-positive
sets is IT = p(X) N Z . If F is a filter, we define F* = (F*)T . It is easy
to see that F7 is the family of all sets that intersects every member of F.
If A€ Zt then the restriction of T to A, defined as Z [A = p(A)NZ,is an
ideal on A. By I+ we denote the set of all sets that have finite intersection
with every member of Z. It is easy to see that Z+ is an ideal. We review
some properties of ideals that will be needed in this article.

Definition 8. Let Z be an ideal on w (or any countable set).

(1) Z is tall if for every X € [w]” there is Y € T such that Y N X is
nfinite.

(2) T is a Fréchet ideal if for every A € I%, there is B € [A]* NT+.

(3) Z is w-hitting if for every {X,, | n € w} C [w]” there is Y € T such
that Y N X, is infinite for every n € w.
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(4) T is weakly selective if for every X € ZT and P a partition of X
either P € T or P has a (partial) selector in I (that is, a set that
intersects each element of P in no more than one point).

Let F be a filter on a set W. The filter F<“ is the filter on [W]<¥\ {0}
generated by {[A]<“\ {0} | A € F}. Note that a set X is in (F<%)" if and
only if every A € F contains an element of X.

Definition 9. Let F be a filter. We say that F is a FUF filter if for every
X € (F<)? there is Y € [X]” such that every F € F contains almost all
elements of Y.

In this way, F is a FUF filter if and only if (F<%)* is a Fréchet ideal.
It is not hard to see that every countably generated filter is a FUF filter.
Gruenhage and Szeptycki asked if there was a ZFC example of a FUF filter on
w that is not countably generated. In [8] it was proved that it is consistent
that every FUF filter generated by less than ¢ many elements is countably
generated and the main theorem of [33] implies that all FUF filters are
countably generated.

We now review the Katétov order, which will be needed in Section 12.

Definition 10. Let X,Y be two sets, T an ideal on X, J an ideal on Y
and f: X —Y.

(1) f is a Katétov function from Z to J if for every A CY, we have
that if A € J, then f~1(A) € L.
(2) J <k Z means that there is a Katétov function from T to J.

The eventually different ideal £D is the ideal on w? generated by the set
of columns {{n} X w | n € w} and the graphs of functions from w to w. Fix
X a topological space and N C X. We say that N is nowhere dense if for
every non-empty open set U C X, there is another open set () # V C U such
that V. N N = (). By nwd(X) we denote the ideal of nowhere dense subsets
of X. By nwd we mean the ideal of nowhere dense subsets of the rational
numbers.

Readers interested in learning more about the Katétov order are encour-
aged to see [301, [31], [28], [26], [10], [2], [16], [49], [53], [24], [1], [41], [44] or
[19] among others.

5. PRELIMINARIES ON TOPOLOGY

We now review some basic topological concepts that will be used in the
paper. Let X be a topological space? and b € X. Recall that (X, 7) is zero-
dimensional if it has a basis of clopen sets. For A C X a countable set,
we say that A converges to b (denoted by A — b) if every open subset of
b almost contains A. X is a Fréchet space if for every a € X and ¥ C X
such that a € Y \ Y, there is A € [Y]* that converges to a. Let B be a

2A1 spaces under discussion are Hausdorff.
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collection of non-empty open subsets of X. We say that B is a w-base if
every non-empty open subset of X contains an element of B. The m-weight
of X is the smallest size of a w-base of X. Moreover, B is a local m-base at
b if every neighborhood of b contains an element of B. The w-character of b
is the smallest size of a local w-base at b. We say that X has uncountable m-
character everywhere if every point of X has uncountable m-character. Let
¢ be a topological property. By X = ¢ we mean that “X has property ¢”.
We mainly use this notation when we are working with several topological
spaces with the same underlying set.

Let X be a topological space and a € X. Denote by Nx (a) the neighbor-
hood filter of a and Zx (a) its dual ideal. Note that Zx (a) = {AC X |a ¢ A}.
If there is no risk of confusion, we simply write A (a) and Z (a). Many
topological properties at the point a can be expressed as properties of its
neighborhood filter and its dual ideal, as shown in Table 1.

Topological Combinatorial
property translation
a€B BeN(a)*
A—a A is a pseudointersection of A (a)

equivalently, A € T (a)*
a is a Fréchet point 7 (a) is a Fréchet ideal
a € Y but no sequence Y €Z(a)" andZ(a) Y is

from Y converges to a a tall ideal
Table 1. Topological properties and their translations

We will need the following result in Section 11, which is Proposition 44
of [16].

Proposition 11. Let X be a countable Fréchet space with no isolated points.
The ideal nwd(X) is weakly selective.

6. PRELIMINARIES ON FORCING

We review some preliminaries on forcing that will be needed. We assume
the reader is already familiar with the method of forcing as presented in
[42]. Let F be a filter on w. The Laver forcing of F (denoted by L(F))
consists of all trees p C w<* that have a stem and if t € T extends the stem,
then sucy (s) € F. Given p,q € L(F), denote p < ¢ if p C ¢q. It is easy
to see that L(F) is a c.c.c. partial order. If p € L(F) and s € p, define
ps = {tep|tCsVsCt}h. It is clear that p; € L(F), it extends p and
in case st(p) C s, we have that st(ps) = s. The Laver generic real will be
denoted by l4en € w* and is the only element that is a branch of every tree
in the generic filter. To learn more about this forcings, see [32].
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By D we denote Hechler forcing, which consists of all pairs (s, f) where
s € ws¥ and f € w¥. Define (s, f) < (t,9) if t C s, g(n) < f(n) for every
n > |t| and s (i) > ¢ (i) for every i € dom(s)\ dom(¢). Hechler forcing is the
standard c.c.c. forcing for adding a dominating real. To learn about Hechler
forcing, see [3], [9] or [51].

A family W C [w]” is w-hitting if for every {X,, | n € w} C [w]*, there is
W € W that intersects every X,. We say P preserves w-hitting families if
every w-hitting family remain w-hitting after forcing with P. It is not hard
to see that a forcing preserving w-hitting families can not fill towers. A more
refined version of the previous notion is the following:

Definition 12. Let P be a partial order. We say that P strongly preserves
w-hitting families if for every P-name B for an infinite subset of w, there
is {Bn | n € w} C [w]” such that for every X € [w]|*, if |X N By| = w for
every n € w, then P forces that X N B is infinite.

In [8], the reader can find a characterization of the filters whose Laver
forcing strongly preserves w-hitting families. Moreover, it is also proved
that IL (F) preserves w-hitting families if and only if L (F) strongly preserves
w-hitting families. It is also known that Hechler forcing strongly preserves
w-hitting families. The following iteration theorem can be found in [8].

Theorem 13 (Brendle, H. [8]). The finite support iteration of c.c.c. forc-
ings that strongly preserve w-hitting families, strongly preserves w-hitting
families.

Let P be a partial order. We say that C' C P is centered if any finitely
many elements of C' have a lower bound in P. Recall that P is o-centered
if it is the union of countably many of its centered sets. On the other
hand, we say that P is o-filtered if it is the union of countably many filters.
Evidently, every o-filtered forcing is o-centered. Juhész and Kunen proved
that the converse is not true (see [39]). Nevertheless, we have the following:

Proposition 14. Let P be a partial order and B its Boolean completion.
The following are equivalent:

(1) B is o-centered.
(2) B is o-filtered.
(3) P is o-centered.

We will need the following well-known preservation result (see [57] and
[21]).

Proposition 15. Let v < ¢ and <IP’Q,QQ | a < ) be a finite support
iteration of o-centered forcings. P~ is o-centered.

A remarkable theorem of Bell is the following:

Theorem 16 (Bell [5]). Let k be a cardinal. The following are equivalent:
(1) kK <p.
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(2) For every o-centered forcing P and {D, | « < Kk} a collection of
dense subsets of P, there is a filter G C P such that G N D, # 0
for every a < k.

7. PRELIMINARIES ON FORCING AND TOPOLOGY

In this section we review the method for destroying the Fréchet property
at a point, as developed in [33] (which was based on the techniques from
[8]). Let X be a topological space and a € X. According to Table 1, to
destroy the Fréchet property at a by a forcing P, we must add a set A such
that Z (a) | A is a tall ideal. But this is not enough, since the tallness of
an ideal may not be preserved under forcing iterations. The solution is to
ensure that Z (a) | A is not only a tall ideal but an w-hitting one, for which
we can prove preservation theorems under forcing.

Definition 17. Let T be an ideal on a countable set, P’ a forcing notion,
and A a P-name. We say that P’ seals T with A if P forces that A € " and
Z | A is w-hitting.

Let X be a countable space. It is easy to see that L(nwd(X)*) forces Agen
to be a dense subset of X. The following is Proposition 5.2 of [33]:

Proposition 18 (H., Ramos [33]). Let X be a countable space with no
isolated points and a € X :

(1) If a has uncountable m-weight, then L(nwd(X )*) seals Ix (a) via
Agen.

(2) If X is Fréchet, then L(nwd(X )*) strongly preserves w-hitting fam-
ilies.

In this way, if X and a are as in the above proposition, then L(nwd(X)*)
forces Agen to be a dense subset of X, yet it does not contain sequences
converging to a. This property will be preserved under any further forcing
extension that preserves w-hitting families.

We would like to point out that the method of [33] has been greatly refined
and expanded by Shibakov and the third author (see [35], [36] and [34]).

8. THE DOW SPACE OF A b-SCALE

We now review the construction of the Dow space from [14]. We expect
that the study of the topological properties of Dow spaces will be useful
for investigating the combinatorial properties of b-scales, much as the study
of the Mrowka-Isbell spaces resides in understanding the combinatorics of
almost disjoint families (see [58], [29] and [27]). Instead of working with
b-scales on w, we find it more convenient to work on b-scales consisting of
functions from w<* to w. To this end, we first adapt the relevant definitions
to our setting.

For convenience, given m € w, we will denote A,, = m<™. Let f,g :
w<¥ — w. We say that f is increasing if for every s,t € w<¥, if s is a
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proper initial segment of ¢, then f(s) < f(t) and for every n,m € w, if
n < m, then f(s™n) < f(s7m). As expected, define f <* g if f (s) < g (s)
holds for almost all s € w<“. Moreover, define f <,, g if f(s) < g (s) holds
for all s ¢ A,,. It follows that f <* g if and only if there is m € w such that
[ <myg
Definition 19. Let B be a family of functions from w<% to w.
(1) B is a weak b-scale if the following conditions hold:
(a) B consists of increasing functions.
(b) B is unbounded (there is no function g such that f <* g for
every f € B).
(¢) B is well-ordered by <* .
(d) For everyn € w, the set {f € B|n < f(0)} is cofinal in B.
(2) B is a b-scale if its order type (with respect to <*) is b.

Although our main interest is b-scales, it is convenient to also consider
weak b-scales. We will now define the sets that will be part of a subbase in
a Dow space.

Definition 20. Let f : w<* — w. Define the tree U (f) C w<¥ recursively
as follows:

() 0eU(f).
(2) If s€U(f), then sucy(yp (s) =w\{f(s)}.

In this way, U (f) is a very wide tree, since every node branches into all
elements of w except one. The following is easy, but worth pointing out.

Lemma 21. Let [ : w~Y — w and s € w<¥. If s ¢ U (f), then there is
i <|s| such that f (s i) =s(i).

We now have the following easy lemma:

Lemma 22. Let B be a weak b-scale, s € w<“ and f € B.
(1) If s€e U(f), then s~ Aypy CU(f).
(2) The set {ge B|seU/(g)} is cofinal in B.

Proof. The first point follows since f is an increasing function. For the
second point, choose n € w such that s € A,,. Since {f € B|n < f(0)} is
cofinal in B, we get the desired conclusion. O

Let s € w<“. In this paper, we denote (s) = {t € w<¥ | s C t}. This set
should not be confused with {f € w* | s C f}, which is also denoted by (s)
in the literature. Sets of the form (s) will be often referred as cones, while a
cocone is a set of the form (s) = w<“\ (s). A non-trivial cocone is simply
a non-empty cocone. Define® s = {t € w<¥ |t C s} and for a set A C w<¥,
denote AT = (J{t" |t € A}. We can now define the Dow space of a weak
b-scale.

3In [14] our s is denoted by s*. We reverse this notation, as we picture our trees as
growing downward.
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Definition 23. Let B be a weak b-scale. The Dow space of B is the space
D(B) = (w<¥,75) where T is the topology generated by the subbase consist-
ing of the following sets:

(1) (s), (s) for s € w<¥
(2) U(f) for f € B.

In [14] the topology is not explicitly defined from the b-scale (as in our
presentation), but it is instead constructed recursively. Nevertheless, our
presentation falls under the scope of [14] because the family {U (f) | f € B}
satisfies Lemma 3.1 of that paper. The following notion was introduced in
[14]:

Definition 24. We say a topological space (w<¥

every s € w<Y¥, the following conditions hold:

,T) 1is T-sequential if for

(1) (s) is an open set.
(2) (s7n),e, converges to s.
(3) If A C w<¥ converges to s, then AT also converges to s.
Denote by AWM the set of all convergence points of sequences contained
in A. In [14] Dow proved the following:
Theorem 25 (Dow). Let B be a b-scale.

(1) D(B) is zero dimensional.

(2) D(B) is T-sequential.

(3) The m-character of every point in D (B) is b.

(4) If A C w<¥, then (AM)Y = A0,

(5) D (B) has no isolated points.

(6) Ewvery 1-sequential topology extending T has m-character at least b.
Let U C w<¥ and n € w. Define Us,, = {s €U |s=0Vs(0) >n}. We

have the following:

Lemma 26. Let B be a weak b-scale. The family:
{UA)NnU(fa)o | fis s fn €EBAME W}

15 a local base of .

More constructions of countable Fréchet spaces with uncountable m-weight
can be found in [17].

9. ALL b-SCALES MAY BE FRECHET

In this section we will prove that it is consistent that every b-scale is
Fréchet. In fact, we will prove that the equality p = b implies that the Dow
space of every b-scale satisfies a strong form of the Fréchet property. We
recall the following definition:

Definition 27. Let X be a topological space. We say that X is Fréchet-
Urysohn for finite sets if for every a € X, its neighborhood filter N (a) is a
FUF filter.
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This class of spaces has been studied in [18], [52], [22], [23], [8] and [20]
among many others. It is not hard to see that every space that is Fréchet-
Urysohn for finite sets is also Fréchet.

Theorem 28 (p = b). The Dow space of every b-scale is Fréchet-Urysohn
for finite sets (and in particular, it is a Fréchet space).

Proof. Let B ={f, | @ < b} be a b-scale. For simplicity, we will prove that
the neighborhood filter of () is a FUF filter. The argument for an arbitrary
s € w<¥ is essentially the same, only requiring more notation. For ease
of notation, let F =N (0) and U, = U (f,) for a < b. Let X € (F<¥)*,
We first find M an elementary submodel of H(x) (for some large enough
regular cardinal k) such that X,B € M, the size of M is less than b and

§ = M Nb € b. Denote by U the set of all () U, for F € [§]~“.
acF
Since every non-trivial co-cone is a neighborhood of {), if follows that for

every U € N () and n € w, there is a € X such that a C U and n < s(0)
for every s € a\ {0} . In this way, for every U € U, we can define the function
gu € w” such that for every n € w, it is the case that gy (n) is the least
natural number for which there is ¢ € X with the following properties:

(1) a CU.

(2) n < s(0) for every s € a\ {0} .

(3) If s € a, then s € Ay ().

Note that gy € M for every U € U. Lemma 7 implies that for every
V € U, there are infinitely many n € w such that gy (n) < fs((n)) (of
course, f5((n)) is the result of applying fs5 to (n) € w<*). We now define P
as the set of all p = (F, h, H) with the following properties:

(1) FEw]™,h: F — X and H € [0]~“.
(2) For every n € F and s € h(n) \ {0}, the following conditions hold:
(a) n < s(0).
(b) s € By (-
Let p,q € P. Define p < ¢q in case the following conditions are met:
(1) Fy C Fp, hg C hy and Hy C H,,.
(2) For every n € F, \ F; and o € Hy, we have that h, (n) C U,.

It is easy to see that P is a o-centered forcing (any finite set of conditions
that share the same first two coordinates are compatible). The following
claim is also not hard to prove:

(1) For every n € w, the set D,, = {p € P |F,, € n} is dense.
(2) For every o < 6, the set E, = {p € P | € Hp} is dense.

Since § < b = p, by Theorem 16, we can find a filter G C P that intersects

all of the dense sets described above. Define Fg = |J Fp, hg¢ = | hyp (note
peG peEG

that hg : Fg — w) and Y C X the image of hg. We claim that Y is as

desired. We need to prove that every U € N () contains almost every

element of Y. Note that we may assume that U is a sub-basic set. Moreover,
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if U is a non-trivial co-cone, the conclusion is straightforward, since the first
coordinate of every element of hg (n) \ {0} is larger than n.

It remains to prove that if @ < b, then a C U,, for almost all a € Y. This is
clearly the case if v < ¢ (since GNE, # () and G is a filter), so we may assume
that 6 < a. Let n € Fg such that f, (0) < n and f5((m)) < fo ((m)) for
every m > n (almost every element of Fi; satisfies this conditions). We need
to prove that hg (n) C U,. Write hg (n) \ {0} = {so, ..., s} . We know that
n < s0(0),...,5(0) and 89, ..., 51 € A ((n))- Moreover, (s0(0)), ..., (s (0)) €
U, since these values are above f, (). For each i < [, we have that s;
€ Afsn)) € Dya(ny)- It follows by Lemma 22 that each s; is in U,. O

In [17] Dow and Pecoraro proved that there is a countable, zero dimen-
sional space that is not H-separable and has m-weight b. In [50] Nyikos proved
that p = b implies that there is an uncountably generated FUF filter. Our
result provides another proof of this result.

In response to Theorem 3, Moore posed the following problem:

Problem 29 (Moore). Is there a countable, Fréchet, zero dimensional space
with m-weight exactly b?

The Dow space of a Fréchet b-scale provides such an example. However,
while Dow spaces have m-weight b, the m-weight of their sequential modifica-
tion remains unknown. Of course, the above problem would have a positive
solution if there existed a Fréchet b-scale, but we will see in a later section
that this is consistently false. Nevertheless, we have the following result,
which was independently proved by Dow and Pecoraro in [17].

Proposition 30. Ifc < wo, then there is a countable, Fréchet, zero-dimensional
space of m-weight exactly b.

Proof. If p = b, then every b-scale is Fréchet by Theorem 28. Otherwise, we
p < b = ¢, so there is such space by Theorem 3. O

In [15] Dow investigated the possible m-weights of countable, regular,
Fréchet spaces. He proved that in the Miller model every such space has
m-weight at most wi. On the other hand, after adding x many random reals,
for any infinite cardinal A < k, there exists a countable, regular, Fréchet
space with m-weight exactly A. An open question remains whether there are
(consistently) uncountable cardinals A < p < k such that both A and & are
realized as the m-weight of a countable, regular, Fréchet space, while u is
not.

10. THERE MAY BE A NON-FRECHET b-SCALE

In this section, we prove that it is consistent that there is a b-scale whose
Dow space is not Fréchet. This result will be strengthened in the next sec-
tion, where we show that it is consistent that no b-scale is Fréchet. Although
the proof in this section motivates some of the ideas used later, the argument
here is not a special case of the one in the next section. More importantly,
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we conjecture that there will be Fréchet b-scales in the model constructed
in this section, which would establish the consistency of the simultaneous
existence of both a Fréchet and a non-Fréchet b-scale, which is unknown
at the moment. We recommend that the reader consult Section 7 as this
section and the next one, use definitions and results from there.

For ease of writing, if D is a weak b-scale, we will write L(D) instead
of L(nwd(D(D))*). By Theorems 25, 28 and Proposition 18, we get the
following:

Lemma 31. (1) Let D be a weak b-scale such that D(D) is Fréchet.
L(D) strongly preserves w-hitting families and forces that Agen s a
dense set, yet it does not contain sequences convergent to ().

(2) (CH) If B is a b-scale, then IL(B) strongly preserves w-hitting families
and forces that Age,, 1s a dense set, yet it does not contain sequences
converging to (.

We can now prove the main result of this section.

Theorem 32. It is consistent that there is a b-scale whose Dow space is
not Fréchet.

Proof. We start with a model of CH. Let D = {f, | « € w1} be a b-scale.
Define P = L(D) *Dw, where D, denotes the finite-support iteration of
Hechler forcing of length wy. Let G C P be a generic filter. We will prove
that in V' [G] there exists a non-Fréchet b-scale.

We go to V[G]. Let A = Agen \ {0}, where Agen is the range of the
generic real of L (D) . By Lemma 31 and the strong preservation of w-hitting
of Hechler forcing, we know that in (D) the set A is dense and does not
contain converging sequences to (). Of course, D is no longer a b-scale (it is
bounded). Let B ={f, | @ € w2} be a b-scale extending D such that f,, is
dominating over V' [A]. We will prove that B is not Fréchet.

Claim 33. (1) D(B) = 0 € A.
(2) D(B) = A does not contain a convergent sequence to ().

The second point is easy. Since A does not contain a convergent sequence
to () in D(D), then it cannot contain one in D(B) (every open set in D (D)
is open in D(B)). We now prove the first point. The argument is similar to
the proof of Theorem 28.

For convenience, denote U, = U(f,) for @ < wo. Let U be the set of
all () Uy for F € [w]=¥. Evidently, every element of I is an open set in

ack
D (D).

Subclaim. Let W € Y. The set ((n)) N W N A is not empty for almost
all n € w.

Indeed, if n is such that ((n)) "W # 0 (which are almost all n € w), since
D (D) E A is dense, it follows that ((n)) "W N A # (). This finishes the

proof of the subclaim.
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Given W € U, we can define gy € w* such that for every n € w, the
following holds:

(1) gw (n) =0if (n))NWNA=0.
(2) If ((n)) N W N A # 0, let gw (n) be the least natural number such
that (n)’\ Agw(n) NWNA#Q.

Note that if W € U, then gy € V [4]. It follows that gy (n) < f,, ((n))
for almost all n € w. We are in position to prove that D(B) E 0 €
A now. It is enough to prove that A intersects every set of the form
(WNUs N...NUq,, )y, where W € U, w1 < a1, < wo and k € w,
Find n € w with the following properties:

(1) gw (n) 0.
(2) gw (1) < for (1) < far ((2)) s f ()
(3) 1 fao (0) 0 fam ()
(4) k<n.
Since gy (n) # 0, there is s € (n)” Ay () VW N A. Tt follows by Lemma
22 that s € U,, for all i < m. Since s(0) = n > k, we have that s is in
AN (W A Usy Moo VU)o p - 0

Let us review the proof of the previous theorem. We started with a b-scale
D and forced with L(D). The proof actually shows that if we complete D to
a scale B in any w-hitting preserving extension such that the first element of
B\ D is dominating over V[Agen|, then B will not be Fréchet. Of course, this
does not need to be the case for every b-scale, so a more careful approach is
required in order to construct a model in which no b-scale is Fréchet.

We do not know whether there are Fréchet scales in the model of Theorem
32. In fact, we conjecture that the scale induced by the Hechler reals is
Fréchet, but we do not know how to prove it.

11. THERE MAY BE NO FRECHET b-SCALE

In this section, we will prove that it is consistent that no b-scale is Fréchet.
We follow the approach used in the model constructed in [33]. We will
perform a finite support iteration of forcings of the type L(D) for D a weak
b-scale. As in [33], we will need a diamond sequence in order to guess an
initial segment of a b-scale “at the right time”. By Lemma 31, its Laver
forcing will add Agen, a dense set containing no sequences that converge to
(). The main difficulty lies in proving that Agen still accumulate to (), even
after extending the b-scale. This is where our approach diverges from the
one taken in [33], where the algebraic structure is used, which is not available
in our setting. A completely different argument is required.

Definition 34. Let F be a filter on the countable set X, P an L (F)-name
for a partial order, and (Fy, | n € w) a sequence of L (F)-names of filters of
P such that L (F) IF“P= |J F,”. Let (p,u) € L(F)«P.

new
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(1) We say that (p, %) is suitable if there is n € w such that (p,4) IF 0 €
7.

(2) A type is a pair of the form (a,m) where a € X<¥ and m € w.

(3) We say that (p,u) is of type (a,m) if st(p) = a and p I+ “u € F,”.

(4) Let ¢ be a formula. We say that (a,m) prefers “p” if there is no
(q,0) of type (a,m) that forces the negation of p.

it follows that a condition is suitable if it has a type. Note that the set
of suitable conditions is dense. The following lemma is easy to verify.

Lemma 35. Let F be a filter on a countable set, P an L (F)-name for a
o-filtered forcing, (a,m) a type and ¢ a formula.

(1) If (p1,u1), ..., (Pn,0n) are of type (a,m), then there is (q,v) of type
(a,m) such that (q,0) < (p1,701), ..., (P, Un).

(2) If (a,m) prefers “0” and (p, ) is of type (a, m) , then there is (q,0) <
(p, ) such that (gq,0) Ik “p”.

(3) If (p,u) is of type (a,m) and (a,m) does not prefer “p”, then there
is (q,0) < (p, ) of type (a,m) that forces the negation of .

Note that in the second point above, (¢,?) may not be of type (a,m).
Another very important property is the following:

Lemma 36 (Pure Preference Property). Let F be a filter on a countable set,
P an L (F)-name for a o-filtered forcing, X a finite set and y an L (F) P-
name for an element of X. For every type (a,m), there is z € X such that
(a,m) prefers “g=z".

Proof. Assume this is not the case, so for every z € X there is (p,, ) of
type (a,m) such that (p,,u.) IF“y # 2”. Find (¢, v) that extends (p,, ) for
every z € X. It follows that (¢,v) IF“y ¢ X7, which is a contradiction. [

We will be working with forcings of the type L(B) * P, where B is a weak
b-scale. The elements of IL(B) are subtrees of (w<*)<“ that branch into
subsets of w<“. For the convenience of the reader, we adopt the following
notational conventions:

(1) Elements of w<* will be denoted by s,t and z.

(2) Elements of (w<“)~* will be denoted by a,b and c.

(3) Elements of L(B) will be denoted by p, ¢ and r.

(4) Names for elements of P will be denoted by @, and .

Accordingly, if p € L(B), then a typical element of p will be denoted by
a,b or ¢ and a typical element of suc, (a) will be denoted by s, or z.

Proposition 37. Let B a weak b-scale that is dominating and Fréchet, P
an L (B)-name for a o-filtered forcing and gy, ..., gm be L(B) * P-names for
functions from w<¥ to w that are dominating. For every U € NJD)(B) (@), we
have that: ‘ _

LB)«PI-UNU(g1) N .. NU(gm) N Agen \ {0} # 07
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Proof. We proceed by contradiction. Assume there is a condition (p,u)
forcing that the intersection is empty. For convenience, we may assume
that if a € P extends the stem, then () ¢ sucy (a) and the range of a and
sucg (a) are disjoint. Let ¢ be the name of the function from w<*“ to w such
that g (s) = min{g1 (s),..., gm (s)}. It is easy to see that ¢ is forced to be
dominating over V. We may assume there is m € w such that:
(1) (@) IF4g1 (D), ..., gm (0) <M.
(2) If kK > 7, then (k) € U.
Let a € p and n € w. We define the following:
(1) I(a,n) =min{k >7n | a C Ak} +n.
(2) M (a,n) is the set of all s € w<* for which there is k € w such that
(a,n) prefers “g(s) < k”.
(3) We say (a,n) is ugly if M (a,n) \ DNy p)-
(4) Let (p,u) < (p,u). We say that (a,n) can be realized below (p,u) if
there is (¢,0) < (p,u) of type (a,n).
Intuitively, M (a,n) is the collection of all s € w<¥ such that (a,n) can
bound ¢ (s) (in term of preference) and a type is ugly if it can bound some-
thing that is “very far away”. We now have the following:

Claim 38. There is (p,4) < (p,u) such that no ugly type is realized below
(p; ).

For every s € w<%, define X (s) as the set of all types (a,n) such that
s € M (a,n)\ Nyq,n)- In other words, X (s) is the set of all types (a,n) such
that s testifies that (a,n) is ugly. Note that X (s) is a finite set. This is
simply because s is in Ay, ) for almost all types (a,n). We can then define
h :ws¥Y — w such that if s € w<¥ and (a,n) € X (s), then (a,n) prefers
“g(s) < h(s)” (in case X (s) = (), we can simply take h (s) = 0).

Since ¢ is forced to be a dominating real, there are k € w and (p,4) <
(p,w) such that (p,u) IF“h <j ¢” and st(p) € Ar. We claim that (p, )
is as desired. If this was not true, then there is an ugly type (a,n) that
can be realized below (p,w). Let (¢,0) < (p,4) that is of type (a,n). Since
st(q) € Ay (because st(p) C st(q)), it follows that I (a,n) > k. Since (a,n)
is an ugly type, we know that there is s € M (a,n) \ &y(qn). Since (a,n) €
X (s), it follows that (a,n) prefers “g(s) < h(s)”. In this way, we can find
(rya) < (g,v) such that (r,w) IF“g(s) < h(s)”. But this is a contradiction
since s ¢ Ay (recall that [(a,n) > k and s is not even in Aq,) and
(p, 1) IF¢h <) ¢”. This finishes the proof of the claim.

Fix (p,u) < (p,w) such that no ugly type is realized below it. For sim-
plicity, we will assume that st(p) = (). The argument for the general case is
essentially the same, only requiring much more notation. Let T be the set
of all types that can be realized below (p,4). For every type (a,n) € T, fix
a condition (p (a,n),w (a,n)) < (p,a) of type (a,n). Note that the stem of
p(a,n)is a.

We record some properties of T. For every (a,n) € T, the following holds:
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(1) a €p.

(2) If b € pn) and a C b, then (b,n) € T. In particular, if 2z €
SUCp(a,n) (a) then (a™z,n) € T.

(3) If ¢ < p(a,n), then (st(q),n) € T.

We now have the following:

Claim 39. For every (a,n) € T and z € sucyqn) (@) N Usj(qn) there is
i(z,a,n) such that:
(1) i(z,a,n) < |z|.
(2) There is j < m such that (a™z,n) prefers
“gi(z 1i(2z,a,n)) = 2(i(z,a,n))”. In particular, (a™z,n) prefers
“4(2 Ti(z,a,n)) < z(i(z,a,n))”.
Let ¢ = p(a, n)aﬁ(z) (in other words, ¢ is the tree obtained by adding z

to the stem of p(a,n)). Note that ¢ IF“2 € Agen NU”. Since U NU(g1) N
~NU(gm) N Agen \ {0} is forced to be empty, Lemma 21 implies that:

(¢, 0 (a,n)) =35, k(g;(z T k) = 2(K))”.
We can now use the Pure Preference Property to find the exact j and k.
This finishes the proof of the claim.

Let (a,n) € T. Define the following items:

(1) Wa,n) ={z li(z,a,n) | 2 € sucy(gn) (@) N Usj(an)}-

(2) For every s € W (a,n), denote

Exts(a,n) = {2 € sucyan) (@) NUsian) | s =2 [1i(2,a,n)}.

We will now prove the following claim:

Claim 40. Let (a,n) € T and s € W (a,n). The following holds:
(1) s # 0 and s(0) > (a,n).
(2) W (a,n) is infinite.
(3) D(B) E Exts (a,n) is nowhere dense.

We prove the first point. Pick any z € Ext, (a,n) . It follows by definition
that 2z (0) > [ (a,n). In order to prove that s # () and s(0) > [ (a,n), it is
enough to show that i(z,a,n) # 0. If it was the case that i (z,a,n) = 0,
then we would have that (a™z,n) prefers “g;(0) = 2 (0)” for some j < m.
It follows that (a™z,n) prefers “g;(0) > m”, which is impossible (see the
properties of 7 at the beginning of the proof).

We now prove the second point. Choose any k > [ (a, ) Since sucy, (a)
is dense, we can find 2 € sucy, (a) N Usj(q,n) with 2 (0) = k. The conclusion
follows by the first point of the claim.

It is time to prove the third point. Let W C w<“ be a non-empty open
set. We need to find a non-empty open set U C W that is disjoint with
Exts(a,n). If W N (s) # 0, then this is a non-empty set disjoint with
Exts (a,n), since this set is contained in (s). Moreover, we may assume
there is t € w<* such that s C ¢t and W C (t) (since W C (s), thereist D s
such that ¢ € W, we then change W for W N (t)).
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By the first point of the claim, we know that s ¢ A ,). Since (a,n)
is not ugly, it follows that (a,n) does not prefer “g(s) < t(|s])”. By
Lemma 35, we can find (¢,?) < (p(a,n),u(a,n)) of type (a,n) such that
(g,0) IF<g(s) > t(|s])”. We may assume that suc,(a) is an open dense
subset of D(B). We claim that U = Wn suc, (a) (which is non-empty) is
disjoint with Exts (a,n). Assume there is z € U N Ext, (a,n). We have the
following:

(1) s Ct C z (recall that W C (t)).

(2) z | i(z,a,n) = s (z € Exts(a,n)). In this way, there is j < m
such that (a™z,n) prefers “g; (s) = z(|s|) = t(|s|)”. In particular,
(a™z,n) prefers “g(s) <t (|s|)”.

Let (r,2) < (g, 0) such that (r,z) IF“g(s) <t (|s|)”. But this is impossible
since (g,0) IF“g(s) > t(|s|)”. This finishes the proof of the claim.

We need another claim:

Claim 41. Let (a,n) € T. There is higyn) : W(a,n) — w<“ with the
following properties:

(1) han) (s) € Exts(a,n) (sos S hpy(s))

(2) im(hgn)) € nwd(D(B))".

Take an enumeration W, ) = {s; | i € w} (recall that this set is infinite).
Define Ny = Extg, (a,n) and N;+1 = Exts, (a,n)\ NoU...UN,. It follows that
{Ni | i € w} is a partition of suc,(,,,) (@) N Usy(q,n) into nowhere dense sets.
Since D(B) is Fréchet, Proposition 11 implies that there is Z C suc,, n) (a)N
Usi(a,n) that is not nowhere dense such that |Z N Ni| < 1 for every k € w
(we could make sure that |Z N Ni| = 1 whenever Nj # ) if we wanted). We
can now define h,,y : W(a,n) — w<* as follows: For s; € W (a,n), if
ZON; # 0, let hgn) (s;) be the only point in Z N N;. In case ZNN; = (), let
h(an) (si) be any element of Exts(a,n). It follows that im(h((w)) contains
Z, so it is not nowhere dense. This finishes the proof of the claim.

Let (a,n) € T. We now define the function A, : W (a,n) — w=* given
by hian) (5) = Ram) (s) (|s]) (this is possible because s C h, ) (s)). Note
that if s € W (a,n), then we have the following:

(1) h(a,n) (S) € SUCp(qa,n) (CL) N U>l(a,n)f*nd s G h(a,n) (S) :
(2) (a’/\h(a,n) (5) 7n) prefers “L('](S) < h(a,n) (S)”
(this is because h, ) () [ [s] = s).
Since {h(q,n) | (a,n) € T} is a countable set and B is a dominating family,

there is f € B such that E(a’n) <* f for every (a,n) € T. Recall that ¢ is
forced to be a dominating real. We can find a suitable (¢,7) < (p,%) and
k € w such that (¢,v) IF“f <i ¢”. Let (a,n) be the type of (¢,7). We may
assume that k <1 (a,n).

Claim 42. There is s € W (a,n) with the following properties:
(1) han) (s) € sucy (a).
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(2) (q,0) IFf (s) <g(s)”.

(3) h(a,n) (S) < f (8)

Since im(h(q,n)) € nwd(D(B))", it follows that im(h(, ) N sucy (a) is in-
finite. Moreover, we know that () <* f, so we can find s € W (a,n) such
that hgn) (s) € sucy (@) and h(g ) (s) < f (s). Since s (0) > 1 (a,n), we con-
clude that s ¢ Ay (recall that k < [ (a,n)). It follows that (q,0) IF“f (s) <
g (s)”. This finishes the proof of the claim.

We can now finish the proof. Let s € W (a,n) as above and z = h(, ).

Since (a”z,n) prefers “g(s) < h(qp) (s)”, there is (r,w) < (g, 0) such that
(r,w) IF4g(s) < higny(s)”. It follows that (r,w) IF“g(s) < f(s)”. But this
is a contradiction because (¢,v) IF“f <; ¢”. O

Let Sy, (w2) = {a < wa | cof () = wr }. Recall the following principle:
O(Sw, (w2)) There is {Dy | @ € S, (w2)} such that D, C « for
all « € S,,, (w2) with the property that for every
X € wo, the set {a | X Naw = D, } is stationary.

A sequence as above is called a O(S,,, (w2))-sequence. It is well known that
O(Sw, (w2)) holds in the constructible universe of Godel (see [38] or [11]).
We can now prove the main theorem of the section, which was inspired in
the proof of the main theorem of [33].

Theorem 43. It is consistent that no b-scale is Fréchet.

Proof. We start with a model of CH + O(S,,, (w2)). Let {Dq, | @ € Sy, (w2)}
be a O(S,,, (w2))-sequence. Let us construct a finite support iteration
(Pyg, Q. | & < we) such that for every av < wa, the following holds:
(1) If @ € S, (w2) and D, codes a Py-name for a b-scale B, that is
dominating and Fréchet, we let Q, be a P,-name for L(,).
(2) If « is not as above, let Qq be a P,-name for Hechler forcing.

It follows that P,, is a c.c.c. forcing that preserves w-hitting families.
Since at every step we add a dominating real, it follows that P,,, IF“b =0 =¢ =
wy” and by the preservation of w-hitting families, P, forces that there are
no towers of length wy (see [4] for more details). Proposition 6 implies that
P, forces that every b-scale is a dominating family.

Let G C P, be a generic filter. We shall prove that there are no Fréchet
b-scales in V [G]. Aiming towards a contradiction, assume that there is a
Fréchet b-scale B € V [G]. By a standard closing off argument, there is a set
C C S, (wz2) which is a club relative to S, (w2) such that if « € C, then
V' [Ga] E B, is a dominating Fréchet weak b-scale, where G, = GNP, and
B, =BNVI[G,].

It follows that there is a € C such that D, codes B, . In this way, we have

that Pot1 = P xL(B,,). Let Agen € V [Ga41] be the image of the generic

real added by L(B,).
Claim 44. D(B) |= Agen accumulates to O (in V [G]).
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It is enough to prove that for every U € V [G,] basic open set of (§ and
g1,y gm € B\ B, it is the case that UNU(§1)N... U (G ) N Agen \ {0} # 0.
Note that since V' [G4] = By is a dominating family and g1, ..., gm € B\ B,,
then they are dominating over V [G,]|. Let 5 > « such that gi,...,gm €
V[Gg].

We go to V' [G,] . Let B be the Boolean completion of the quotient Ps /Gl
Propositions 14 and 15 imply that B is o-filtered. Proposition 37 implies
that UNU(g1) N ... NU(gm) N Agen \ {0} # 0.

Claim 45. D(B) |= Agen does not contain a sequence converging to () (in

via).

Let Y be an infinite subset of Agen. Since Ins,) (0) | Agen is an w-hitting
ideal, there is B € Ips_) () such that ¥ N B is infinite. Let U be a basic
neighborhood of () (in D(B,,)) such that BN U = (. It follows that U \ Y is
infinite. Since U is still an open set in ID(B), the result follows. O

12. THE CATEGORY DICHOTOMY FOR DEFINABLE IDEALS

In [30] the third author proved that if Z is a Borel ideal, then either
T <k nwd or there is X € Z7 such that £D <k Z | X. This statement
is known as the Category Dichotomy.* It is natural to ask for which other
classes of ideals the Category Dichotomy can be extended. The article [16]
contains many results in this direction. Here we are interested in how far
the dichotomy can hold within the projective hierarchy. Using results from
the previous sections, we will provide (consistently) a new example of an
ideal that does not satisfy the Category Dichotomy with the least possible
complexity.

In [25] the second author and Navarro proved that the Category Di-
chotomy holds for analytic ideals, as well as for all ideals in the Solovay
model. We will now prove that the dichotomy also holds for co-analytic
ideals.

Let Z be an ideal on a countable set. The game Gcat(Z) (which was first
played by Laflamme, see [46] and [47]) is played in the following way:

I | A A o | Ao
[l bo b1 by,

The game lasts w rounds. In round n, Player | plays A,, € Z and Player I
responds with b, ¢ A,,. Player Il wins the game if the {b, | n € w} € ZT. In
this game and the one below, Player | will be a man and Player Il a woman.
In the proof of [30, Theorem 3.1], the third author obtained the following
result.

Proposition 46 (H. [30]). Let Z be an ideal on w.

4Note that the two alternatives of the Category Dichotomy are not mutually exclusive,
so it is not a dichotomy in the traditional sense.
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(1) If for every X € T, the Player |l has a winning strategy in Gear(Z |
X), then T <k nwd.

(2) If Player | has a winning strategy in Gcar(Z), then there is X € I
such that ED <x T | X.

The following is a trivial consequence of this last proposition:

Corollary 47. Let I' be a class of ideals such that if T € T and X € I,
then T | X € T'. If for every Z € T the game Gcar(Z) is determined, then
every ideal in I satisfies the Category Dichotomy.

In [45] the fourth author and Sabok defined an “unfolded” version of
the previous game, which we will now review. We need to introduce some
notation:

(1) Let R be the set of all functions f : w — w U {—1} such that
f(n) < nfor all n € w and the set {n | f (n) # —1} is infinite.

(2) Let f € R. Define f : w —» w as the function obtained in the follow-
ing way: enumerate {n | f (n) # —1} = {n; | i € w} in an increasing
way and let f (i) = f (n;).

Intuitively, if we imagine f € R as an infinite sequence of elements from
wU{—1}, then f is the sequence obtained by deleting all the occurrences
of —1 and then “compressing” to get rid of the empty spaces.

Let Z be an ideal on a countable set and F' : w* — ZT any function.
The game Hcat(Z, F) is played in the following way:

I | Ag Ay v | A
Il (bo, mo) (b1,m1) (bn, M)

The game lasts w rounds. In round n, Player | plays A,, € Z and Player
[l responds with (b, m,,) such that b, ¢ A, and m,, € nU{—1} (intuitively,
m, = —1 can be interpreted as Player Il refraining from making a move).
Player Il wins the game if the following conditions are met:

(1) The set {n | m, # —1} is infinite.
(2) F(g) = {bn | n € w}, where g : w — w U {—1} is the function such
that g (n) = my,.

Note that if Player Il was the winner of the game, then {b,, | n € w} € ™.
The first point of the following proposition was proved by the fourth author
and Sabok as part of the proof of Theorem 1.6 of [45]. We provide a proof
for completeness, but first we introduce some more notation. Let n € w.
Define T), as the set of all ¢ : n — n U {—1} such that ¢ (i) < ¢ for all
1 < n. Note that each T}, is a finite set. Let s € w™ and t € T,,. Define
sxkt:n— wx (wU{=1}) given by (sx*t) (i) = (s(i),t()).

Proposition 48 (K., Sabok [45]). Let Z be a co-analytic ideal on w and
F:w¥ — I a continuous surjection’.

5Note that the existence of such function is guaranteed by the fact that Z is co-analytic.
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(1) If Player | has a winning strategy in Hcat(Z, F'), then he has a win-
ning strateqy in Gear(Z).

(2) If Player Il has a winning strategy in Hcar(Z, F), then she has a
winning strategqy in Gear(Z).

Proof. Let o : (w x (wU{=1}))<Y — T be a a winning strategy for the
Player | in the game Hcat(Z, F'). We will use o to define a strategy m :
w<¥ — T for him in the game Gcat(Z). Both games start with 7 (0) =
o (0). Assume we are at round n + 1 and Player | has to make a move (in
Gcat(Z)) after Player 1l played s € w1, Player | plays (in Gcat(Z)) the set

m(s) = U o(sxt) € Z. We claim that this is a winning strategy for
teTn+1

Player | in Gcat(Z).

Assume this is not the case, so there is a run of the game Gcat(Z) where
Player | followed 7, but Player Il was declared the winner. Let (b;);c,,
be the sequence played by Player Il. Since she was the winner, we know
that Y = {b; | i € w} € Z7. Recall F is onto, so Y is in the range of F.
Moreover, we can find g € R such that F(g) = Y. Consider the run of the
game Hcat(Z, F') where Player | followed o and Player Il played (b,,g(n))
at round n. This is a valid run of the game since for every n € w, it is the
case that g(n) € nU {—1} and o ((bo,g(0)),...,(by,g(n))) is contained in
7 (bo, ..., bp) , 80 byt is not in o ((bp, g (0)), ..., (by g (n))) (it is not even in
7 (bg, ..., bp) , which is bigger). It follows that Player Il won the game, but
this was impossible since o was a winning strategy.

We now prove the second part of the proposition. Player Il can easily win
Gcat(Z) by playing the first coordinates of her winning strategy of Heat(Z, F).

O

We now prove the determinacy of these games for co-analytic ideals.

Proposition 49. Let T be a co-analytic ideal on w and F : w¥ — IT a
continuous surjection. The games Hca(Z, F') and Gear(Z) are determined.

Proof. By Proposition 48, the determinacy of Hcat(Z, F') implies the deter-
minacy of Gcat(Z). We now show that Heat(Z, F') is determined. By Martin’s
Determinacy Theorem for Borel games (see [40]), it is enough to prove that
{(B,g)|ge RANF(9) =B} C P(w) x (wU{—1})” (the winning set for
Player Il) is Borel. This is easy: membership in R is G5 while the condition
F (g) = B is closed by the continuity of F. O

Since the restriction of a co-analytic ideal is also co-analytic, by Proposi-
tion 49 and 47, we obtain the following:

Theorem 50. Every co-analytic ideal satisfies the Category Dichotomy.

How far can the Category Dichotomy be extended? If we assume suitable
determinacy axioms or instances of the Closed-sets Covering Property (see
[55], [12] and [25]), we can extend the Category Dichotomy throughout the
entire Projective Hierarchy. However, just in ZFC, the class of analytic and
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co-analytic ideals is the highest we can go, since it is consistent that the
Category Dichotomy fails for A} ideals.

We were able to find two consistent examples of A} ideals in the literature
for which the Category Dichotomy fails:

(1) The ideal generated by a co-analytic tight MAD family. In [6], Bergfalk,
Fischer and Switzer proved that V' = L implies that there is a co-
analytic tight MAD family. The ideal generated by such family is a
A} ideal and can not satisfy the Category Dichotomy (see Proposi-
tion 24 of [16]).

(2) The dual of a Ay Ramsey ultrafilter. In [54, Theorem 5.1], Schilhan
proved that it is consistent that there is a Al Ramsey ultrafilter.
The dual of such ultrafilter cannot satisfy the Category Dichotomy
(see [16, Proposition 23]).

We will now provide a new example of a A} ideal for which the Category
Dichotomy fails using Dow spaces. The following is [16, Theorem 45]:

Theorem 51 (Dow, F., G., H. [16]). If X is a topological space with the
following properties:

(1) X is countable.

(2) X is zero dimensional.

(3) X is Fréchet.

(4) X has uncountable w-character everywhere.

Then nwd(X) does not satisfy the Category Dichotomy.

It follows that if B is a Fréchet b-scale, then the ideal nwd(ID(B)) does not
satisfy the Category Dichotomy. We now prove the following:

Theorem 52. If V = L, then there exists a Fréchet b-scale B such that
nwd (D(B)) is a A} ideal.

The following lemma is used in the proof of the preceding theorem.

Lemma 53. Let (X,7) be a countable topological space, and suppose that
% is a co-analytic basis for . Then the topology T is ¥}, and the ideal
nwd(X,7) is Al.

Proof. As 9 is co-analytic, for each s € X the set
X;={ACX:s€A - WUecB(scUANUCA)}
is X3. Moreover, for any A C X
AeT <= Vse X (A€ X,).

Therefore 7 belongs to X1, as it is a countable intersection of 1 sets.
Recall that Al denotes the class 3 NII13. We first show that nwd (X, 7) is
a IT3 subset of 2(X). To that end, it suffices to verify that its complement

nwd(X,7)" = 2(X) \ nwd(X,7)
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is X3, This follows from the following equivalence:
Acnwd(X,7)T <= 30 e B\{D}VW e B\{0} (VU —-VNA#D)

which defines a ¥} condition under the assumption that % is co-analytic.
Since the complement of a 33 set is a I} set, the result follows.

On the other hand, we show that nwd(X, ) is also a X} subset of Z(X).
We begin with the case of closed nowhere dense sets. Let nwd(X, 7) denote
the family of closed nowhere dense subsets of X. We claim that nwd(X, 7)
is ¥3. Indeed, a set F' C X is closed and nowhere dense if and only if its
complement X \ F' is a dense open set. Equivalently,

Fenwd(X,7) < X\Fer AVUe€ZB\{0}(UN(X\F)#0).

Since the topology 7 is X3 and 4 is a co-analytic, the universal quantification
over B\ {0} defines a co-analytic set. Therefore, the conjunction above is
Y1, and it follows that nwd(X, 1) is ©3.

Now, we consider the general case. A subset A C X is nowhere dense if
and only if it is contained in some closed nowhere dense set. That is,

Aenwd(X,7) <= JF enwd(X,7) (AC F)
from which follows that nwd(X, ) is also a X3 subset of Z(X). O

Proof of Theorem 52. By Lemma 53, it suffices to construct a Fréchet b-
scale such that the topology 75 admits a co-analytic basis. Note that by
Theorem 28, V' = L implies that all b-scales are Fréchet.

Claim 54. V = L implies that there is a co-analytic b-scale.
Proof. Consider

FC (w“’< ) X W™ % W
defined by declaring that (A, g, f) € F if and only if the following conditions
hold:

(1) f is increasing from w<* to w, that is, for s,t € w<* and i,j € w:
o If s C ¢, then f(s) < f(¢), and
o If i < j, then f(s7i) < f(s77).

(2) For every h € ran(A) we have h <* f.

(3) g<*f.

(4) f(0) > g(0).

Note that F' is Borel, since it is defined as a finite conjunction of Borel

<w

W) W w .
conditions. Moreover, for every (A4, g) € (w“< ) X W™ , the section

Flag = {f cw™ . (A,g,f) € F}

is cofinal in the Turing degrees®.

6We refer to elements of 2 w®, or W™ collectively as reals. For x and y reals, we
say x is Turing reducible to y, denoted by z <t y, if there exists an oracle Turing machine
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We will prove this for A countably infinite. The argument for A finite is
essentially the same. Fix {h; : i € w} an enumeration of A, and an arbitrary
real y € 2¥. We construct a function f € F4 ) such that y <r f.

First, define a function fo € F 4 4) by recursion on w<*. For each s € w<*,
choose fy(s) so large that:

(1) If t C s, then fo(t) < fo(s),
(2) If i < j, then fo(s7i) < fo(s77), and
(3) fo(s) > max {h;(s) : i < [s[} + g(s),
Since only finitely many inequalities must be satisfied at each stage, this

construction is possible.
Now, we code y along the branch (0), (0,0),.... Define f by

(s) 2fo(s) +1 if s is not of the form (0™) for any n,
S) =
2f0({(0™)) + y(n) if s = (0™) for some n,

where (0") denotes the sequence of n many zeros. Note that f € F4 4 and
y is computable from f since for each n,

y(n) = f({0")) mod 2,

and the parity of f at these nodes can be obtained by an oracle Turing
machine with input f. Thus y <7 f, establishing that Fi, g is cofinal in
the Turing degrees.

Therefore, it follows from [59, Theorem 1.3.] that there exists a co-
analytic set that is compatible with F', that is, there is a co-analytic b-
scale (]

Now, let B = {f, : @ < w1} be a co-analytic b-scale. Note that by
construction, B is well-ordered by <*, that is, for any distinct f,g € B,
either f <* g or ¢ <* f. We shall prove that the topology 75 admits a
co-analytic basis #. We verify the following statements.

(1) The family U = {U(f) : f € B} is co-analytic.

Let ® : w*™" — 297 be the mapping defined by f — U(f). We
claim that ® is continuous. We need to show that the preimage of
any subbasic open set is open.

For s € w<¥, consider V; = {A C w<¥ : s € A} a subbasic open
set. Based on the definition of U(f), we have:

fed (Vi) &= seU(f) = vt Cs(f(t) #s(t]).

This preimage is a finite intersection of open sets:

oV = ({f €w™ : f(t) # s(t])}-

tCs

that computes x given y as an oracle. A set of reals A is cofinal in the Turing degrees if
for every x € 2“ there exists some y € A such that z <r y.
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Therefore, ®~1(V;) is open. Similarly, for the complement of the
subbasic open set:

FeRTUTNV = s ¢ U(f) < I Cs(f(t) = ().

This preimage is a finite union of open sets:

o2\ V) = [ J{f €™

tCs

f(t) = s([t])}

which is also open. Since the preimages of subbasic sets are open,
we conclude that ® is continuous. Moreover, ® is injective. Indeed,
let f,g € w*™" with f # g. For the minimal ¢ such that f(t) # g(t),
define s = ¢t f(t). Then s € U(g) \ U(f), so ®(f) # ®(g). By
Theorem 2.6 in [37], the injective continuous image of a co-analytic
set is co-analytic. Therefore, we conclude that U = {U(f) : f € B}
is co-analytic.

For each n € w, the following family is co-analytic

ur=< (U :CenB
feC

Let X = w“~" and consider the mapping &, : X" — 2%~ defined
by (f()a R :fn—l) — ﬂi<n U(fz)

First, we show that ®,, is continuous. For each j < n, let 7; :
X™ — X be the projection onto the j-th coordinate, and let & : X —
24~ be the continuous map f — U(f). Then the map ¢; = ® o7,
is continuous as a composition of continuous functions.

Note that ®,, is given by the finite intersection:

On(for-- s fam1) = () &5(for -+ 1)

i<n

Since the intersection of n elements in 2¥~° is a continuous opera-
tion, it follows that ®,, is continuous. Next, we establish that &,
is injective. Let A, B € X™ be distinct as sets. Let t € w<* be
a minimal node such that the sets of values V4 = {f(t) : f € A}
and Vg = {g(t) : ¢ € B} are distinct, say V4 \ Vg # 0. Suppose
ke Vy\Vp and let s = t"k. Thus s € ®,(B) \ ®,(A), so it
follows that ®,(A) # ®,(B). Finally, note that the product B"
is co-analytic in X". By Theorem 2.6 in [37], we conclude that

o, (B") = {mfeC U(f):Ce B"} is co-analytic.
The family U<¥ = {ﬂfec U(f):Ce B<”} is co-analytic.
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Since the family ¢/<“ can be expressed as the countable union of
the families U™ previously defined:

uv=\Ju=J{NUW:CceB"},

new new | feC

and each U™ is co-analytic, it follows that U <% is a co-analytic family.
For any finite sets A, B C w<%, the family

Xap=1{ (VUMD N0 [V(e)°: C e B

fecC s€EA sEB

is co-analytic.

Let Kap = (Nyeals)) N (Nsep(s)). Note that if Kap = 0,
then X4 p = {0}, which is a closed set and thus co-analytic. We
assume therefore that K4 p # (). In particular, we assume that A
and B are disjoint. Let W4 p : 29 5 29~ be the mapping defined
by W4 p(U) =UNKxp. The continuity of ¥, p follows from the
fact that the pre-image of any sub-basic open set, that is, for each
s € w<¥ the set Vs = {A Cw<¥:s € A} and its complement V£, is
either Vg, 0, V€, or 2"’@, all of which are open.

Let U<¥ be the co-analytic family of (3). We partition this family
into Uy = {U e U=¥ : UNKap = 0} and Uy = UY \ Upy. Note
that Uy = U N{U : UN Kap # 0} remains co-analytic, since
the condition UN K4 p # 0 defines an open set in 2“’@, and U<V is
co-analytic.

On the domain U, the mapping V4 p is injective. To see that,
consider Uy,Uy € Uy such that Uy # U. Let C1,Co € B<¥ be
such that Uy = ({U(f) : f € C1} and Uy = ({U(f) : f € Ca}.
Therefore, there is g € C1ACs and, without loss of generality, we
assume g € C; \ Co. Since B is a b-scale, there exists N € w such
that for all s € w<¥ with [s| > N, the value g(s) is distinct from
f(s) for every f € Cy. This implies that for any such s, if s € U
then the successor node s* = s7g(s) belongs to Us \ U;. Given
that Us N K 4 g is non-empty and the trees in U, possess an infinite
branching structure, there are infinitely many nodes s € Uy N K4 B
with |s| > N. For each such s, the successor s* remains within the
cones generated by A. Furthermore, the finiteness of B ensures that
we can choose at least one s such that s* = s7g(s) € K4 p. Thus,
U g(Ur) # Va,B(Us).

By Theorem 2.6 in [37], we conclude that U4 (U ) is co-analytic.
Since W 4 g(Uy) = {0} is a closed set, it follows that

XA,B = \I/A7B(U@) U \I/A7B(U+)

is co-analytic.
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(5) The family % generated by the cones (s) and co-cones (s)¢ for s €
w<¥, together with the trees U(f) for f € B, is co-analytic.
Note that for any U € W=

UeB < JA,Be [w|~¥ (U € Xap).
As each Xy p is co-analytic and the class of co-analytic sets is closed
under countable unions, it follows that £ is co-analytic.

This completes the proof that 75 admits a co-analytic basis.

13. OPEN QUESTIONS

In this final section, we present several open questions that we have been
unable to solve. We first restate Moore’s problem:

Problem 55 (Moore). Is there a countable, Fréchet, zero dimensional space
with m-weight exactly b?

In the paper, we proved that it is consistent that every b-scale is Fréchet
and also that none is. However, the following remains unsolved:

Problem 56. Is it consistent that there are Fréchet b-scales and a non-
Fréchet b-scales at the same time?

We conjecture that this happens in the model of Theorem 32.
Problem 57. Is there a Fréchet b-scale in the model of Theorem 327

We do not know much about the ideal nwd(ID (D)) in case D is not a
Fréchet b-scale.

Problem 58.

(1) Is it consistent that there is a b-scale D such that nwd(D (D)) satisfies
the Category Dichotomy?

(2) Is it consistent that for every b-scale D, the ideal nwd(D (D) ) satisfies
the Category Dichotomy?

Finally, the following problem may also be of interest.

Problem 59. How do the combinatorial properties of a scale reflect on the
topological properties of its Dow space and vice versa?
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