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ABSTRACT. We study ideal-based refinements of sequential compactness aris-
ing from the class FinBW(Z), consisting of topological spaces in which every
sequence admits a convergent subsequence indexed by a set outside a given
ideal Z. A central theme of this work is the existence of critical ideals whose
position in the Katétov order determines the relationship between a fixed class
of spaces and the corresponding FinBW(Z) classes. Building on earlier re-
sults characterizing several classical topological classes via such ideals, we ex-
tend this theory to a broader framework based on partition regular functions,
which unifies ordinary convergence with other non-classical convergence no-
tions such as IP- and Ramsey-type convergence. Furthermore, we investigate
the existence of critical ideals associated with function classes motivated by
Magzurkiewicz’s theorem on uniformly convergent subsequences.

1. INTRODUCTION

See Section 2 for notions and notations used in the introduction.

In recent years, various ideal-based refinements of classical convergence and
topological properties have been intensively studied. One such notion is the class
FinBW(Z) (associated to an ideal Z on w) which consists of all topological spaces
X having the property that for every sequence (z,)ne. in X there exists A ¢ T
such that the subsequence (z,,)nca is convergent in X ([14, Definition 1.1]). For
instance, FinBW(Fin) coincides with the class of all sequentially compact spaces,
where Fin is the ideal of all finite subsets of w.

A natural problem in this area is to determine whether a given class of topological
spaces can be characterized as a FinBW(Z) for a suitable ideal Z.

A particularly interesting question concerns the existence of a critical ideal Z¢
for a given class C of topological spaces with the following property: the position
of a given ideal J relative to Z¢ in the Katétov order determines the relationship
between the classes C and FinBW(7). Problems of this type have already been
investigated in the literature, see for instance [4], [14] and [16]. Some of these results
are as follows.

Theorem 1.1.

e Fin®Fin <x 7T <= FinBW(Z) coincides with the class of all finite spaces.
e The following conditions are equivalent.
(1) Bl <g T and Fin® Fin £k T.
(2) FInBW(Z) coincides with the class of all boring spaces.
o conv £xg I <= FinBW(Z) coincides with the class of all compact metric
spaces in the realm of metric spaces.
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The definition of FinBW(Z) is based on the notion of ordinary convergence.
However, there exist other types of convergence that fall outside this classical
framework. FExamples include convergences arising in ergodic theory and other
areas, for instance, IP-convergence (introduced by Furstenberg and Weiss [9]) and
R-convergence (considered in [1], [2] and [10]). Such convergences have been em-
ployed, for example, in [11], [12] and [13] to define some classes of topological spaces,
namely Hindman spaces and Ramsey spaces. In general, these forms of convergence
cannot be adequately described using the language of ordinary convergence alone.

More recently, in the paper [5], the authors introduced a unifying framework (par-
tition regular functions) which, in one formulation, can be interpreted in terms of
ordinary convergence, while simultaneously encompassing these other, non-ordinary
types of convergence.

Motivated by these developments, the aim of the present paper is to generalize
the results of Theorem 1.1 for partition regular functions. This task is addressed
in Sections 3, 4 and 6.

In the final section, we address the problem of identifying the critical ideal for
the class of functions possessing the property motivated by Mazurkiewicz’s theo-
rem [15], which states that every uniformly bounded sequence of continuous func-
tions has a uniformly convergent subsequence once restricted to some perfect set.

2. PRELIMINARIES

All topological spaces considered in the paper are assumed to be Hausdorff.

Recall that an ordinal number « is equal to the set of all ordinal numbers less
than «. In particular, the smallest infinite ordinal number w = {0,1,...} is equal
to the set of all natural numbers N, and each natural number n = {0,...,n — 1}
is equal to the set of all natural numbers less than n. Using this identification, we
can, for instance, write n € k instead of n < k, n < w instead of n € w, or ANn
instead of AN{0,1,...,n—1}.

We write [A]<“ to denote the family of all finite subsets of A, [A]“ to denote the
family of all infinite countable subsets of A and P(A) to denote the family of all
subsets of A. We say that A C [w]¥ is an almost disjoint family on w if AN B is
finite for any distinct A, B € A.

2.1. Ideals and partition regular functions. An ideal on a nonempty set X is
a family Z C P(X) that satisfies the following properties:

(1) eZ and X ¢ 7T;

(2) it A,B €T then AUB€ET;

(3) if AC B and B € 7 then A € T;

(4) Z contains all finite subsets of X.
For an ideal Z, we write Z% = {A C X : A ¢ Z} and call it the coideal of Z. Sets
belonging to ZT will be called Z-positive sets. An ideal Z is tall (also called dense)
if for every infinite A C X there is an infinite B € Z such that B C A.

Example 2.1.

(1) Fin is the ideal of all finite subsets of w.
(2) Fin? = Fin @ Fin is the ideal on w? = w x w defined by

AcFin® < JigcwVi>io(|{jcw: (i,j) € A} < w).

(3) Bl is the ideal on w® = w X w x w introduced in [14, Definition 4.1] and
defined by

A€Bl < Jigcw[Vi<io({(,k) €w?: (5,4, k) € A} € Fin®) A
Vi > o ({(j, k) € w?: (4,7, k) € A}| <w)].
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The ideal Bl is isomorphic to the ideal WT introduced in [3], where the
authors showed its connection with weakly tight almost disjoint families.

(4) conv is the ideal on @ N [0, 1] consisting of all subsets of Q N [0,1] which
can be covered by ranges of finitely many sequences in Q N [0, 1] which are
convergent in [0, 1].

Definition 2.2 ([5]). Let A and § be countable infinite sets. Let F be a nonempty
family of infinite subsets of Q such that F\ K € F for every F' € F and every finite
set K C . We say that a function p: F — [A]¥ is partition regular if it satisfies
the following conditions:

M): VE,FeF (ECF = p(E)Cp(F));

(R): VFE € FYABCA(p(F)=AUB = JE € F(p(E) C AV p(E) C B));
(S): VEe FAIF e F(FCEAVac€ p(F)3K € [Q<¥(a ¢ p(F\ K))).

The following proposition reveals relationships between partition regular func-
tions and ideals.

Proposition 2.3 ([5, Proposition 3.3]).
(1) If p: F — [A]“ is partition reqular thenZ, = {A C A :VF € F(p(F) € A)}
is an ideal on A.
(2) If T is an ideal on A then the function pr: It — [A]“ given by pr(A) = A
is partition reqular and L =1, .

The above proposition shows that every ideal can be coded using partition regular
functions, namely, for an ideal Z we have a partition regular function p = pz with
1 =17,. On the other hand, not every partition regular function can be coded using
ideals. For instance, FS # pz for any ideal Z ([5, Propositions 6.5 and 6.7]), where
the partition regular function FS : [w]* — [w]“ is given by

FS(D) ={do+---+dn:n €w,dy,...,d, € D,d; # djfor i # j},

and the ideal
H=TIrs ={ACw:VD € [w]”(FS(D) € A)}
is called the Hindman ideal [8, p. 109] (see also [11]).
A set F' € F has small accretions if p(F') \ p(F'\ K) € Z, for every finite set K.
We say that p has small accretions if for every E € F, there is F € F with ' C F
such that F' has small accretions.

2.2. P-like properties. In this section Z is an ideal on w, and p: F — [A]“ with
F C [ is a partition regular function.
We write:

e p € P~ (A) if for every decreasing sequence A = Ag O A; D ... such that
Ap \ Anq1 € I, for each n there exists F' € F such that for each n € w
there exists a finite set K with p(F \ K) C A,.

e p € P~ if for every decreasing sequence Ay O A; O ... such that Ag € Ip+
and A, \ An41 € Z, for each n there exists F' € F such that p(F) C Ay
and for each n € w there exists a finite set K with p(F\ K) C A,.

If pr € P~ (w) (pr € P~) then we write Z € P~ (w) (Z € P, respectively).
Thus, equivalently, Z € P~ (w) if for every decreasing sequence w = Ag D Ay D ...
such that A, \ A,4+1 € Z, for each n there exists B € Z" such that for each n € w
there exists a finite set K with B\ K C A,,. Similarly one can express Z € P~.

It is not difficult to show the following characterizations of P~-like properties
which we will sometimes used in the paper.

Proposition 2.4.
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(1) T € P~ (w) < for every partition {A, : n € w} of w such that A, € T
for each n, there exists B € I such that BN A, is finite for each n € w.

(2) pe P~(A) < for every partition {A, : n € w} of A such that A, € I,
for each n, there exists F' € F such that for each n € w there exists a finite
set K with p(F\ K)N A, = 0.

(8) T € P~ <= for every family {A, : n € w} of pairwise disjoint subsets
of w such that |J{A, : n € w} ¢ T and A, € T for each n, there exists
B CU{A, : n € w} such that B € Z" and BN A,, is finite for eachn € w.

(4) p € P~ <= for every family {A, : n € w} of pasrwise disjoint subsets of
A such that | J{A, : n € w} ¢ I, and A,, € I, for eachn, there exists F' € F
such that for each n € w there exists a finite set K with p(F\ K)NA,, = 0.

2.3. Katétov order. Let Z; and Zs be ideals on X and Y, respectively. We say
that Z; is above Iy in the Katétov order (in short: Zo <g Z;) if there exists a
function f: X — Y such that f[A] € Z; for each A € Z;'.

Let p;: F; — [A;]“ be partition regular with F; C [Q;]“ for each i = 1,2. We say
that py is above py in the Katétov order (in short: py <k p1) if there is a function
f: Ay — Ay such that

VF, € Fi3dF € FoVK, € [Ql]<w dK, € [QQ]<W (p2(F2 \Kg) - f[pl(Fl \ K1)])

We write ps =~k p1 if both po <k p1 and p; <k p2 hold.

2.4. Stronger sparseness of partition regular functions. In this section, we
present a strengthening of the property (S) from Definition 2.2 which will be re-
quired in some results of this paper.

Definition 2.5. Let p: F — [A]¥ with F C [Q]“ be a partition regular function.
We say that

(1) p € (1) if for every E € F there exists F' € F with F' C E such that for
every A € 7, there exists G € F with p(G) C p(F) \ A such that

VK €[5 3L €[] (p(G\ L) € p(F \ K));

(2) p € (Sy) if for every E € F there exists F' € F with F' C E such that for
every B ¢ I, with B C p(F) there exists G € F with p(G) C B such that

VK € [<3L € [Q]% (o(G\ L) C p(F \ K).

Proposition 2.6. Let p: F — [A]Y with F C [Q)¥ be a partition regular function.

(1) If p € (S2) then p € (S1).
(2) pz € (S2) for every ideal T.
(8) If p € P~ and has small accretions, then p € (S2).

Proof. (1) Take any E € F. Let F' € F be a witness for p € (S3). If A € Z, then
B =p(F)\ A¢7Z,, sothe set G from the definition of (S2) works for (S7).

(2) Take any E € ZT, put F' = E and fix any Z-positive subset B of E. Then
G = B works, as B\ K € Z" and B\ K C E'\ K for all finite sets K.

(3) Enumerate the set Q = {k; : ¢ € w} and define K,, = {k; : i < n}. Take any
E € F. Since p has small accretions, there exists some F' € F, F C FE such that
p(F)\ p(F\ K,) € I, for every n € w. Take B ¢ Z, with B C p(F') and define
A, = p(F\ K,,) N B for each n € w. Then, (4, )new is a decreasing sequence such
that A, \ A,11 € Z, and Ay ¢ Z,. Since p € P~ there exists a set G € F such that
p(G) C Ay and for every n € w there exists a finite set M,, with p(G \ M,,) C A,.
Then, p(G) C B and for every ¢ € w, we get that p(G \ M;) C p(F \ K;). O
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2.5. Some classes of topological spaces. A sequentially compact space X is
called boring ([14, Definition 3.21]) if there exists a finite set ' C X such that
each one-to-one sequence in X converges to some point of F. In case of infinite
Hausdorff spaces, X is boring if and only if it is a disjoint union of finitely many
one-point compactifications of discrete spaces.

For an ideal Z on w, we write FInBW(Z) to denote the class of all topological
spaces X such that for every sequence f: w — X there exists A € Z7 such that f |
A converges. We say that an ideal Z has the FinBW property if [0,1] € FinBW(Z).

For a partition regular function p: F — [A]“, we define FinBW(p) to be the
class of all topological spaces X such that for every sequence f: A — X there
exists F' € F such that f [ p(F) p-converges i.e. there exists z € X such that for
every neighborhood U of z there is a finite set K with f[p(F \ K)] C U.

3. CRITICAL p FOR THE CLASS OF ALL FINITE SPACES

Theorem 3.1. Let p : F — [A]“ be partition regular with F C [Q]¥. If p € (S1),
then the following conditions are equivalent:

(1) FinBW (p) coincides with the class of all finite spaces,
(2) w+1 ¢ FinBW(p), where the ordinal w + 1 is considered as a topological
space with the order topology,
(3) p ¢ P~ (M),
(4) prinz <K p-
The assumption p € (S1) is only used to prove the implication (3) = (4).

Proof. (1) <= (3) This is proved in [5, Theorem 10.5(3)].

(1) = (2) This is obvious.

(2) = (3) Let f: A = w+ 1 be a witness for w+ 1 ¢ FiInBW(p). We define
Ay = f7Y(a) for each o € w+ 1. Once, we show that the family {4, : o € w+ 1}
is a witness for p ¢ P~ (A), the proof will be finished. Observe that A, € Z, for
all @ € w+ 1 as otherwise we could find F' € F and o € w + 1 with p(F) C A,
such that f | p(F) would be constant, so p-convergent. Suppose for the sake of
contradiction that there is F' € F such that for each « there is a finite set K, with
p(F\ Ky) N Ay = 0. We claim that f | p(F) is p-convergent to the point w (and
that will finish the proof). Let U be a neighborhood of the point w. Then, there
isn € w with (n,w] CU. Then, K =J,,«,, K4 is finite and p(F\ K)N A, = 0 for
each a <n, so flp(F\ K)] CU.

(3) = (4) Since p ¢ P~(A), there exists a partition {4,, : n € w} of A such
that A, € Z, for each n € w and for every I’ € F there exists n € w such that
p(F\ L)NA,, # 0 for any finite set L. Let f: A — w? be an injective function such
that f[A,] C {n} x w for each n. Once we show that f is a witness for pg2 <k p,
the proof will be finished.

Take any F' € F. To finish the proof, we need to find B ¢ Fin? such that for
each finite K there is a finite L with B\ L C f[p(F \ K)].

Since p € (S1), there exists £ € F with £ C F such that for every A € Z, there
exists Hy € F with p(Ha) C p(E) \ A such that

VK € [ ILi.a € [0 (p(Ha \ Lic.a) € p(E \ K)).

Let Q = {k; : i € w} and K,, = {k; : i < n} for each n € w. We will construct
G € F, {d,: n € w} C A and n; € w by the induction on [ € w in such a way that
the following conditions are satisfied:

(1) Gi € Hy,_, a,, for each [,
(2) al, € p(Gi\ Lk, J,_, A,,) N An, for each [ and n,
(3) al, # al, for each [ and distinct n, k,

a<n
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(4) ny # ny, for distinct [, k.

Assume G; € F, {al, : n € w} C A and n; € w have already been constructed
for j < I. Since HU'i<lA”7’, € F, we can find G; € F such that G; C HU¢<1 A,
and for every a € p(G)) there is a finite set K with a ¢ p(G; \ K). Let n; be such
that p(G;\ L) N A,,, # 0 for every finite L. Note that n; # n; for all i < [ as
p(Gi\L) C p(Gi) C p(Hy,_, 4,,) € p(E) \U;<; An,. Now, we will inductively pick
elements al, for n € w. Suppose we have already chosen a! for i < n. For each

i < n, we can find a finite set M} such that al ¢ p(G;\ (LK U;zs An, UM}). Now
we pick any
ail ep (Gl \ <LKZ+"’U'L<LA"¢ U U Mf)) NA,,.
i<n

That ends the inductive construction.

Let B = {f(d}) : l,n € w}. Since f is injective and f(al)) € {n;} x w for each
I,n € w (by d, € A,,), we obtain that B N ({n;} x w) is infinite for each [ € w.
Thus, B ¢ Fin®. Let’s take any finite set K. Let jo be such that K C Kj,. Let
L ={f(a}):n,j < jo}. The set L is finite, so the proof will be finished once we
show that B\ L C f[p(F \ K)]. Take any f(a!,) € B\ L. Then, [ > jo or n > jo,
so [ +n > jo, and consequently we have

a, € p(Gi\ Lk, U, 4.,) S p(HY,_, 4., \ Ly U, An,)
C p(EN\ Kirn) € p(E\ Kjy) € p(F\ K),
so f(ay) € flp(F\ K)].

(4) = (1) It is easy to see that each finite space is FInBW (p) for every partition
regular function p. If pg2 <x p, then FinBW(p) C FinBW (pg;2) = FinBW (Fin?)
by [5, Theorem 11.1 and Proposition 10.2], and FinBW (Fin?) coincides with the
class of all finite spaces by [14, Theorem 6.5]. O

Corollary 3.2 ([14, Theorem 6.5 and Proposition 2.5]). Let Z be an ideal on w.
The following conditions are equivalent.

(1) FinBW(Z) coincides with the class of all finite spaces.

(2) T¢P ()

(3) Fin® <y T.
Proof. Take p = pz and apply Theorem 3.1 and [5, Propositions 6.5(2), 7.5(2b)
and 10.2(4)]. O

Question 3.3. Is there a partition regular function 7 such that the following con-
ditions are equivalent

(1) FinBW(p) coincides with the class of all finite spaces,

(2) n<kp
for every partition regular function p?

4. CRITICAL p FOR THE CLASS OF ALL BORING SPACES

First, we introduce a strengthening of the property P~ (A) which will be used to
characterize the class of all boring spaces.

Definition 4.1. Let p : F — [A]¥ be partition regular with F C [Q]“. We say that
(1) pe Py (A)if pe PT(A);
(2) p € Py (A) if for every partition {A;; : i,j € w} of A such that A4, ; € Z,
for each i, j € w there exists F' € F such that
(a) Vi, j 3K € [ (p(F\ K) N A ; = 0),
(b) Fig Vi > ig K € [Q]<°‘) (p(F \ K) N Uj<w Ai,j = @)
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It is not difficult to notice that p € Py (A) implies p € P, (A).

Theorem 4.2. Let p: F — [A]¥ be partition regular with F C [Q]*.
(1) If p € (S1) then

peI <Kk p = p& Py (A).

The assumption p € (S1) is only used to prove the implication “<= ".
(2) If p € (S2), then

p€ Py (A) < w?+1¢cFinBW(p),

where the ordinal w? + 1 is considered as a topological space with the order
topology. The assumption p € (S2) is only used to prove the implication
“ § 77'

Proof. (1, = ) Let f : A — w?® be a witness for pg; <x p. We define 4, ; =
JH{i} x {j} xw] for each i, j € w. Once we show that {4; ; : i,j € w} is a witness
for p ¢ Py (A), the proof will be finished.

First, we observe that {A4; ; : 4,7 € w} is a partition of A and A; ; € Z,, because
the function f is a witness for pg; <x p. Now, we take any F' € F. Since f is a
witness for pgr <k p, there exists G ¢ Bl such that for every finite K there is a
finite L with G\ L C f[p(F \ K)]. Since G ¢ Bl, we have two cases.

Case (1). {(j,k) : (i0,j,k) € G} ¢ Fin® for some i € w.

Then there exists jo such that D = {k : (i0,j0, k) € G} ¢ Fin. Once we show
that p(F \ K) N A, j, # 0 for any finite K, this case will be finished. Take any
finite K. Then, we can find a finite L with G\ L C f[p(F \ K)]. Since D is infinite,
we can find ko such that (ig,jo, ko) € G\ L. Then, (io, jo,ko) € flp(F \ K)], so
Aig g0 O p(F N K) 2 £ {(io, Jor ko) N p(F \ K) # 0.

Case (2). {(4, k) : (i,4,k) € G}| = w for infinitely many i € w.

Once we show that for every i there is ig > i such that p(F\ K)NJ;_,, Aig,; # 0
for every finite K, this case will be finished. Take any i € w. Then, there is ig > i
such that D = {(4,k) : (ig,j, k) € G} is infinite. Take any finite K. Then, we
can find a finite L with G\ L C f[p(F \ K)]. Since {ip} x D is infinite, we can
find (j()ak()) € D with (iOajOakO) € G\L Thena (i07j07k0) € f[p(F\K)]a SO
Uj o Aigg 0 p(F N K) 2 £ (o, jos ko) NN p(F \ K) 0.

(1, <) Let {A4;; :4,j € w} be a witness for p ¢ Py (A). Let f: A — w? be an
injective function such that f[A; ;] € {(4,7)} X w. Once we show that f is a witness
for pg1 < p, the proof will be finished. Take any F' € F. We will find G ¢ Bl
such that for every finite set K there exists a finite set L with G\ L C f[p(F \ K)].
Let E € F be such that E C F' and for every a € p(E) there exists a finite set K,
with a ¢ p(E \ K,). Since {A; ; : i,j € w} is a witness for p ¢ Py (A), we have the
following cases.

Case (1). For every i € w there is ig > i such that p(E'\ K) N U, Ai,,; # 0
for every finite K.

In this case, we can find a strictly increasing sequence (i,) such that for every
n € w and every finite K we have

p(E\K)N | Ai,j #0.
J<w

Let g : w — w be any function such that g=1({n}) is infinite for each n € w. Let
Q={m;:ie€w}and M, = {m,; : ¢ < n} for each n € w. Now, for each n € w we

pick any
an € p <E\ (U Ko, UMn>> N U Aty -

k<n Jj<w
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Let G = {f(an) : n € w}. Since a, are pairwise distinct and f is injective, we
obtain that G N ({ix} X w x w) is infinite for each n € w. Consequently, G ¢ BI.
Take any finite set K and let ¢ be such that K C M;. Let L = {f(a,) : n < i}.
Then, L is finite and for every f(a,) € G\ L we have

flan) € flp(E\ M;)] C flp(F\ K)J,

so G\ L C flp(F\ K)].
Case (2). Case (1) does not hold, and consequently there exist 7, such that
p(E\ K)NA;; # 0 for every finite set K.

Claim. There exists an infinite set {(i,,j,) : n € w} of pairs of integers such that
p(E\ K)NA;, j, # 0 for every n and every finite set K.

Proof of claim. Since p € (S7), there exists H € F with H C F such that for every
A € T, there exists P € F with p(P) C p(H) \ A such that for every finite set K
there exists a finite set L with p(P\ L) C p(H \ K). Since H C E, it is enough to
show the claim for the set H instead of E.

Now, we construct i, j, € w and P, € F such that for every n

(i) p(H\ K)N A, j, # 0 for every finite set K,
(i) p(Pn) € p(H) \U{Ai j, : 1 <n,

(iii) for every finite set K there exists a finite set L with p(P, \ L) C p(H \ K),

(iv) p(Pu\ K)NA;, gy, # 0 for every finite set K.

Since H C E and Case (1) does not hold for E, we find iy, jo such that p(H \
K) N A, j, # 0 for every finite set K. Since A, j, € Z,, there is Py € F which
satisfies items (ii) and (iii).

Now, suppose that i;, j; and P, have been constructed for [ < n. Since H C FE
and Case (1) does not hold for E, there is kg such that for every k > kg there is a
finite set K with p(H \ K)N{J{Ak,; : j € w} =0, so, by item (iii), there is a finite
set L with p(P, \ L) NJ{Ak; : j € w} = 0. Since {A;; : i,j € w} is a witness
for p ¢ P, (A), there are iny1,jnt1 such that p(P, \ K) N A;, ., j.., # 0 for every
finite set K. Since |J{A4;,,;, : | < n} € Z,, there is P11 € F which satisfies items
(ii) and (iii). This finishes the construction of i,, j, and P,.

Now, we notice that {(in, jn) : n € w} is infinite by items (ii) and (iv). To see that
the sequence (i, jn) is as required in the claim, suppose for the sake of contradiction
that there is n and a finite set K with p(H \ K)NA4;, ;. = 0. By item (i), we know
that n > 1, By item (iii), there is a finite set L with p(P,—1 \ L)NA4,;, ;, = 0 which
is a contradiction with item (iv). O

Now, the proof proceeds similarly to the proof of the previous case. However,
for the sake of completeness, we present it here with minor modifications. Let
g : w — w be any function such that g=!({n}) is infinite for each n € w. Let
Q={m;:i€w}tand M, ={m,; : i < n} for each n € w. Now, for each n € w we
pick any

an € p (E\ <U Kllk U Mn)) N Aig(n%jy(ﬂ)'

k<n

Let G = {f(an) : n € w}. Since a, are pairwise distinct and f is injective, we
obtain that G N ({(in,jn)} X w) is infinite for each n € w. We have two cases.

Case (a). If {i, : n € w} is finite, then there is ¢ such that C = {n : i, = i} is
infinite. Then, {j, : n € C} is infinite, so G N ({(i, )} X w) is infinite for every
n € C. Consequently, G ¢ BI.

Case (b). If {iy, : n € w} is infinite, then G N ({iy} X w X w) is infinite for each
n € w. Consequently, G ¢ BI.
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Take any finite set K and let ¢ be such that K C M;. Let L = {f(a,) : n < i}.
Then, L is finite and for every f(a,) € G\ L we have

flan) € flp(E\ M;)] C flp(F\ K)J,
s0 G\ L C flp(F\ K)].

(2, = ) Let f: A — w?+1. We need to find some F € F such that f | p(F) is
p-convergent. If there exists some o € w? + 1 with f~'(a) ¢ Z,, then there exists
F € F such that p(F) C f~(a), so f | p(F) is constant therefore p-convergent.
Now, we assume that f~!(a) € Z, for each & € w? + 1. Observe that if an ordinal
a € w? then there exists some i, k € w for which o = w4+ k. We define a partition
(Ai,k)i,kew of A by A()’O = f_l(O) Uf_l(OJQ) and Ai,k = f_l(w-i—i—k) if either k £ 0
or I #0. Then, A; € Z, for each i, k. Since p € P, (A), there exists E € F such
that

(1) Vi, k3K € [0]< (o(E\ K) 1 A = D),

(2) JigVi > ipgIK € [Q<Y (p(E\ K) NUjcy, Aik = 0).
Since p € (S2), there exists ' € F,F C E such that for every B ¢ Z, with
B C p(F) there exists G € F with p(G) C B such that

VK € [ 3L € [Q]< (o(G\ L) C p(F \ K).

Case (1). B = p(F) N U<y, Aio.k & L, for some ip € w.
Let G € F be such that p(G) C B and
VE € [Q]*3L € [~ (p(G\ L) € p(F \ K)).
We will show that f [ p(G) is p-convergent to w- (ip +1). Let U be a neighborhood
of w- (ig+1). Then, there exists ko such that [w-ig+ ko, w - (ig +1)] C U. For each
k < ko, we take a finite set K}, such that p(E\ Ky)NA;, r = 0. Since K = Uk<r, Kk
is finite, there exists a finite set L such that p(G \ L) C p(F'\ K). Then,

p(G\L)ﬂUAlokgp(F\K UAlokaE\K UAlok*Q)v
k<ko k<ko k<ko
so fl[p(G\ L) C [w-ig+ ko,w- (i0+1)] CU.
Case (2). p(F) N U<, Aix € Z, for every i € w.
For every i > io there is a finite set K; such that p(E\ K;) N, Ai; = 0.

Let
B=J <p(F) nJ AM>.

1>19 k<w
Since B ¢ 7, (as B = p(F) \ U;<;, (p(F) N Up<,, Aix)) and B C p(F), there is
G € F such that p(G) C B and
VE € [Q]=3L € [Q* (p(G\ L) € p(F \ K)).
We will show that f | p(G) is p-convergent to w?. Let U be the neighborhood
of w?. Then, there exists jo such that [w - jo,w?] C U. If jo < ig, then p(G) C
Uis i, Urcw Aiks 50 flp(G)] C [w - idg,w?] C [w - jo,w?] € U. Now, assume that

Jo = ip. Since K = Ui0<i<j0 K; is finite, there exists a finite set L such that

p(G\ L) C p(F\ K). Then,
FI(G\ L)) € flp(F\ K)] € flp(E\ K)]

cflpE\NK)N | UYAir|uf|pENE)N | | Ak

i9<i<jo k<w i>jo k<w

=0Uf|pE\K)NJ | 4| Clw-jow?’] CU.

1>j0 k<w
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(2, <= ) Take any partition {A; ; : i,j € w} of A such that A;; € Z, for each
i,j. Let f: A — w?+1 be a function such that f[A; ;] C {w-i+j} for every i, j.
Since w? + 1 € FinBW(p), there exists F' € F such that f | p(F) is p-convergent
to p € w? + 1. We have three cases.

Case (1). p = w?.

Take any ¢ € w. Then, U = (w - (i + 1),w?] is an open neighborhood of p, so
there is a finite K with f[p(F \ K)] C U. Thus, p(F\ K)N{J =0.

Case (2). p=w - i for some ig € w\ {0}.

Take any ¢ # i9 — 1 and j € w. Then, U = (w- (ig — 1) 4+ j,w - ig] is an
open neighborhood of p, so there is a finite K with f[p(F \ K)] € U. Thus,

(F\K)QU]<UJ i, :(D and p(F\K)ﬂAiO_Lj 2@

Case (8). p=0or p=w-ig+ jo for some iy € w and jo € w\ {0}.

In this case, U = {p} is an open neighborhood of p, so there is a finite K
with flp(F\ K)] CU. If p = 0 we obtain p(F \ K) C Ago, so Apo ¢ Z,, a
contradiction. Similarly, if p = w - ig + jo for some iy € w and jy € w\ {0}, we
obtain p(F \ K) C A;, j,, 50 Aiy 4, ¢ Z,, again a contradiction. O

J<w

Recall that a sequentially compact space X is called boring ([14, Definition 3.21])
if there exists a finite set F' C X such that each one-to-one sequence in X converges
to some point of F.

Theorem 4.3. Let p : F — [A]¥ be partition regular. If p € (S2), then the following
conditions are equivalent.

(1) pei <Kk p and pginz LK p-

(2) p€ Py (A) and p ¢ Py (A).

(3) FinBW (p) coincides with the class of all boring spaces.

Proof. (1) <= (2) It follows from Theorems 3.1 and 4.2.

(2) = (3) First, we show that no unboring space is in FinBW(p). Let X be
an unboring space. Then, using [14, Proposition 3.2], we can pick distinct points
x; € X for i € A and injective sequences (z;;)jea that are convergent to w;,
respectively. Since p ¢ P, (A), there exists a partition (A; ;)i jew of A witnessing
the lack of Py (A). Define a function f: A — w? by f(\) = (i,) for each X € 4; ;
and a function g : A — X by g(\) = x(»). Suppose for the sake of contradiction
that there exists some F' € F such that g | p(F') is p-convergent to some p € X.
Since p ¢ Py (A), we have two cases.

Case (1). For every [ there is some 4; > [ such that for all finite K,

p(F\NEK)N ] Ai; #0

JEW
(in particular, flp(F\ K)|N ({i} xw) # 0 as U;¢, 4ij = F{i} x w]). Then
we can pick ly,ls such that i;, # 4;,. Hence, Ty, =+ T, , SO one of them has to
be distinct from p. Without loss of generality let us assume z;, # p. Since X is
Hausdortf, we can take neighborhoods U of z;, and V' of p that are disjoint and
assume without loss of generality that V N {z;, ;:j € w} = (0. From p-convergence
of g | p(F) to p there is some finite K such that g[p(F \ K)] C V. However,
Fle(F\K)]N({i1, } xw)) # 0, so there is some \g € p(F\ K) with f(\o) € {i, } X w.
Let j € w be such that f(Ao) = (i1, ). Then, g(Ao) =z, = 4,5 ¢ V, but on

the other hand, g(Ao) € g[p(F \ K)] C V, a contradiction.

Case (2). Case (1) does not hold, and consequently there are ig, jo such that

p(F\ K)N A, #0 for every finite set K.

Claim. There are i1, j; such that (ig, jo) # (i1,71) and p(F \ K) N A;, ;, # 0 for
every finite set K.
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Proof of claim. Since p € (S1), there exist H € F with H C F and P € F with
p(P) C p(H)\ Ai, j, such that for every finite set K there exists a finite set L with
p(P\L) C p(H\ K). Since H C F and Case (1) does not hold, there is ky such
that for every k > ko there is a finite set K with p(H \ K) N{J{Ak,; : j € w} =0,
so there is a finite set L with p(P\ L) N{J{Ak; : j € w} = 0. Since {4; ; : i,j € w}
is a witness for p ¢ P, (A), there are i1, j; such that p(P\ K)NA,, j, # 0 for every
finite set K. Since p(P) C p(H) \ Ay, j,» We obtain (ig,jo) # (i1,71). Moreover,
p(F\ K)NA,; j # 0 for every finite set K. Indeed, suppose there is a finite set
K with p(F\ K) N A;, ;, = 0. Then there exists a finite set L with p(P \ L) C
p(H\ K) C p(F\K),so p(P\ K)NA, ; =0,a contradiction. O

Now, the proof proceeds similarly to the proof of the previous case. However,
for the sake of completeness, we present it here with minor modifications. Since
Tig.jo 7 Tiy,j1, one of them has to be distinct from p. Without loss of generality
let us assume z;, ;, # p. Take a neighborhoods U of p with x;, ;, ¢ U. From
p-convergence of g | p(F) to p there is some finite K such that g[p(F \ K)] C U.
However, p(F\ K)N A, j, # 0, so there is some Ay € p(F'\ K) with f(Xo) = (40, jo)-
Then, g(Ao) = T ¢(x,) = Tiy,j, & U, but on the other hand, g(Ao) € g[p(F\K)] C U,
a contradiction.

Now, we show that every boring space is in FinBW(p) (in the proof we will only
use the property P, (A)). Let X be a boring space. By [14, Proposition 3.2], there
are X; C X for i < n such that X = Ui<n X, XinX; = () whenever ¢ # j, and
for each i there is an x; € X which is a limit point of each injective convergent
sequence in X;. Take any f: A — X.

If there exists some z € X such that f~'[{z}] ¢ Z,, there exists some F € F
with p(F) C f=Y[{z}], so f | p(F) is p-convergent to z.

Now, assume f~[{z}] € Z, for every z € X. Since p is partition regular, there
is 49 < n such that f~'[X;)] ¢ Z,. Then, {f~'[{z}] : z € X;,} is a partition of
/X, into sets belonging to Z,. Since p € Py (A), there is E € F such that
p(E) C f~1[X;,] and for each # € X;, there is some finite K, with p(E \ K,) N
FH{a}] =0

We claim that f [ p(E) is p-convergent to x;,. Let U be a neighborhood of z;,.
Then X;, \ U has to be finite (otherwise we would obtain an injective sequence
in X;, not convergent to x;,). Then for K = UmeX,;O\U K, we have p(E'\ K) N
FHX \ Ul =0, 50 flp(E\ K)] CU.

(3) = (2) Suppose for the sake of contradiction that p ¢ P; (A) or p €
Py (A). If p ¢ P (A) then by Theorem 3.1, FinBW(p) contains only finite spaces,
a contradiction. If p € P, (A), then by Theorem 4.2, w? + 1 € FinBW(p). But
w? 41 is not a boring space, a contradiction. ]

Corollary 4.4 ([14, Theorem 6.5 and Proposition 4.4]). Let Z be an ideal on w.
The following conditions are equivalent.

(1) FinBW(Z) coincides with the class of all boring spaces.

(2) Bl <k T and Fin® £x T.

Proof. Take p = pz and apply Theorem 4.3 and [5, Propositions 6.5(2), 7.5(2b)
and 10.2(4)]. O

Question 4.5. Are there partition regular functions 7; and 7 such that the fol-
lowing conditions are equivalent

(1) FinBW(p) coincides with the class of all boring spaces.
(2) n2 <k pand m £k p
for every partition regular function p?
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5. BRAND-NEW CLASS OF PARTITION REGULAR FUNCTIONS

If for every partition regular function p there would be an ideal J with p ~g
p7, then one could deduce Theorem 3.1 (Theorem 4.3, resp.) from Corollary 3.2
(Corollary 4.4, resp.). However, as was mentioned in the preliminaries, the partition
regular function FS satisfies FS # p s for any ideal J, and from the proof it follows
that “z£” can be replaced by “%k”. Below, we provide a collection of additional
examples of partition regular functions of that sort (Proposition 5.4).

Definition 5.1. Let Z be an ideal on w, A = {A, : @ < ¢} be an almost disjoint
family on w, A = {A\ K : A € A, K € [w]<“}, and T = {B, : a < ¢}. Let
{P, : n € w} be a partition of w such that P, € T for each n € w. We define a
function p@) : A — [w]“ by

PP (Ao \ K) = Bo \ | J{Pn : n < max(K N Aq)}

with the convention that max () = 0. The definition of p@) depends on the family A,
the enumeration of {B, : a < ¢} and the partition {P, : n € w}, but for simplicity
we just write p(2).

Proposition 5.2. For every ideal Z,

(1) pD) is partition regular,

(2) Ip(I) =1,

(38) pB has small accretions,

(4) if T € P~ then p&) € P~ (in Proposition 5.3, we show that in general one
cannot reverse this implication),

(5) pP) € (S2).

Proof. (1) Since A is a nonempty family of infinite subsets of w such that F\ K € A
for every F' € A and a finite set K, we only need to show that p(@) satisfies properties
(M), (R) and (S) from Definition 2.2.

(M) Take any two distinct elements of A, say A, and Ag for some a, 3 and some
finite K1, Ko, such that A, \ K1 € Ag\ K». Since A is an almost disjoint family,
a = . Note that if A, \ K1 C A, \ Ko then max(K; N A,) > max(Ko N A,). It
follows that

Ba \ U P, C B, \ U P,.

n<max(K1NAy) n<max(K2NAg)

(R) Take any o and any finite set K such that C'U D = Ba \ U, cmax(xna.) Pn
for some C,D € [w]“. Since B, ¢ Z and P, € Z for all n, either C ¢ T or
D ¢ 7. Without loss of generality, assume D ¢ Z. Then, D = Bj for some § and
p®(Ag) = Bs C D.

(S) Take any « and any finite set K;. We need to find § and a finite set Ko with
Ap \ K3 C Aq \ K1 such that for any element @ € Bg \ U, < ax(k,n4,) Fn there is
some finite set L for which = ¢ Bg \ Un<max((K2UL)ﬁA5) P,. As in the proof above,
we know that for the first inclusion to be true, o must equal 5. Let Ko = K. Take
any @ € Bg \ U, cimax(rana,) P Since (Py)n is a partition of w there is some ng
with © € P,,. Choose n; € Ag with max(Ks U {ng}) < n; and let L = n; + 1.
Then, L is as required.

(2) Straightforward.
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(3) Take any « and any finite set L. We will show that the set A, \ L has small
accretions. Take any finite set K and note that

Bo\ | P\ [Ba\ U P,
n<max(LNAgy) n<max((LUK)NAy)
C BaN U Poe€I=T,a.
n<max((K\L)NAg)

(4) Take any disjoint sets (A, )new belonging to Z,z) such that (J, ¢, An ¢ Ty -
Since T =T,z and Z € P~, there exists some set C ¢ T such that C C Unew 4n
and for each n € w there is some finite set K,, such that (C'\ K,,) N A, = 0. Let
a be such that B, = C. Fix any n € w. Let ng € w be such that K,, C | P;.
Let L = {min(A, \ ng)}. Then,

B\ U P, C By\ K, =C\K,.
i<max(LNAg)
(5) Take any « a finite set M and B ¢ T such that B € Ba \ U, <max(arna.) Pr-

Then, B = Bg for some . Take any finite set K. We want to find some finite set
L such that

1<no

Bs\  |J P.CBa\ U P,.

n<max(LNAg) n<max((MUK)NA,)

Since Bg C B, it is enough to satisfy the condition that max(LNAg) > max((M U
K)N A,). It suffices to take L = {a} for some a € Ag with a > max((M UK)N
Aa)- O

For an ideal Z on w, we define the ideal Fin ® Z on w x w by
A€eFin®Z < {new:{kcw:(nk)e A} ¢TI} € Fin.

For an ideal Z on w, an almost disjoint family A = {A, : @ < ¢} on w and an
enumeration Z+ = {B, : a < ¢}, by p(f"®2) we denote the function as defined
above with the partition given by P,, = {n} x w for each n € w.

Proposition 5.3. For any ideal T on w,

(1) Fin®Z ¢ P,

(2) p(Fin®I) c P,
Proof. (1) It is enough to take C), = (w\n) x w for each n € w as a witness for the
lack of the property P~.

(2) Take any decreasing sequence (Cy,)new of Fin ® Z-positive sets such that the
difference C,, \ Cj,41 is in Fin ® Z for each n. We need to find « and a finite set L
such that for each n there is a finite set K,, with

Ba\ U ({k} x w) = By \ (max((K, UL)N Ay) X w) C Cp.
k<max((K,UL)NAg)

For each n, C,, ¢ Fin ® Z, so there is 4, > n such that
(Cn)(iny =1k : (in, k) € C} ¢ L.
Take L to be an empty set and let a be such that
Bo = [ J{in} x (Cn)gi,) and K ={min(Ay \in)}.

n<w

Then, using the fact that C,,, C C,, for m > n, we get B, \ (max(K,NA,)xw) C Cy,
for every n. O

Proposition 5.4. p(F"®1) s - for any ideals T and J on w.
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Proof. We have two cases: (1) J € P~ (w), (2) J € P~ (w).

Case (1). If J ¢ P~ (w) then there is no infinite space X € FinBW(J) by
Corollary 3.2. However p(Fi"®%) ¢ P~(w x w) and pFi"®T) ¢ (S)), so there is some
infinite space X € FinBW (p(Fi"®2)) by Theorem 3.1. Therefore FinBW (p(Fin®2)) ¢
FinBW(p7), so ps % pF"®D) by [5, Theorem 11.1 and Proposition 10.2].

Case (2). We show that p(Fi"®T) £, . Let us take any function f : w — w X w.

Case (2a). There is some i € w with f71[{i} x w] ¢ J.

Then, f[f~![{i} x w]] € Fin®Z. Therefore for any a and any finite K, it cannot
be true that B, \ (max((K UL)N A,) x w C f[f~[{i} x w]] for any finite L, so f
cannot witness the Katétov reduction.

Case (2b). For alli € w, f~H{i} xw] € J.

Then, (f~1[{i} x w]) defines a partition of w into sets belonging to J and since
J € P~ (w) there exists some F ¢ J such that for every i there is some finite
set K; with (F\ K;) N f~[{i} x w] = 0. Then, f[F\ K;] N ({i} x w) = 0, so
fIF] € Fin® Z. Therefore for any o and any finite set K, it cannot be true that
By \ (max((KUL)NA,) xw C f[F] for any finite set L, so again f cannot witness
the Katétov reduction. d

6. CRITICAL p FOR THE CLASS OF ALL METRIC COMPACT SPACES

Lemma 6.1. For every partition regular p and every f: A — [0,1] there is g: A —
[0,1] N Q such that g is an injection and

VF € F¥p € [0,1](f | p(F) is p-convergent to p <= g | p(F) is p-convergent to p).

Proof. Without loss of generality, we assume that Q = A = w.

For each n € w choose g(n) € [0,1]NQ\ {g(?) : i <n} such that |f(n) —g(n)| <
1/2™. We will show that ¢ is as needed. Fix F' € F.

Assume that f [ p(F) is p-convergent to p. Fix an open neighborhood (p—r, p+r)
of p. Since f | p(F) is p-convergent to p, there exists a finite set K such that
flp(F\K)] € (p—17/2,p+71/2). Let k be chosen in a way that 1/2% < r/2. Since
p satisfies (S), there exists a finite set K’ such that p(F\ K')n{0,1,...,k} = 0.
Then, g[p(F\ (KUK')] C (p—r,p+r). Thus g | p(F) is p-convergent to p.

Similarly, one can show that if g [ p(F) is p-convergent to p then f | p(F) is also
p-convergent to p. O

Theorem 6.2. Let p: F — [A]Y be partition regular with F C [Q]¥. If p € P~
and has small accretions, then the following conditions are equivalent.

(1) FinBW (p) coincides with the class of all compact metric spaces in the realm
of metric spaces.
(2) [0,1] € FinBW(p).
(3) Pconv ﬁK p-
The assumption “p € P~ is only used to prove the implication “(3) = (2)”.

Proof. (1) <= (2) The implication “ = ” is obvious, and to show the reverse
implication it is enough to notice that every compact metric space is a continuous
image of the Cantor space, and the latter space is homeomorphic to a closed subset
of [0,1].

(2) = (3) Let us assume that peony <x p. Then, it follows from [5, Theorem
11.1(1)] that FinBW(p) C FInBW (pcony). From [5, Proposition 10.2(4)] we also see
that FiInBW(conv) = FInBW (pcony). Since [0, 1] ¢ FinBW (conv) [16, Section 2.7],
we obtain [0, 1] ¢ FinBW(p).

(3) = (2) Without loss of generality, we can assume 2 = A = w. Suppose
that [0,1] ¢ FinBW(p). Then, there is f: w — [0,1] such that f [ p(F) is not p-
convergent for any F' € F. By Lemma 6.1, without loss of generality, we can assume
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that f: w — [0,1] N Q. We are going to show that f is a witness for peony <x p-
Let F; € F. Since p has small accretions, there is F; C FE;, F} € F such that:
p(F1)\ p(F1 \ K) € Z, for every finite K.

Define Z=! = p(F}) and observe that p(Fy \ K) C Z71 N p(E; \ K) for every
finite K (as F; C Eq). We begin with a construction of z7, € w, A™ C w,y™ € [0, 1],
open sets U™, V™ C [0,1] and Z™ C w for all n,m € w that will satisfy the following
conditions:

1) ymeVr Cun,
) Z"C Z" 1 and 2" ¢ T,
) flzrinvr =9,
) (F(&))mer converges to y",
) a2 € p(Fy \ [0,m]) N Z"~1); in particular, p(Fy \ [0,m]) N Z™ # @ for all
n e w,

(6) y* #y’ for i # j.
In the n-th step, for every m € w we choose z%, € p(Fy \ [0,m]) N Z"~! (this is
possible by (5) or, in the case of n = 0, by p(Fy \ [0,m]) C Z~1). The sequence
(@) mew has a subsequence f (2™ );,can convergent to some y™. Note that by (2)
for every m we have

Z" I\ p(F\ [0,m]) € p(F1) \ p(F1 \ [0,m]) € Z,.

Since p is P~, there is G € F such that p(G) C Z"~! and for every m there exists
k such that p(G \ [0,k]) C p(F1 \ [0, m]). However, f[p(G)] is not p-convergent, so
it is not p-convergent to y". Hence, there exists an open interval U™ containing
y™ such that for all k we have f[p(G \ [0,k])] € U™. Recall that for every m there
exists k such that p(G \ [0,%]) C p(F1 \ [0,m]) N Z"~ L. So also for all m we have
flp(F1\ [0,m]) N Z"~1] € U™. Since p € P~, we know that there exists ng such
that the set
{iez" ' f(i)¢ (" —1/no,y" +1/no)} € T}

(if not, p € P~ would give us a p-sequence p-converging to y™). Put V" = U" N
(y" — 1/no,y"™ +1/ng) and Z" = {i € Z"1: f(i) ¢ V"}.

Now, we will verify that this construction meets all required conditions. Items
(1), (3), (4) and condition Z™ C Z"~! from (2) are clear. To show that Z" ¢ I,
observe that 2" 2 {i € Z"~': f(i) ¢ (y" — 1/no,y™ + 1/no)} € Z}. Thus, (2) is
satisfied. Now we consider the second part of item (5) (as the first part is clear).
Since f[p(Fy1 \ [0,m]) N Z"~1] € U™, there is € p(Fy \ [0,m]) N Z"~1 such that
f(z) ¢ U™ Since V™ C U™ (by (1)), f(x) ¢ V", so x € p(F1\[0,m])NZ™. Finally,
we verify (6). Assume, for the sake of contradiction, that y* = y™ for some k < n.
Since V* is an open neighborhood of y* (by (1)) and y™ = y* is the limit of the
sequence (f(x7,))mean, for almost all m € A™ we have f(27) € V*. On the other
hand, by (2) and (5), 27, € Z"~* C Z* for all m € A", so f[Z*] N V* # () which
contradicts (3).

We define a set

X =A{z, :ncwme A"\ [0,n]}.
Let F» = f[X]. Then, Fy ¢ conv because X contains elements of infinitely many
sequences convergent to different values. Now, let K; € Fin and find n € w such
that K7 C [0,n]. We let

Ko = fl{aF, 1k <n,m e A*\ [0,k],m < n}] € Fin.
Then
Fo\ Ko =f[{zf 1k >n,m e A"\ [0,k]}]
Uf[{zf ck <n,m>n,me AP\ [0,k]}] C fl{zF, : k € w,m > n}].
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Since {2, : k € w,m > n} C p(Fy \ [0,n]) by (5), we conclude that Fy \ Ko C
Flp(Fr\[0,n])] € flo(Fy \ Kq))- =

Definition 6.3. Let A= {A, : a < ¢} be an almost disjoint family and X be the
family of all 2 € ([0,1] N Q)“** such that

e for every p € [0, 1] there is its open neighborhood U such that z[(w\ [0, n]) X
w| ¢ U for all n € w,
e 1 is an injection,
e z[(w\ [0,n]) x w] ¢ conv for all n € w.
Fix an enumeration X = {z, : a < c}.
Now we define 4 = {A\ K : A € A K € [w]<*} and a map pl®': A —
[[0,1] N Q] by

PO (Ao \ ) = 2a](w\ [0, max(Aq N K)]) x wl.

011 s partition regular function with conv =T o.].

Proposition 6.4. p o

Proof. Since A is a nonempty family of infinite subsets of w such that F'\ K € A for
every F € A and a finite set K, we only need to show that pl®!) satisfies properties
(M), (R) and (S) from Definition 2.2.

(M): Take E = A, \ K1 and F = Ag \ K3 for some «, 8 and finite sets K1, Ko
such that £ C F. Since A is an almost disjoint family, & = (3, hence we just
need to check whether it is true that [0, max(A4, N K2)] C [0, max(A, N K7)]. Let
m = max(A, N K3). Then, m € A, N Kz, som ¢ A, \ Ko =F D FE = A, \ K;.
Hence m ¢ A, \ K1, and consequently m € A, N Kj.

(S): Fix E € A. Then, there is o and finite set L such that £ = A, \ L.
Let F = E. Fix a € pl%U(F). We need to find a finite set K such that a ¢
Zo[(w\ [0, max(A, N (K UL))]) x w]. Since x, is an injection, we know there exist
unique ¢ € w \ [0,max(A, N L)] and j € w such that z4(i,5) = a. Then, we find
19 € A, with ig > ¢, put K = {ip} and observe that it is as needed.

(R): Fix a, a finite set K and A, B C QN |0, 1] such that pl>1 (4, \ K) = AUB.
Since pl0U (A, \ K) = z4[(w \ [0, max(A, N K)]) x w] ¢ conv, we have A ¢ conv or
B ¢ conv. Without loss of generality, we assume A ¢ conv. The set A has infinitely
many distinct limit points {p, : n € w}. Let (¢ni)icw for n € w be sequences in
A such that lim; .o gn; = pn and ¢n; # @ns Whenever (n,i) # (n',4'). Define
z:wxw—[0,1]NQ by z(i,n) = g, ; (note the exchange of the order of indices).
Then, = € X, so there exists 8 such that x5 = z, so pl0H(Ag) = 25[w x w] C A.
(Z,0.11 = conv) From the proof of (R), it follows that conv®™ C I;r[m], and the

p
reversed inclusion is straightforward. O

Lemma 6.5. [0,1] ¢ FinBW/(pl%1).

Proof. Define f: [0,1]NQ — [0,1] by f(q) = g. Take any A, \ K € Aand p € [0, 1].
Since z, € X, there exists some open set U 3 p such that for all finite sets L,

FIP M (AN KUL)] = 90 (Aa\(KUL)) = [0, max(Aa (K UL)]) x] € U
Hence, f | pl®(A, \ K) is not pl®!-convergent to p. O

Theorem 6.6. For a partition regular function p, the following conditions are
equivalent.

(1) FinBW(p) coincides with the class of all compact metric spaces in the realm

of metric spaces.
(2) [0,1] € FinBW(p).
(3) Pl £k p.
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Proof. (1) < (2) Repeat the argument from the proof of Theorem 6.2.

(2) = (3) Assume that pl® <x p. Then, by [5, Theorem 11.1(1)] we
know that FinBW(p) € FinBW(pl®1). By Lemma 6.5, we know that [0,1] ¢
FinBW (p[®1]), therefore [0, 1] ¢ FinBW(p).

(3) = (2) Without loss of generality, we assume that & = A = w. Assume
that [0,1] ¢ FinBW][p]. Then, there exists f : w — [0,1] such that f | p(F) is
not p-convergent for any F' € F. Define g as in Lemma 6.1. We claim that ¢ is a
witness for pl0! < p. Fix F € F.

Claim. g[p(F \ [0,n])] ¢ conv for every n € w.

Proof of claim. Assume otherwise. Then, g[p(F \ [0,n])] = {2} : j € w,i < m} for

finitely many convergent sequences (z;

Zi=g '[{zj 5 €wl Np(F\[0,n])

and observe that p(F' \ [0,n]) = {U,,, Zi, so there exists i < m and G € F such
that p(G) C Z; since p is partition regular. But then, g | p(G) is convergent, so it
also is p-convergent, which is a contradiction. O

)jew, ¢ < m, with distinct limits. Define

Using the above claim, for every n € w inductively find sequences (2} )rec. con-

vergent to some y,, such that the following conditions hold for every i, j, k,n,m € w:
o i € glp(F\ [0,n])],

Now we consider two cases.

Case 1. For every p € [0,1] there is a neighborhood U of p such that for any
n e w,

{2} k€wi>n} ¢ U

Define z : w x w — [0,1] N Q by z(n,k) = z}. Then, there exists a such that
Zo = 2. We fix K7 and let K3 be a finite set such that max(A, N K>) > max K;.
Then,

[(w\ [0,max(Ay N K3)]) X w]
[(w\ [0, max(K1)]) x w] € glp(F \ [0, max K1])] € glp(F \ K1)].
Case 2. There is p € [0,1] such that for every neighborhood U of p there is
ny € w with
{2t k€wi>ny} CU.
Since g | p(F') is not p-convergent to p, there exists a neighborhood U of p such
that g[p(F \ [0,n])] € U for all n € w. For every n > ny, we pick a,, € p(F \ [0, n])

such that g(a,) ¢ U. Since p is partition regular, without loss of generality, we
assume that a,, are pairwise distinct. We define z : w x w — [0,1] N Q by

g(an+n )7 if k = 07
l‘(ny k) = {IE”+HU v if k ?é 0
k ’ .

Claim. z € X.

Proof of claim. It is clear that x[(w \ [0,n]) X w] ¢ conv and that x is injective (as
g is injective, g(anin,) ¢ U for all n € w, while 277"V € U for all n,k € w). Let
q € [0,1] and consider two cases.

Case I: ¢ = p. Then, ¢ € U and for every n € w,

9(ant1iny) = 2(n+1,0) € 2[(w\ [0,7]) x w] and  g(ant1ny) ¢ U,
hence z[(w \ [0,n]) x w] € U.
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Case II: q # p. There exist disjoint open neighborhoods VW of p and g,
respectively. Then, for all n € w:

x?v+n+1+n[j — x(nV +n+ 1’ 1) c x[(w \ [0771]) X (,U] and l‘?v+n+1+’l’LU ¢ w. O

Since x € X, there exists « such that z, = z. Fix K; and let K5 be finite such
that max(A, N K3) > max K;. Then,
,0[0’1] (Ao \ K3) = z[(w \ [0, max(A, N K3)]) X w]
C z[(w\ [0, max(K1)]) x w] C g[p(F \ [0,max K1])] C g[p(F \ K1)].
O

Corollary 6.7 ([16]). Let Z be an ideal on w. The following conditions are equiv-
alent.

(1) FiInBW(Z) coincides with the class of all compact metric spaces in the realm
of metric spaces.
(2) conv £x T.

Proof. Take p = pz and apply Theorem 6.6 and [5, Propositions 7.5(2b) and
10.2(4)]. O

Theorem 6.8. p[O,l] <K Pconv and Pconv iK p[O,l]'

Proof. Assume for the sake of contradiction that p[o’l] LK peonv- Then, [0,1] €
FinBW (pcony) = FinBW(conv) by Theorem 6.6 and [5, Proposition 10.2], a contra-
diction with Corollary 6.7.

Now, we prove peony LK pl®1. Take any f:QnN[0,1] — QN [0, 1]. Define

11 1 1
L __ R __
L (WW> and [ = (1_2n+171_2n+2)

for all n € w. Now, for all n € w, we

(1) choose a sequence ZL C I N Q convergent to some 2L € IL
(2) take an infinite ;¥ C ZL such that f[Y,L] is convergent to some yZ,
(3) define Hy ={h €Y," : |f(h) —yy| < 1/n},
(4) take a subsequence (yX),cqr convergent to ul, where G* is infinite.
Similarly, we follow the construction of ZF, 2B Y E B R GE and uff.
For S € {L, R}, we enumerate

GS={gS:new} and HY={n":icw)
Define z : w x w — [0,1] N Q by

L

z(2n,i) = hf::’L and z(2n+1,7) = hfg’R.
Notice the following properties of the sequence x.

(1) x is an injection since HY C V,t C ZL C IL (similarly when replacing L
with R ) and the intervals IX and I® are pairwise disjoint.

(2) z[(w\ [0,n]) x w] ¢ conv since for all k¥ > n we can find a sequence in
z[(w \ [0,n]) X w] convergent to szL.

k
(3) If p = 0 then U = (—1/2,1/2) is a neighborhood of p and for all n € w
R
we have z[(w \ [0,n]) x w] € U since hg"’R € z[(w \ [0,n]) X w], however
R

hg e U

(4) If p € (0,1] then there exists an open neighborhood U of p such that there
exists n € w with I;L NU =0 forall k > n. Soz[(w\[0,n]) xw] U

k

because hg’f’L € z[(w\ [0,n]) x w], however hg’g’L ¢ U.
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Therefore z € X, so there exists a such that z = z,,.

Take any B C QN [0, 1] such that for every finite set F' there exists a finite set K
such that B\ K = peonv(B\ K) C f[pl(A, \ F)]. Once we show that B € conv,
the proof will be finished.

There exists a finite set K such that

B\ K C flp"(Aa\0)] = f lU HL} v lU Hé%] ~
new new

Let

BL:(B\K)ﬂf[U Hp

necw

and BF =(B\K)Nf [U H;*’R] .
new
We are going to show that B’ is convergent to u” and similarly one can show that
BP® converges to u', so B = B U Bf ¢ conv.
Let € > 0. Then, there exists k € w such that for all n > k
I I € 1
Yoo —u | < - and — <
ot — v <5 gk
Let F' be a finite set such that max(F N A,) > 2k. Then, there exists M €
[[0,1] N Q]<¥ such that B\ M C f[pl®"(A, \ F)]. We are going to show that
|b—uf| < e forall be B\ M.
Fix b e B"\ M C fp"!(Aa \ F)] N fU

L
that b = f(za(2m,i)) and 2m > 2k. Since z4(2m,i) = h{™" € HL , we obtain
that '

N ™

L ‘q ; S
new Hgﬁ}. There exist m,i € w such

1 5
|b—uL|§|b—ygéﬁb\+|ygéﬁb—uL|<g—L+§< + E. O

68_
L 22

7. IDEAL VERSION OF MAZURKIEWICZ THEOREM

Mazurkiewicz’s theorem [15] states that every uniformly bounded sequence of
continuous functions has a uniformly convergent subsequence once restricted to
some perfect set. The question whether the subsequence can be enumerated by
Z-positive set for a given ideal Z, was investigated in [7] where the authors proved
that the answer is positive for F,-ideals. The following theorem shows that this
result can be extended to every ideal with the FinBW property which in turn means
that the ideal conv is critical for the ideal version of Mazurkiewicz’s theorem.

Theorem 7.1. Let T be an ideal on w. The following conditions are equivalent.

(1) Z has the FinBW property.

(2) For every sequence (fn)ncw of uniformly bounded continuous real-valued
functions defined on R there exists A € It and a nonempty perfect set
P C R such that the subsequence (fn | P)nea is uniformly convergent.

Proof. (2) = (1) Assume that Z does not have the FinBW property. Then,
there is a sequence (z,)necw Of real numbers from the interval [0, 1] such that for
every A € IT the subsequence (%, )neca is not convergent. For each n € w, let
fn: R — R be the constant function with the value z,. Fix any A € ZT and
a nonempty perfect set P C R. Assume, for the sake of contradiction, that the
subsequence (f,, | P)nea is uniformly convergent. Let & € P. Then, (f,(2))neca
should converge, but f,(z) = x, for every n € A and (z,,)nec 4 is not convergent, a
contradiction.

(1) = (2) Fix M > 0 such that |f,(z)] < M for every x € R and n € w.
Let {I; : s € 2<“} be a family of nonempty open subintervals of (—M — 1, M + 1)
satisfying:
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(Cl) In=(—M —1,M + 1),

(C2) {Is;:s€2"}is an open cover of (—M — 1, M + 1) for every n € w,

(C3) for every € > 0 there exists n € w such that for every s € 2™, dlam(I ) <e,

(C4) Iy = I~ U I~ for every s € 2<%,
For each m,n € w and = € R, let p(m,n,z) be the least, with respect to the
lexicographic order, s € 2" such that f,,(x) € I.

Let Q = {g, : n € w} be an enumeration of the rationals such that ¢; # ¢; for
all distinct 4,5 € w. For tg,...,t,—1 € 2", define

B(tog,. .. tn—1) ={m € w:p(m,n,q) = t; for every i € n},

and set
B" = {B(to, . ,tnfl) o,y tn—1 € 2n}
Then, B" is a finite partition of w, and B™*! refines B”. Thus, Uneo B" is a
finite-branching tree under inclusion.
Since Z has the FinBW property, we can use [6, Proposition 2.8] to obtain a
sequence (Zp)new and a set Z € ZT such that for every n € w
o 7, €B"
o Zn 2 Zn-i—la
e Z\ Z, € Fin.
Let (z;)ie. be a sequence of pairwise distinct elements such that

Zﬂﬂan{mi:iEoJ}gZ
new

and x; € Z; for each i € w. Define for each n € w,

A = ({zn} U(Z\ Znt1)) \ U A;.
<n
Then, U,,c,, An = Z and A, N A, = () whenever n # m. Moreover, A,, € Fin and
A, CZ\ Z, for all n € w.
For each n € w, let z(n,0),...,2(n,n — 1) € 2™ be such that

Zn = B(z2(n,0),...,2z(n,n —1)).

Define f : Q = R by {f(¢;)} = nn>iC1(IZ(n,i))' Note that f is well-defined since
lim,, s oo diam(cl(Z;,3))) = 0 (by (C3), (C4) and the fact that z(n,i) € 2" for all
n > i) and I, ;) D Ly, for all n > (by B(2(n,0),...,2(n,n—1)) = Z, 2
Znt1 = B(z(n+1,0),...,2(n+1,n))). Also note that (fm Q)mez is pointwise
convergent to f. Indeed, if U is a neighborhood of some f(g;) then we can find n > ¢
such that cl(I,, ) € U. Then for all m € ZNZ,, we have f,(¢;) € cl(I(n)) C U.
Since ZNZ, =Z\(Z\ Z,) and Z \ Z, is finite, (fn(q:))mez converges to f(g;).
For each § € {0,1}, we will construct

e a family of finite sequences {a’(s) € 2<% : s € 2<%},
a family of nonempty open intervals {U? : s € 2<%},
a family {D% C Q: s € 2<¥},
a family of rationals {¢} € Q : s € 2<%},
a sequence (k2)new in w.

Additionally, for each n € w, we define
G?L = Ak% U...J Ak}L—l and G; = Ak}l U...J Ak2+171

These objects will be chosen so that the following conditions hold for all § € {0,1}
and s € 2<% (where lh(s) means the length of a finite sequence s):

(P1) 1h(a’(s)) = Ih(s) + 1

(P2) U, U2~y C UY and cl(U-g) Ncl(U2~) =0,

(P3) diam (U?) < 1/2™(),
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4) D‘LO,DAI c DI,

) f[D? ~ ;] € Is(s) for each j € {0, 1},

) DS C U5 C cl(D?),

) fi [ ( J)} C Iys(s1(m(s)—1)) for each j € {0,1}, i € th(s) unless s = (),
) ¢¢ € D3,

) O—Oandko<k1<kn+1f0reachn€w
10) fi(q°~ ;) € Iys(s) for each j € {0 1} and ¢ € A,, for some m > klh(g)_H.

Set Uy = Uj = (0,1) and Dj = Dy = (0,1) N Q. Pick any ¢f},¢; € (0,1) N Q.
Observe that conditions (P3), (P6) and (P8) are met. At this point there is nothing
to check in (P2), (P4), (P5), (P7) and (P10) (as U(‘Sj), D( , and q ) for 6,7 € {0,1}
are not defined yet). Put k) = 0 and k} = 1 (in particular, ko < k§, so (P9) is
satisfied). The sequences a’(()) will be defined in the next step, so we do not have
to check (P1). This ends the initial step of our construction.

Suppose now that n € w and that we have already defined (accordingly to (P1)-
(P10)) the following objects

a’(t) for all t € 2<™ and ¢ € {0, 1},
e U% D? and ¢? for all s € 25" and § € {0, 1},
o kY and k} for all i < n.
Note that at this point GY is defined. Let

V Uom m f ao(s n— 1))]
1€GY

for all s € 2" (in the case of n = 0 put a’(s | (n — 1)) = @). Observe that

@2 € V2 as ¢ € DY C U? (by (P6) and (P8)) and f;(¢2) € I,o(si(n—1y) for all

i€ GY (by GY C Um>k2 A, and item (P10); in the case of n = 0 the condition

[i(@?) € Loosp(n—1)) = Iy is trivially satisfied). In particular, V.2 # (. Moreover, by

the fact that G2 is finite and by the continuity of all f;’s, the set V is open.
Observe that

Dy = DINf Lao(stn—1))) = (DINF ™ a0 (s1n—1))~0]) U (DI N F ™ Lo (s n—1)~1])
(by (P5) together with (C4); in the case of n = 0 instead of (P5) use the fact that
Dj € Q= f~*[Iy]). Since DY is dense in V (by V) C U? together with (P6)), w
can find a nonempty open interval W2 C VO and a sequence a®(s) (equal either to
a’(s ] (n—1))"0or toa’(s | (n—1))"1) such that DY N f~![I,0(,)] is dense in W,
Note that (P1) is satisfied as 1h(a®(s)) = Ih(a(s | (n—1)))+1=n+1=1h(s) +1
(in the case of n = 0 we get 1h(a®(0)) = 1).

Find any nonempty open intervals U2 jrforalls €2 and j € {0, 1}, satisfying
(U-;) € W), (P2) and (P3). Also, define DY~ ; = U, N DY N f~ o5
Note that (P4) and (P5) are met. Since D% N f_l[lao(s)] 1s dense in W0 and
(U2~ ;) € WY, (P6) is also satisfied. Since cl(U2-;) € WY €V, we get (P7).

Ple any ¢J~; € D}, for all s € 2" and j € {0,1}. Then, f(q2~;) € Iao(s
(by (P5)). Since (f; [ Q)icz is pointwise convergent to f and each I,o() is open,
there is k., > kj, such that f;(¢0~;) € Ioo(s) for all i € Um>ko o A, s € 2" and
j €{0,1}. Observe that (P8), (P9) and (P10) are met.

Note that at this point G} is already defined. Repeat the above construction
for § = 1 instead of § = 0 to get a'(s), Ul~;, Di~; and ¢i~; for all j € {0,1} and
s €2" as well as k; ;. Hence, we have defined

a’(t) for all t € 2" and § € {0, 1},
e UJ, D? and q‘s for all s € 2"+ and 6 € {0,1},
o k0., and k),

Py

P
P5
P6
p7
P8
P9

S

(
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This finishes the construction.

Observe that

z=Ja={UG&|ulUa,

new necw new

Since Z € I, there is 6 € {0,1} such that |J,.,, G5 € Z*. Let

A={J@G and P=() | )).

new new se2n

Thanks to (P2) and (P3), P is a perfect set and for each z € P there is a unique
oz € 2¢ such that {z} = ), ., cl(Uiz in)- Let g P — R be given by g(x) =
limsup,, .. f(¢),,) for all z € P.

We will show that (f,, [ P)nea is uniformly convergent to g. Fix any € > 0 and
take N € w such that diam(/,s.,)) < € for all s € 2 (such N exists thanks to
conditions (C3) and (P1)).

Fix any 2 € P and i € A\ U,y G- Since U, oy G,
the proof we only need to show that |f;(z ) g(z)| <e.

Asi € A\ U,y G, we have i € G5, for some n > N. Then, we have

z € (U2 ( )) so by (P7) we get fi(x) € I;s(a,n)- Moreover, by condi-

is a finite set, to finish

tions (P4) and (P8) we obtain q clnt14k) € D°® g1y forall k€ w. Thus,

g(x) € cl(Iys(a, 1)) by (P5). Since n > N, dlam(cl(faa(% iny)) = diam(ZLgs (o, 1n)) <

diam(ys (g, 1 N)) ¢ (by (C4) and the choice of N). Finally, we conclude that

fi(z) —g(x) < dlam(d(f 5(agtn))) <€ O
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