Z-CLOSED SETS AND 7Z-CONTINUOUS FUNCTIONS
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ABSTRACT. Let Z be an ideal on w. A sequence (zn)new in a topological space
X is said to be Z-convergent to a point z € X if for every neighborhood U
of x we have {n € w: z, ¢ U} € Z. A set Y C X is Z-closed if for every
sequence (Tn)new in Y that is Z-convergent to some z € X we have z € Y.
We characterize ideals for which finite unions of Z-closed sets are also Z-closed
and we analyze which ideals satisfy this characterization.

The notion of Z-closed sets allows one to define Z-continuous functions. We
compare such functions with those that preserve Z-convergence as well as, more
generally, with those that preserve J-convergence, where J is another ideal.
We also characterize when preserving Z-convergence implies preserving J-
convergence. Finally, we attempt to compare Z-continuity with J-continuity.

Our results allow us to answer two questions posed by Hang Zhang and
Shuguo Zhang in [Top. App. 301 (2021), 107545].

1. INTRODUCTION

The concept of functions preserving Z-convergence is as old as the notion of ideal
convergence. Both terms were defined in [6], where it was noted that for metric
spaces functions preserving Z-convergence and continuous functions are one and
the same while in [8] it was noted that continuous functions preserve Z-convergence
in all topological spaces. The notion of Z-closed sets, introduced in [11], is a gener-
alization of sequentially closed sets that uses ideal convergence. It was natural for
authors of [11] to follow that with the concept of Z-continuous functions. Several
questions left open in [11] were later answered in [10], where the authors used the
Katétov order to show that, unlike ordinary closed sets, for some ideals finite union
of Z-closed sets may not be Z-closed and that there may be Z-continuous functions
that do not preserve Z-convergence.

The main goal of our paper is study these relatively new notions in-depth with
the aim to improve the results obtained in [10] and answer the remaining open
questions from that article. We will use the Katétov order to fully characterize
ideals for which the finite union of Z-closed sets is Z-closed as well as ideals for which
the notions of Z-continuous functions and functions preserving Z-convergence are
the same. In order to do that, we will introduce new concepts of weakly K-uniform
ideals and Z-closures of sets. We will also compare the concepts of Z-continuous
functions, J-continuous functions as well as functions preserving Z-convergence or
J-convergence and attempt to characterize implications between these notions.

The article is organized as follows. In Section 2 we present the definitions used
throughout the paper. In Section 3 we study Z-closed sets and Z-closures of sets.
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We use the new concept of weakly K-uniform ideals to characterize ideals for which
finite unions of Z-closed are Z-closed. In Section 4 we present a number of examples
of ideals and check whether they are weakly K-uniform. In Section 5 we charac-
terize when functions preserving J-convergence have to preserve Z-convergence
as well. In Section 6 we characterize when J-continuous functions have to pre-
serve Z-convergence and when functions preserving Z-convergence have to be J-
continuous. In Section 7 we attempt to characterize when J-continuous functions
are Z-continuous as well. We provide some necessary and sufficient conditions for
that to happen.

2. PRELIMINARIES

2.1. Ideals. By w we denote the set {0,1,...}. Given a set 2, a nonempty subset
of P(£2) is called an ideal on § if it is closed under taking subsets and finite unions
of its elements. Additionally, we assume that ideals are proper (# P(£2)) and that
all finite subsets of {2 belong to every ideal (note that it gives us = (JZ). In this
paper we consider ideals on countable sets, i.e. €2 is always countable. The simplest
example of an ideal is

Fin ={A Cw:|A| < oo}.

By ZT we denote the family {A C Q: A ¢ Z}. Sets in ZT are called Z-positive.
For a set A C ) we define

I|A={BNA:BeT}

It is a proper ideal on A if and only if A € ZT. We say that a family B C P(Q2)
generates the ideal 7T if

I:{AQQ:EIBO“_B}CGBAgB()U...Bk}.
For ideals 7 and J we define
ToJ={Ax{0}uBx{1}:A€Z,Be J}.

This is a proper ideal even if only one of Z and J is proper, so we allow the case
in which one of them is not proper.

Ideals 7 and J are said to be isomorphic if there exists a bijection f: |JJ —
(JZ such that

ffiMeg < MecZT

for all M C |JZ. In this case we write Z = J. An ideal Z is homogeneous if for
any A € T we have Z|A >~ T.

Let Z and J be ideals. We say that Z is Katétov below J (written Z <x J) if
there exists a function f : |JJ — |JZ such that f~[M] € J for any M € Z. Such
function may be called a witness for Z <y J. Ideals Z and J are K -equivalent if
bothZ <x J and J <k T.

By K(Z) we denote the family {A C JZ : Z|A <k Z}. It is known that 7 <g
Z|Afor all A € I, therefore K(Z) = {A C|JZ : Z|A and T are K-equivalent}. An
ideal Z is K-uniform if K(Z) =Z% (the term K-homogeneous is also used).

An ideal 7 is tall (or dense) if for every infinite A C |JZ there exists an infinite
B C A such that B € Z. Note that Z <k Fin if and only if Z is not tall. An ideal
T is nowhere tall if for any B € Z" the ideal Z|B is not tall.

Below we present several examples of ideals.
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e The van der Waerden ideal is defined by
W ={ACw: I,ec, A does not contain a finite arithmetic progression of length n}.

It is an ideal thanks to the van der Waerden’s Theorem. W is tall and
homogeneous (by [7, Remark under Example 2.7]), so it is also K-uniform.

e The asymptotic density zero ideal is a tall and K-uniform (see [9, Proposi-
tion 2.1.11]) ideal defined by

zi={acw: fim A0l

n—00 n

e For a given function f : w — [0,00) such that ) . f(n) = co we can
define an ideal

If:{Agw:Zf(n)<oo}.

neA
Such ideals are called summable ideals. A summable ideal Zy is tall if and
only if limy, o f(n) = 0. In particular, in the case when f(n) = —7 we

n+
get the tall summable ideal

Il{Agw:Z_il<oo}.
n )

i€EA

Remark. It is known that T C Zy (so therefore 7. <p Z,) and that Z; £k Z.1
(see [5]). Moreover, 1 £ W ([3, Lemma 3.1], see also [2, Theorem 7.7(10)]), and
hence also Zy j{ K W" By Szemerédi’s theorem we have W C Z;. It is an open
question whether W <y Z1 (see [1, Question 1.2]). In fact, this is a weaker version
of the famous Erdés-Turdn conjecture, which states that W C 7 L.

Definition 2.1. An ideal Z on 2 is weakly K-uniform if for any A C ) we have
AeKZ)or Q\Ae K().

If an ideal is K-uniform, then it is weakly K-uniform. In Corollary 4.6 we provide
an example of a non-K-uniform ideal that is weakly K-uniform.

Proposition 2.2. Let T be an ideal on Q. The following conditions are equivalent:
(1) Z is weakly K -uniform;
(2) For all B,C CQ, if Q=BUC, then B€ K(Z) or C € K(I);
(3) For all A,B,C C Q, if A= BUC and A € K(Z), then B € K(I) or
Ce K().

Proof. (1) = (2): Fix sets B and C such that BUC = Q. Then C\ B is
the complement of B. Hence, B € K(Z) or C'\ B € K(Z). In the latter case, we
immediately get C € K(Z) as well.

(2) = (3): Let A, B,C be such that A € K(Z) and A = BUC. Since
I|A <k Z, there exists a function f : Q@ — A such that f~1[M] € Z for all
M € I|A. Then f=1[BJU f71[C] = Q. By (2), f~[B] € K(Z) or f~}[C] € K(Z).
Without loss of generality, assume that f~!'[B] € K(Z). Let g : Q — f~1[B]
be a witness for that, which means that ¢g='[M] € Z for every M € Z|(f~'[B]).
Define h : @ — B by h(z) = f(g(z)) for all x € Q. Fix M € Z|B. Then
h=t[M] =g t[f~'[M]] € Z. Thus B € K(Z).

(3) = (1): This is obvious. O
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2.2. Ideal convergence. For an ideal Z on 2, a sequence (2, )ncq in a topological

space X is said to be Z-convergent to x € X (written z, 2z, x)if {neQ:z, ¢
U} € T for any neighborhood U of z. For the ideal Fin, this notion coincides with
the usual convergence.

Definition 2.3. [11, Definition 3.1] Let X be a topological space and Z be an ideal
on Q. Aset AC X is

e T-closed if for any sequence (z,)neq in A Z-converging to some = € X, we
have z € A;
o Z-open if X \ A is Z-closed.

If a set is closed (open), then it is also Z-closed (Z-open) (see [11, Remark 3.2(3)]).

Definition 2.4. Let X and Y be topological spaces and Z be an ideal on 2. A
function f: X — Y

e is Z-continuous if for any Z-closed set A C Y, the preimage f~![A] is
Z-closed (see [11, Definition 4.1]);
e preserves Z-convergence if for any z € X and any sequence (zp)neco in X

such that 2, — z, we have f(zn) =, f(z) (see [8]).

Notice that the notion of functions that preserve Fin-convergence is the same as
the classical notion of sequentially continuous functions.

If a function f is continuous, then it preserves Z-convergence, for every ideal Z
(see [8, Theorem 3]), and if it preservers Z-convergence, then it is Z-continuous (see
[11, Theorem 4.2]). It is also known that for every ideal Z there are non-continuous
functions that preserve Z-convergence (see [11, Example 4.7]).

Proposition 2.5. Let T be an ideal. Composition of two I-continuous functions
s Z-continuous.

Proof. Straightforward. O

For an ideal Z on €2, the topological space X (Z) is defined as QU {w}, where all
points of Q are isolated and all neighborhoods of w are of the form {w}U(2\ A) for
A € Z. For the purpose of spaces X (Z), we will always assume that w & ), purely
to avoid confusion in the notation.

Lemma 2.6 ([10, Lemma 3.3(2)]). Let Z and J be ideals. Then a set A C|JZ is
J-closed in X(I) if and only if T|A £k J.

Remark. Observe that for any A C X(Z), if w € A, then A is closed (so also
J-closed for every ideal J). Moreover, Lemma 2.6 holds also for improper ideals
T =P(Q) as in this case w is isolated in X (Z) and all subsets of X(Z) are closed,
while Z|A £, J holds for every A C Q.

3. Z-CLOSED SETS

Theorem 3.1. Let Z and J be ideals. The following conditions are equivalent:
(1) For any topological space X and any A C X, if A is T-closed, then it is
J-closed;
(2) J <k T
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Proof. Without loss of generality we may assume that both Z and J are ideals on
w.

(1) = (2): Suppose that J £k Z. Then, by Lemma 2.6, the set w is Z-closed
in X(J), but it is not J-closed in X (J), contradicting (1).

(2) = (1): Assume that J <g Z and fix a topological space X and an Z-
closed set A C X. We will show that A is J-closed. Let (x,)necw be a sequence
in A that is J-convergent to a point z € X. Since J <k Z, there is a function
f:w — w such that f~[M] € Z for any M € J. Define a sequence (yy)new by
Yn = Tf(n) for all n. We will show that the sequence (yn)new is Z-convergent to z.
Fix a neighborhood U, of x. Then

new:y, ¢U={n€w:asn ¢U,t=f"'{mew:z, ¢U,}| €1,

because {m € w : z,, ¢ U, } belongs to J.
Since (Yn)new € A and A is Z-closed, we obtain x € A. O

In [10, Theorem 2.5], Hang Zhang and Shuguo Zhang proved that if 7 is K-
uniform, then in any topological space the union of two Z-closed sets is Z-closed.
The following theorem is stronger, although the first part of the proof is very similar.

Theorem 3.2. Let Z be an ideal. The following conditions are equivalent:
(1) T is weakly K-uniform;
(2) for any topological space, the union of two I-closed sets is I-closed.

Proof. Without loss of generality we will assume that Z is an ideal on w.
(1) = (2): Fix a topological space X. Let Y, Z C X be Z-closed and (2 )new

be a sequence in Y U Z such that z,, L, 2+ € X. Define
B={ncew:z,€Y}tandC={necw:a, € Z}.

Then BU C = w. Since Z is weakly K-uniform, Proposition 2.2 implies that
B e K(Z) or C € K(T). Without loss of generality, we may assume that B € K (7).
Let f : w — B witness this, i.e., f7[M] € Z for all M € Z|B. Define a sequence
(Yn)new bY Yn = T(n) for all n € w. Fix a neighborhood U, of x. Then

fnewiy, ¢ Ut ={necw: iz, ¢ U} =f'{fmew:z, ¢ U} NB] €T,

because {m € w: z,, ¢ Uy} € Z. Thus, y, L, 2. Since yn €Y for all n and Y is
Z-closed, we obtainx € Y CY U Z.

(2) = (1): Assume Z is not weakly K-uniform. Then there exists a set A C w
such that Z|A £, 7 and Z|(w \ A) £k Z. By Lemma 2.6, both A and (w \ A) are
Z-closed in X(Z). However, AU (w\ A) = w is not Z-closed in X (7). O

Definition 3.3. Let X be a topological space and Z be an ideal. For A C X we
define Z-closure of A as the smallest Z-closed set containing A. We will denote it
by ClI(A)

Proposition 3.4. Let Z be an ideal and X be a topological space. Then for any
A, B C X we have:

(a) ACB = clz(A) Cclz(B);
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Proof. Ttem (a) follows directly from the definition of Z-closure. Items (b) and (c)
follow from (a). To obtain (d), take any A C X. Then ¢l(A) contains A and is a
closed set, so it is also Z-closed (by [11, Remark 3.2(3)]). Thus, clz(A) C cl(A). It
remains to obtain (e). To do that, we only need to combine (a) with the observation
that if B C clz(A), then clz(A) Nelz(B) is an Z-closed set containing B because
intersections of Z-closed sets are Z-closed. O

Remark. In general we cannot replace ”C” with ”=" in Proposition 3.4(d). Indeed,
let Z be an ideal on w such that there is A € ZT with Z|A £k Z. Then, in the
space X (Z), the set A is Z-closed (by Lemma 2.6), but it is not closed. Therefore,
clz(A) = A # c(A).

Remark. Obviously, in general we cannot replace ”C” with "=" in Proposition
3.4(c) as for X = R with the standard topology and A = (0,1), B = (1,2) we have
cdr(ANB)=c(ANB) =0 and clz(A) Nclz(B) = cl(A) Ncl(B) = {1}.

»

Next result shows that in general we cannot replace ”C” with ”=" in Proposition
3.4(b).
Proposition 3.5. Let T be an ideal. Then the following are equivalent:
(1) T is weakly K-uniform;
(2) cz(A) Uclzr(B) = clz(A U B), for every topological space X and every
A BCX.

Proof. (2) = (1): If 7 is not weakly K-uniform, then by Theorem 3.2 there
are a topological space X and two Z-closed sets A, B C X such that AU B is not
Z-closed. Hence, clz(A) Uclz(B) = AU B # clz(AU B).

(1) = (2): It follows from Theorem 3.2 that, in the case of weakly K-uniform
ideal Z, the union of two Z-closed sets is also Z-closed. Hence, clz(A)Uclz(B) is an
Z-closed set containing AU B. Thus, clz(AU B) C clz(A) U clz(B). On the other
hand, clz(A) U clz(B) C clr(A U B) follows from Proposition 3.4(b). O

Lemma 3.6. Let X be a topological space, D C X and Z be an ideal on ). Then
cz(D) = Uqycu, D@, where D©) = D and

D@ ={ z e X :x is the Z-limit of some sequence (Tn)neq in U DB L
B<a

forall0 < a < ws.

Proof. Obviously, D C clz(D). Moreover, if Us<a D) C clz(D) for some a <
w1, then also D(®) C ¢lz(D) by Proposition 3.4(e). Thus, U, ,,, D'® C clz(D). To
finish the proof, we need to show that (U, D) is Z-closed. Indeed, if (2,,)nen
is a sequence in Uo‘<w1 D@ that is Z-convergent to some x € X, then for each
n € Q find a,, < w; such that z,, € D) and observe that € D) where
a = (Sup,cq @n) +1 < wi. O

4. WEAKLY K-UNIFORM IDEALS

In this section we give examples of ideals that are weakly K-uniform as well as
ideals that are not weakly K-uniform. Moreover, we answer two questions posed
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in [2] and [10] and provide an example of a weakly K-uniform ideals which is not
K-uniform.
We start by presenting a few examples of ideals that are weakly K-uniform.

Example 4.1. Non-tall ideals are weakly K-uniform.

Proof. Let Z be a non-tall ideal. Without loss of generality we can assume that Z is
an ideal on w. Fix B C w and take an infinite set A that does not contain any infinite
subset belonging to Z. Then either |[AN B| = w or |[AN (w\ B)| = w. Without loss
of generality, assume |A N B| = w. Then Z|B is not tall, hence Z|B < Fin <y Z.
Thus B € K(7). O

Before presenting further examples, we need to introduce the following lemma.

Lemma 4.2 (Folklore). Let Z, J and K be ideals. Then K <x T & J if and only
zf/CSKIandICSKJ

Proof. Without loss of generality we may assume that all considered ideals are on
w.

If f:w— w witnesses K <x Z and ¢ : w = w witnesses IC <g J, then it is easy
to see that the function h : w x {0,1} — w given by:

o) — f(n), ifi=0,
h(n, ) {g(n), ifi=1,

for all (n,i) € w x {0,1}, is a witness for K <x T® J.

On the other hand, if some function b : w x {0,1} — w witnesses K <x T & J,
then f : w — w given by f(n) = h(n,0) for all n € w, is a witness for K <g Z.
Similarly one can show that K <y Z & J implies K <g J. [l

Example 4.3. Let Z = 7 & J', where J,J' are ideals such that J <g J’ and
J is weakly K-uniform. Then 7 is weakly K-uniform. Recall that, for example,
J =W and J’' = I, satisfy these conditions.

Proof. For simplicity of notation, we will assume that both 7 and J' are ideals on
w.

Fix B Cw x {0,1}. Denote By = {n € w: (n,0) € B}. Then ByU (w\ By) = w.
Since J is weakly K-uniform, either By € K(J) or (w\ By) € K(J). Without loss
of generality, assume that By € K(J). We will show that B € K(T).

It is easy to see that Z|B <y J|By (it is witnessed by the function f : By — B
given by f(n) = (n,0) for all n € By). Observe that J|By <x J <k J’'. Hence,
from Lemma 4.2 we get Z|B <k J|Bo <k Z.

O

Now we want to show that some of the ideals presented in Example 4.3 are weakly
K-uniform, but not K-uniform. Let us note that, by Proposition 2.2, existence of
such ideals gives a negative answer to the following question posed by Hang Zhang
and Shuguo Zhang.

Question 4.4. [10, Question 4] Let Z be a non-K -uniform ideal. Does there exist
A€ K(I) such that B ¢ K(I) and C ¢ K(Z) for some B and C with A= BUC?

Proposition 4.5. LetZ = J & J’, where J,J’ are ideals such that J’ f}( J.
Then T is not K-uniform.
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Proof. Since J’ ﬁK J, we have J' ﬁK 7 (by Lemma 4.2). This finishes the proof
as Z|(w x {1}) is isomorphic to J'. O

Corollary 4.6. Let T = J ® J’', where J,J’' are ideals such that J <g J',
J 4k J and J is K-uniform. Then T is weakly K-uniform, but not K-uniform.
In particular, W ® Iy is weakly K-uniform, but not K-uniform.

Proof. The ideal 7 is weakly K-uniform by Example 4.3, but it is not K-uniform
by Proposition 4.5. (]

Remark. The notions of weakly K-uniform ideals and K-uniform ideals differ both
among tall and non-tall ideals. Indeed, non-tall ideal Fin @ W is weakly K-uniform
by Example 4.1, but it is not K-uniform (as W £x Fin®W). W@Z, is an example
of tall ideal that is weakly K-uniform, but not K-uniform (by Corollary 4.6).

Next, we present some examples of ideals that are not weakly K-uniform.

Example 4.7. Let Z = J & J', where J,J’ are ideals such that J £x J’ and
J’ fK J. Then 7 is not weakly K-uniform.

Proof. The assumptions J £k J' and J' £k J giveus J £x T and J' £k T
(by Lemma 4.2). This finishes the proof, since it implies that |JJ x {0} ¢ K(Z)
and JJ' x {1} ¢ K(I). O

We will end this section by showing that tall summable ideals Z; are not weakly

K-uniform. The proof of this fact is a bit more complex. We will need the following
lemma and a characterization of the Katétov order among summable ideals.

Lemma 4.8. Let f : w — [0,00) be such that )
0. Then there are sets B,C' C w such that:

(1) w=BUC,

(2> ZiEB f(l) =00 and Ziec f(l) = 0o,

(3) for every M € w there exist numbers n,m € w such that:
S S o S S0
S S M S ey T

where (bp)new and (cn)new are the increasing enumerations of B and C,

new [(n) = 00 and lim,, o f(n) =

respectively.

Proof. We will construct sets Ay, Ao, ... and numbers ag, ng, a1, n1,as, N ... such
that:

e a; +n; <a;qq forall i € w;

o A = {al,al +1,...,a1 +’I’Ll};

L] Ai = {ai,ai—&—1,...,ai—|—n,-}U{ai_2+ni_2+1,...,ai_1 —1} fOriZ 2,

e for each i > 1 we have:

n;
_o f(m .
aziﬂ_o (m) >1+4+1;
(=0 f(m)) +1
e for each 7 > 1 we have:
a;+mn; a; —1

> f(m)<1and Y fm) >

m=a; m=a;—1+n;-1+1
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Let ag = —1 and ng = 0. There exists n; such that:
niy ao
> fliy>2=2- <<Zf(i)> +1>.
i=0 i=0

Let a1 > 1 be such that:

a1+n1y a;—1
> f)<land Y f(i)> 1.
i=as i=0
Define the set Ay as {a1,a1 +1,...,a1 +n1}.
Now, let us assume that k£ > 1 and we have already defined sets Aq,..., Ay and
numbers ag, ng, a1,Mn1, - .., ak, Ng. LThere exists ngy1 such that:

(2 F0) +1

Moreover, there exists a number a1 > ai + ng such that:

> k4 2.

Ap41+ngs1 ap+1—1
> ftiy<land > f(i)> 1.
i=ap41 i=ag+ng+1

Let Apy1 ={akt1,---sakp1 +npp1tU{ar—1 +ng—1+1,...,ar —1}. This finishes
our construction.

In the following, we will use the observation that max(A4;) = a;+n; < a;+n;+1 =
min(A;y2) for each ¢ > 1. Define

B = U Agn and C = U A2n+1~
new\{0} new
Below, we show that those sets are as needed.

(1) Let n € w. If n < ay, then n € Ay. On the other hand, if n > ay, denote
m =max{k €w:ar <n}. Thenn € A,, U A t2. Hence,n € BUC.

(2) We have ), f(i) = oo, because }, 4, f(i) > 1 for all i > 1 and Ay; N
Ay; =0 for i # j (by the above observation). In a similar way it is possible to show
that > .. f(i) = oo.

(3) Let M € w. There exists ¢ > 1 such that 2i +1 > M. Observe that
Bn{agi—1,...,a2;—1} = Ay;N{agi_1,...,a2;—1} = O (by the above observation).
Then

EZfLo (m) > Zlifio (m)

Ym0 f(bm) T vt f(m) 4+ o f(m)
S f(m)

ey f(m)) + 1

In a similar way it is possible to show that the second inequality from (3) also
holds.

>

>2i+1> M.

]

Theorem 4.9. [4, Theorem 6.2] Let f : w — (0,00) and g : w — (0,00) be two
nonincreasing functions such that y_ . f(n) = > .. g9(n) = oo. The following
statements are equivalent:
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(1) there is M > 0 such that

S f6) _
Spoli)
for alln € N;
(2) Zy <k Zy.

Theorem 4.10. All tall summable ideals are not weakly K-uniform.

Proof. Fix a tall summable ideal Zy. Then f : w — [0, 00) is such that > f(n) =
oo and lim,_,+ f(n) = 0. Without loss of generality we can assume that f(n) >0
for all n € w (if not, replace f with f:w — (0,00) given by:

r _ f(n)v if f(n) > Oa
= { Lo i) =0,

on>

and observe that Z; = Iy, 3°, ., f(n) > Y new f(n) = 0o and lim,, f(n) =0).
Since being not weakly K-uniform is invariant over isomorphisms of ideals, we can
additionally assume that f is nonincreasing.

Take sets B and C from Lemma 4.8 and let (b, )new and (¢, )new, be the increasing
enumerations of B and C, respectively. Define function g : w — (0,00) as g(n) =
f(by) for all n € w. Similarly, we can define function h : w — (0,00) as h(n) = f(cp)
for all n € w. Then g and h are also nonincreasing and such that ) . g(n) =

Yiepf(n)=occand ) . h(n)=73 .- f(i) =co. Observe that:

Ig:{MCoJ: Zg(n)<oo}%“{MCB:Zf(n)<oo}:If|B

neM neM

and similarly 7;, = Z|C. By Theorem 4.9 and the choice of sets B and C' we obtain
that Z¢|B £k Zy and Zf|C £k Zy. Since BUC = w, the ideal Z; is not weakly
K-uniform (by Proposition 2.2). O

Corollary 4.11. Let Iy be a tall summable ideal. Then it is nowhere weakly K-
uniform, i.e. Ir|A is not weakly K-uniform for any A € I;{.

Proof. It follows from Theorem 4.10 as all restrictions Z7|A for A € I;{ are tall
summable ideals. O

Corollary 4.12. Let Z be a summable ideal. The following conditions are equiva-
lent:

(1) Z is weakly K -uniform;
(2) T is a non-tall ideal.

Proof. (1) = (2) follows from Corollary 4.11 and (2) = (1) follows from
Example 4.1. ([l

The following answers [2, Question 8.8(2)].
Corollary 4.13. The summable ideal Z1 is not K-uniform.

Proof. 1t follows from Corollary 4.11, since all K-uniform ideals are weakly K-
uniform. O
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5. FUNCTIONS PRESERVING Z-CONVERGENCE

Theorem 5.1. Let Z and J be ideals. The following conditions are equivalent:

(1) for any A € I there exists B € J+ such that Z|A < J|B;
(2) every function that preserves J-convergence also preserves L-convergence.

Proof. Without loss of generality we may assume that both Z and J are ideals on
w.

(1) = (2): Let f: X — Y be a function that preserves J-convergence.
Suppose to the contrary that f does not preserve Z-convergence. Then there exist

x € X and (2, )new € X such that z, Z, x, but (f(2n))new does not Z-converge
to f(x). Thus, there exists Uy (,), a neighborhood of f(x), such that:

A={new: f(zn) ¢ Us} €TT.
Notice that:
A={necw: fz,) eEY\Uppy} ={necw:a, € fTHY\Upu)}.

By our assumption, there exists B € JT such that Z|A <y J|B. Let g: B — A
be the function witnessing it. Define y, = x4,y if n € Band y,, = zifn € w\B. We
will show that the sequence (Y, )new is J-convergent to . Let U, be a neighborhood
of . We have:

fnew:iy, ¢ U} ={neB:xyy ¢U,}
={neB:gn)e{mew:x, ¢ U} NA}
=g 'imew:z,¢UNA€JB
as {mew:x, €U} €T.
On the other hand:

{n Cw: f(yn) ¢ Uf(m)} = {n €B: f(xg(n)) ¢ Uf(r)}
={neB:zyy, € [T Y \Uryul}
={neB:gln)cAl=g'[A]=BeJ",

a contradiction with the fact that f preserves J-convergence.

(2) = (1): Suppose that there exists A € ZT such that Z|A £x J|B for all
Be Jt. Let f: X(Z|A) — X(J) be such that

, ifx e A,
f($)={ :
w, ifr=w.

Consider the sequence (yp)necw given by y, = nifn € A and y, = w if n ¢ A.
Note that it is Z-convergent to w in X (Z|A). On the other hand, (f(yn))new is not
Z-convergent to f(w) = w in X(J). Hence, f does not preserve Z-convergence.

Now, it remains to show that f preserves J-convergence. Let (2, )ncw be a J-
convergent sequence in X (Z|A). In the case z, Tz # w, it is easy to prove that
f(zn) 7, f(z) in X(J). Therefore, assume that z,, 7 w. Let B = {new:z, #
w}. Suppose that B ¢ J. Then Z|A £k J|B, so there exists C' € Z|A such that
{neB:x,€C} ¢ J|B. But {n €w:z, € C} € J by J-convergence of (,)necw
to w in X (Z|A) — a contradiction. Thus, if a sequence (x,,)ne,, is J-convergent to w
in X(Z|A), then B={n € w: z, # w} € J and consequently f(z,) T w= f(w)
in X(J). Hence, f preserves J-convergence.
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The following are immediate consequences of Theorem 5.1.

Corollary 5.2. Let J be an ideal. Then every function that preserves [J -convergence
also preserves ordinary convergence, i.e., is sequentially continuous.

Corollary 5.3. The following conditions are equivalent for an ideal Z:

(1) T is nowhere tall;
(2) every sequentially continuous function preserves I-convergence;
(3) any function is sequentially continuous if and only if it preserves I-convergence.

6. FUNCTIONS PRESERVING Z-CONVERGENCE VERSUS Z-CONTINUITY

We start this section with a result characterizing when every J-continuous func-
tion preserves Z-convergence. Next, we answer a certain question posed in [10]. At
the end of this section we study the reversed implication, i.e., we characterize when
preservation of Z-convergence implies J-continuity.

Theorem 6.1. Let Z and J be ideals. The following conditions are equivalent:
(1) ZIA <k J for all A€ TT;
(2) every J-continuous function preserves I-convergence.

Proof. Without loss of generality we may assume that both Z and J are ideals on

w.
(1) = (2): Let f: X — Y be a J-continuous function and (z,)nen, C X be

such that z,, — 2 € X. We will show that f(zn) =, f(x). Let Ug,y €Y be
a neighborhood of f(z). Then Y \ Uy(,) is closed, so it is also J-closed (as every
closed set is J-closed). Since f is J-continuous, f~[Y \ Up,] is J-closed.
We will show that
A={new:z, € f' Y \Upnl}t €T
Suppose towards a contradiction that A ¢ Z. By our assumption, Z|A <x J.
Hence, there exists g : w — A such that g7![M] € J for any M € Z|A. We will
show that ) 7 z. Let U, be a neighborhood of x. Then we have:
{new:iazym ¢ U} ={necw:gn)e{mecw:z, ¢ U} NA}
=g '{mew:z,¢U,}NA €T

as {m € w: xy ¢ Uy} € . Thus, x40, 7, x. Since FTHY \ U] is J-closed,
(Zgm)Inew € fTHY \Upw) and @ ¢ f7HY \ Up@], we obtain a contradiction.

Therefore A € 7.
Observe that:

new: f(w,) ¢Upnt ={ncw: f(zn) €Y \Upp} = AL
Hence, f preserves Z-convergence.

(2) = (1): Suppose that there is A € I such that Z|A £k J. Define a
function f: X(Z) — X(Z) by

1, ifx € A,
J(@) = {w, ifed¢ A

We will show that f is J-continuous but fails to preserve Z-convergence.
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It is easy to see that the sequence (z,,)ne, given by x, = n for all n € w is such

that (zn)new 2L win X (Z). On the other hand, the sequence (f(x,))new is not
Z-convergent to f(w) = w in X(Z), because A ¢ Z. Therefore, f does not preserve
Z-convergence.

Let B be a J-closed set in X(Z). If w € f~1[B], then f~![B] is J-closed.
In the case w ¢ f~![B] we have w ¢ B, so either f~}[B] = () or f~}[B] = A.
Since Z|A £k J, it follows from Lemma 2.6 that the set A is J-closed in X (Z).
Obviously, 0 is also J-closed. Hence, f is J-continuous.

(]

The following are immediate consequences of Theorem 6.1.

Corollary 6.2. Let T be an ideal. The following conditions are equivalent:
(1) Z is K-uniform;
(2) any Z-continuous function preserves I-convergence.

Corollary 6.3. LetZ be an ideal. Then every Z-continuous function is sequentially
continuous.

Proof. Follows from the above theorem combined with the facts that for any infinite
A C w we have Fin|A <k 7 and that a function is sequentially continuous if and
only if it preserves Fin-convergence. (]

Now we give a positive answer to the following question posed by Hang Zhang
and Shuguo Zhang.

Question 6.4. [10, Question 5] Do there exist tall ideals T and J and a function
¢:UZ — UZ such that ¢ : X(T) — X (Z) given by:

5 {W), if v #w,

w, ifr =w,
is J -continuous but does not preserve J -convergence?
Before answering this question, we need to prove a certain lemma.

Lemma 6.5. If 7 and J are ideals such that T ﬁK J, I <k T and J is K-
uniform, then the following conditions are equivalent for any A C |JZ x {0} U
UJ x {1}:

(1) JA ¢k T J;

(2) A¢ K(ZTaJ);

(3) Al S j,‘
where by Ay we denote the set {n € JJ : (n,1) € A}.

Proof. (2) = (1): Obvious.

(1) = (3): Assume that 4; € J'. Since J is K-uniform, we get J|A4; <g
J <k IT® J (by Lemma 4.2 and the facts that J <x Z and J <g J).

(3) = (2): Assume that 4; € J. It is enough to prove that Z & (J|A41) £k
I ® J, because it implies (Z ® J)|A £x Z @ J. There are two possible cases:

Case 1: A is finite. Then Z & (J|A;) is isomorphic to Z.

Case 2: A; is infinite. Observe that Z @ (J|A1) is isomorphic to Z & P(w).
Since Z £ J, T has to be tall, so T & P(w) (and consequently also Z & (J|A1)) is
isomorphic to Z.
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In both cases, Z & (J|A1) is isomorphic to Z. Since Z £x T @& J (by I £x J
and Lemma 4.2), we obtain Z ® (J|4:) €x T® J.
(]

Now we are ready to answer Question 6.4.

Proposition 6.6. There exists a tall ideal K and a function ¢ : UK — UK such
that ¢ : X (K) — X (K) is K-continuous and does not preserve K-convergence.

Proof. Let Z and J be tall ideals such that J <x Z,Z £, J and J is K-uniform
(for example, T = T and J = W). Define K =Z @ J. Clearly, K is a tall ideal.
Let ¢ : w x {0,1} — w x {0,1} be such that ¢(n,1) = (n,1) and ¢(n,0) = (0,0)
for all n € w.

We need to show that the function (/B is KC-continuous but does not preserve
K-convergence. We begin by proving that b is K-continuous. Fix a K-closed set
ACX(K). Ifw € A, then we have w € ¢~ [A], so ¢~ [A4] is K-closed in X (K). Now
we need to consider the case w ¢ A. It follows from Lemma 2.6 that K|A £x K.
By Lemma 6.5 and the way the function (Z) is defined, we have:

fnew:(n1)ed¢ A}={necw:(n,1)c A} e J.

Using Lemma 6.5 once again, K|¢~'[A] £k K. Applying Lemma 2.6 one more
time, we obtain that ¢—'[A] is K-closed in X (K).

It remains to show that ¢~) does not preserve K-convergence. It is clear that the
sequence (ZTn.i)(n,i)cwx{0,1} given by z,; = (n,i) for all n € w and i € {0,1} is
KC-convergent to w in X (K). On the other hand, the sequence (é(fvn,i))(n,i)ewx{m}
is not K-convergent to ¢(w) = w. Indeed, it follows from the fact that {(n,i) €

w x {0,1} : ¢(xni) = (0,0)} = w x {0} ¢ K. Hence, ¢ fails to preserve K-
convergence. (Il

We end this section with the following characterization.

Theorem 6.7. Let Z and J be any ideals. The following conditions are equivalent:

(1) every function that preserves J -convergence is I-continuous;

(2) every function defined on X (I) that preserves J -convergence is -continuous;

(3) for every ideal M on |JZ such that M Lx T there exists B ¢ J and
a function h that is a witness for T <y J|B and is not a witness for

M <k J|B.

Proof. Without loss of generality, we will assume that both Z and J are ideals on
w.
(1) = (2): Obvious.
(2) = (3): Let M be such an ideal that M €k Z and every function h that
is a witness for Z <y J|B, for some B ¢ 7, is also a witness for M <g J|B.
Consider the function f : X(Z) — X (M) given by f(z) = « for all z € X (Z).
Since Z <xg Z and M £ Z, by Lemma 6.5 we have that the set w is Z-closed in
X (M) while f~![w] = w is not Z-closed in X (Z). Hence, f is not Z-continuous.
On the other hand, take any sequence (h(n)),ec., of elements in X (Z) that is J-

convergent to some x € X(Z). If {n € w: h(n) # x} € J, then clearly f(h(n)) N
f(x). Thus, we can assume that ©+ = w and B = {n € w : h(n) # w} € J.
Therefore, we obtain that for every A € Z we have h™[A] = {n € w: h(n) € A} €
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J. It follows that h | B is a witness for Z <y J|B, thus h [ B is also a witness for
M <k J|B. Therefore, for every A € M we get

{neB:f(h(n) € Ay ={ne€B:h(n)c A} =(h|B)"'[A] € J|B.

Since f(h(n)) = w for every n ¢ B, it follows that f(h(n)) Ty = f(x). Thus, f

preserves J-convergence.

(3) = (1): Let f: X — Y be a function that preserves J-convergence, but is
not Z-continuous. Since f is not Z-continuous, there exists an Z-closed set A CY
such that f~![A] is not Z-closed. It follows that there exists a sequence (2, )new of
elements in f~1[A] that is Z-convergent to some x ¢ f~1[A].

Let M be the ideal generated by

B={{necw: f(z,) €U} :U is a neighborhood of f(x)}.

Family B is closed under taking finite unions of its elements, so M = {A C w :
dgen A C B}. We will show that M €k Z. Fix any ¢ : w — w. Observe that
f(x4(n)) is not Z-convergent to f(x). Indeed, otherwise A would not be Z-closed as
all f(xg(,)) are elements of A while f(x) & A. Hence, there exists a neighborhood
V of the point f(x) such that {n € w: f(z4n)) € V} € Z. Now, note that

{new: flwgm) €V=0""{new: f(za) ¢V},

thus there exists C = {n € w: f(z,) € V} € M such that ¢~1[C] ¢ Z. Therefore,
MLk T.

Next, let h be a function that is a witness for 7 <gx J|B, for some B ¢ J.
Consider the sequence (Yn)new given by Y, = Tp(,) for n € B and y, = x otherwise.
Then for any neighborhood U of x we have:

{nEw:yngU}:{neB:xh(n)QU}:hil[{new:xngU}].

Sincexnix, nhnew:z, ¢U}eZ Thus, {n €w:y, €U} € J,as h
is a witness for Z <x J|B. Hence, y, 7, 4. Since f preserves [J-convergence,

flyn) N f(x). Now, for any C' € M there exists a neighborhood U of f(x) such
that:

CC{necw: f(z,) € U}.

Thus,
ROl Ch {new: f(zn) ¢ UJ]
={neB: f(znm) ¢ U}
={neB: f(y,) €U} € J|B.
Therefore, h is a witness for M <g J|B. O

Corollary 6.8. Let T be an ideal. The following conditions are equivalent:

(1) any function is sequentially continuous if and only if it is T-continuous;
(2) every sequentially continuous functions is I-continuous;
(3) T is not tall.

Proof. (1) = (2) is obvious, while (2) = (1) follows from Corollary 6.3. In
the proof of (2) <= (3) we will use the characterization from Theorem 6.7.

(2) = (3): If Z is tall, then Z £k Fin. Thus, we can pick as M any ideal
such that M €k Z and for any B ¢ Fin there will be no witness for Z <y Fin|B.
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(3) = (2): Let A C JZ be such that Z|A = Fin. Let M be any ideal such
that M £Lx Z. Then M £k Fin. It remains to notice that for B = w ¢ Fin
any injection h : w — A is a witness for Z <x Fin that cannot be a witness for
M <k Fin, because M £ Fin. ]

7. Z-CONTINUITY VERSUS J-CONTINUITY

In this section we study when J-continuity implies Z-continuity.

Theorem 7.1. Let T and J be any ideals and Y be a topological space. The
following conditions are equivalent:
(a) there is a J-continuous function with codomain'Y , which is not Z-continuous;
(b) there is a J-continuous f : X(Z) — Y, which is not Z-continuous;
(c) there is a J-continuous f : X(Z) = Y and an Z-closed set A CY such
that f~1A] =UZ.

Proof. The implications (¢) = (b) and (b) = (a) are obvious (as |JZ is not
Z-closed in X (7)), so we only need to prove (a) = (c). Without loss of generality,
we may assume that both Z and J are ideals on w.

Suppose that there are a topological space X and a J-continuous function g :
X — 'Y, which is not Z-continuous. Then there is an Z-closed subset A of Y such
that g~1[A] is not Z-closed in X. Hence, there is a sequence h : w — g~ 1[A] which
is Z-convergent to some z € X \ g7![A]. Define f : X(Z) — Y by f(w) = g(z) and
f(n) = g(h(n)) for all n € w. Then f is not Z-continuous as the set A is Z-closed in
Y, but its preimage f~[A] = h™1[g7![A]] = w is not Z-closed in X (Z) (by Lemma
2.6).

To finish the proof, we need to show that f is J-continuous. Fix a J-closed set
B CY. If g(z) € B, then w € f~Y[B], so f~![B] is J-closed in X(Z). Hence,
suppose that g(z) ¢ B (so w ¢ f~![B]) and fix a sequence (z,)ne,, in f1[B] =
h=1[g~![B]] which is J-convergent to some | € X(Z). We claim that | # w. This
will finish the proof as it means that {n € w: 2z, #1} € J,sol € f~}[B].

Assume towards a contradiction that (z,)new i J-convergent to w. For any
neighborhood U of z in X we have C' = {n € w : h(n) ¢ U} € T (as h is I-
convergent to z), so {n € w: h(z,) ¢ Ut ={necw:2,€C} e J (as X(T)\C
is a neighborhood of w in X (Z)). Hence, (h(z,))new is a sequence in g~*[B] which
J-converges to x ¢ g~1[B], which contradicts J-continuity of g. O

Definition 7.2. For a countable set 2 denote R = {{0}} and

Rg = U{z} X R; : (R;)icq is a sequence in U Rg
1€EQ B<a

for all 0 < a < w; (in particular, RS = {Q x {0}}). For simplicity of notation, we
will write R,, instead of R¥.

Definition 7.3. Let J be any ideal on €. Inductively define ideals Jr on R for
all R € J,.,, R in the following way. If R = {0} € R{}, then let Jr = {0} (in
this case Jr does not contain all finite subsets of R). If R = [J,co{i} x R; € R
for some o < wy and all Jg for R’ € UB <a Rg are defined, let

IJrn={ACR:{icQ: Ay ¢ In} T},
where Ay = {r € R; : (i,7) € A}.
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Definition 7.4. For two ideals Z and J write Z7 = J if T <g Jgr for some
R RY 7
6Uoz<w1 a -

Definition 7.5. Let Z and J be ideals. We say that the pair (Z,J) satisfies:

e condition (C1) if there is a (possibly improper) ideal M on JZ such that
M L T and for every B C |JZ with M|B £x J we have Z|B £k J;

e condition (C2) if there is a (possibly improper) ideal M on (JZ such that
M L T and for every B C |JZ with M|B A J we have Z|B £k J.

Remark. Note that the only difference between (C1) and (C2) is the replacement
of M|B £x J with M|B A J. We will see in Theorems 7.7 and 7.9 that:
e if a pair (Z, J) satisfies condition (C1), then there is a J-continuous func-
tion, which is not Z-continuous;

e if there is a J-continuous function, which is not Z-continuous, then the pair
(Z,J) satisfies condition (C2).

Lemma 7.6. Let K be an ideal (possibly improper), f :w — |JK and M be the
ideal on w generated by all sets of the form f=1[C] for C € K. Then for every
B C w, ideals M|B and K|f[B] are K-equivalent.

Proof. Family {f~1[C] : C € K} is closed under taking finite unions of its ele-
ments. Hence, M = {A : 3cex A C f7YC]}. The function f | B witnesses that
K|f[B] <k M|B. Thus, we only need to show M|B <y K|f[B]. Let g : f[B] - B
be any function such that g(i) € f~![{i}] N B for all i € f[B]. Observe that
f(g(i)) =i for all « € f[B]. We will show that ¢ is a witness for M|B <k K|f[B].
It suffices to check that the preimages (under g) of sets of the form f~1[C]N B, for
C € K, belong to K. Actually, we will show that g~ ![f~}[C]N B] C C € K. Fix
i € g Yf7[C] N B]. Then g(i) € f~1[C] N B, so using the above observation we
get i = f(g(i)) € C. O

Theorem 7.7. Let Z and J be any ideals. The following conditions are equivalent:

(a) there are ideals K and K' and a function f : X(K') — X(K), which is
J -continuous, but not T-continuous;
(b) the pair (Z,J) satisfies condition (C1).

Proof. Without loss of generality, we may assume that all considered ideals are on
w. In this proof we will often use Lemma 2.6 and the remark below it without any
reference.

(b) = (a): Assume that the pair (Z,J) satisfies condition (C1). Let K' = Z,
K=Mand f: X(Z) = X(M) be the identity function. Since M L Z, the set
w is Z-closed in X (M). However, its preimage f~![w] = w is not Z-closed in X (Z)
(as Z <k 7). Hence, f is not Z-continuous. Now we show that it is J-continuous.
Let B C X(M) be J-closed in X(M). If w € B, then also w € f~[B], so f~![B]
is J-closed in X (Z). On the other hand, if w ¢ B, then from J-closedness of B we
get that M|B £ J, so our assumption gives us Z|f~}[B] = Z|B £k J. Hence,
f7B] is J-closed in X (Z).

(a) = (b): Observe that if Z £x J, we put as M any ideal such that M €x T
and then for any B C w we have Z|B £k J (as otherwise we would have 7 <y
7|B <k J, which contradicts Z £x J). Thus, we can assume that Z <g J.

By Theorem 7.1, without loss of generality we may assume that f : X(Z) —
X (K) and there is an Z-closed set A C X (K) such that f~![A] = w. Observe that
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w ¢ A as otherwise A would be J-closed in X (K), but its preimage f~'[A] = w
would not be J-closed in X(Z) (by Z <k J), contradicting J-continuity of f.
Let M be the ideal generated by all sets of the form f~1[C] for C' € K. Observe
that IC|A €k Z (as A is Z-closed in X (K) and w ¢ A). Then also K|f[w] €k Z (as
flw] € A). Therefore, M = M|w £k T by Lemma 7.6. Fix now any B C w such
that M|B €k J. By Lemma 7.6 we get that K|f[B] €x J, so f[B] is J-closed
in X(K). Since f is J-continuous, f~![f[B]] has to be J-closed in X (Z). Hence,
TIfA{f[B]] £ J (recall that f(B] € flu] € A, so f'[f[B] € f~'[A] = w).
Since B C f~![f[B]], we obtain Z|B £k J. O

Lemma 7.8. Let Y be a topological space, D CY be a countable set and J be an
ideal. Then for every y € Y, if y belongs to the J-closure of D, then L, p = J,
where Ly p is the (possibly not containing all finite sets) ideal on D generated by
D\ U for open neighborhoods U of y.

Proof. Without loss of generality, we may assume that J is an ideal on w. By
Lemma 3.6, each y € cl7(D) belongs to D@ for some o < wy, where D(©) = D
and

D@ ={x e X :zis the J-limit of some sequence (Zp)new i U D®
B<a

Thus, it is enough to inductively show for every a < w; the following: for each
z € D@ there is R € R,, such that £, p <x Jr.

For the case a = 0, observe that if 2 € D(®) = D, then z ¢ C for every C € L, p,
ie, L, p C{C C D:z¢C}. Hence, the function f: {0} — D given by f(0) =z
witnesses that £, p <x Jro} = {0}, as flCl=0forall C €L, p.

Assume now that 0 < o < wy and for every 2 € Jg_,, D) thereis R € Us<a Rs
such that £, p <k Jr. Let z € D). Then there is a sequence (z,)new in
U5<a D) that is J-convergent to z. By our assumption, for each n € w there
is R, € UB<a Rp such that £, p <k Jr,. Let f, : R, — D be the function
witnessing L., p <k Jr,-

Define R = |J,,c,{n} X Ry € Rqo. Let f: R — D be given by f(n,r) = fu(r) for
all (n,r) € R. We will show that f witnesses £, p <gx Jr. Let C € L, p. Then
C C D\ U for some open neighborhood U of z. Since (z,)ne, is J-convergent to
z, we have S = {n € w: z, ¢ U} € J. Then U is an open neighborhood of z,,
for eachn € w\S,s0 C CD\U € L, p forall n € w\ S. By the choice of the
functions f,, we get that f, [C] € Jg, for every n € w\ S. Thus,

e (U{n}xﬁ%)U U i x £11C | € Tr.

nes new\S

O

Theorem 7.9. Let T and J be any ideals. If there is a J-continuous function,
which is not T-continuous, then the pair (Z,J) satisfies condition (C2).

Proof. We can assume that all considered ideals are on w.
By Theorem 7.1, without loss of generality we may assume that there are a topo-
logical space Y, a J-continuous f : X(Z) — Y and an Z-closed set A C Y such that
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fYA] = w. Let K be the (possibly improper) ideal on f[w] generated by flw]\ U
for open neighborhoods U of f(w).

Observe that K|f[w] = K €x Z. Indeed, if there would exist h : w — f[w]
witnessing K <y Z, then (h(n))nc, would be a sequence in flw] C A that is Z-
convergent to f(w) ¢ A (by f~![A] = w) — a contradiction with the fact that A is
Z-closed in Y.

Let M be the (possibly improper) ideal generated by all sets of the form f~1[C]
for C € K. Then M = M|w £x Z by Lemma 7.6.

Fix now any B C w such that M|B A J. Then clearly K|f[B] A J as otherwise
there would be R € J,,.,,, Ra such that K|f[B] <x Jr while M|B £x Jr, which
contradicts the fact that M|B and K|f[B] are K-equivalent by Lemma 7.6.

Now, by applying Lemma 7.8 to K[f[B] as L), B we obtain that f(w) ¢
cl7(f[B)), hence w ¢ f~1[cl7(f[B])]. Since f is J-continuous, f~[cl7(f[B])] has
to be J-closed in X(Z). Hence, Z|f~'[cl7(f[B])] £x J (by Lemma 2.6). Since
B C f7Yf[B]] € flcls(f[B])], we obtain Z|B £x J. O
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