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Abstract. Let X be an uncountable Polish space and let H be the Hindman

ideal, that is, the family of all S ⊆ ω which are not IP-sets. For each sequence

x = (xn)n∈ω taking values in X, let Λx(FS) be the set of IP-limit points
of x. Also, let Λx(H) be the set of H-limit points of x, that is, the set of

ordinary limits of subsequences (xn)n∈S with S /∈ H. After proving that

these two notions do not coincide in general, we show that both families of
nonempty sets of the type Λx(FS) and of the type Λx(H) are precisely the

class of nonempty analytic subsets of X.

An analogous result holds also for Ramsey convergence. In the proofs, we
use the concept of partition regular functions introduced in [6], which provide

a unified approach to these types of convergence.

1. Introduction

For each infinite subset D of the nonnegative integers ω, denote by FS(D) the
family of all finite nonempty sums of distinct elements of D. A set S ⊆ ω is said to
be an IP-set if it contains FS(D) for some infinite D ⊆ ω. It is known that IP-sets
are examples of so-called Poincaré sequences which play an important role in the
study of recurrences in topological dynamics, see e.g. [11, p. 74]. It follows from
Hindman’s theorem [15] that the family

(1) H = {S ⊆ ω : S is not an IP-set}
is an ideal on ω, that is, a family of subsets of ω closed under taking finite unions
and subsets. Hereafter, H will be referred to as the Hindman ideal, see e.g. [9, p.
109].

Given a sequence x = (xn)n∈ω taking values in a topological space X, we say
that η ∈ X is an IP-limit point (or an FS-limit point) of x if there exists an infinite
D ⊆ ω such that for every neighborhood U of η there exists k ∈ ω such that xn ∈ U
for all n ∈ FS(D \ k); equivalently, the subsequence (xn)n∈FS(D) is “IP-convergent”
to η, see e.g. [12]. The set of such points is denoted by

Λx(FS) = {η ∈ X : η is an IP-limit point of x} .
In another direction, for each infinite set D ⊆ ω, let r(D) be the family of subsets

of D with cardinality 2. It follows by Ramsey’s theorem that the family

(2) R = {S ⊆ r(ω) : S does not contain r(D) for any infinite D ⊆ ω}
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is an ideal on the countably infinite set r(ω). Hereafter, R is called the Ramsey
ideal, see e.g. [16, 21]. As before, if y = (y{n,m}){n,m}∈r(ω) is a sequence taking
values in a topological space X, we say that η ∈ X is an r-limit point of y if there
exists an infinite set D ⊆ ω such that for every neighborhood U of η there exists
k ∈ ω such that y{n,m} ∈ U for all {n,m} ∈ r(D \ k); equivalently, the subsequence
(y{n,m}){n,m}∈r(D) is “r-convergent” to η, see e.g. [3, 4]. The set of such points is
denoted by

Λy(r) = {η ∈ X : η is an r -limit point of y} .
The main aim of this work is to show that each of the two families of nonempty

sets of the type Λx(FS) and of the type Λy(r) coincides with the class of nonempty
analytic subsets of X, provided that X is an uncountable Polish space (see Theorem
4.2 and Theorem 4.3 below). This continues the line of research in [1, 2, 8, 13, 14]
on the study of attainable sets of limit points with respect to ideal convergence. In
fact, after recalling the necessary definitions in Section 2, we show that variants of
our main results hold also in the context of ideal limit points for the Hindman ideal
H and Ramsey ideal R defined in (1) and (2), respectively. In addition, in Section
3 we provide several characterizations of P -like properties, and specialize them to
the cases of maps FS and r (see Corollary 3.4 below).

Following [6], we use partition regular functions and study some of their prop-
erties. This gives us a unified approach to consider our questions for the types of
convergence considered here. For additional motivations, we refer the reader to [6].

2. Preliminaries

2.1. Notations. The set of all nonnegative integers is denoted by ω, and each
nonnegative integer n ∈ ω is identified with the set {0, 1, . . . , n − 1}. Given a set
X, we denote by Xω and X<ω the families of all infinite sequences x : ω → X
and the families of all finite sequences x : n → X with n ∈ ω, respectively. For
a finite sequence s ∈ ω<ω we denote its length by |s|. The infinite zero sequence
(0, 0, . . .) ∈ ωω is denoted by 0∞. Given a set X, we denote by [X]κ and [X]<κ

the families of all subsets of X of cardinality κ and of cardinality strictly less than
κ, respectively. In particular, we write Fin(X) = [X]<ω to denote the family of all
finite subsets of X.

If X is a metric space with metric d, we denote by B(p, r) = {x ∈ X : d(x, p) <
r} and B(p, r) = {x ∈ X : d(x, p) ≤ r} the open ball and closed ball of radius
r > 0 and centered at p ∈ X, respectively. Lastly, if X is a Polish space (that is, a
separable and completely metrizable space), we use the standard notation Σ1

1(X)
and Π1

1(X) (or simply Σ1
1 and Π1

1 if X is understood) for the families of analytic
and coanalytic subsets of X, respectively, see e.g. [17].

2.2. Partition regular functions. Let us start by recalling the main definition
of partition regular function from [6, Definition 3.1].

Definition 2.1. Let Ω,Ψ be two countably infinite sets and pick a nonempty family
F ⊆ [Ω]ω such that A\K ∈ F for all A ∈ F andK ∈ Fin(Ω). We say that a function

ρ : F → [Ψ]ω

is partition regular if it satisfies the following properties:

(M) ρ(E) ⊆ ρ(F ) for all E,F ∈ F such that E ⊆ F ;
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(R) for every F ∈ F and A,B ⊆ Ψ such that ρ(F ) = A∪B, there exists E ∈ F
such that either ρ(E) ⊆ A or ρ(E) ⊆ B;

(S) for every F ∈ F there exists a subset E ⊆ F , E ∈ F such that for every
a ∈ ρ(E) there exists K ∈ Fin(Ω) for which a /∈ ρ(E \K).

For each partition regular function ρ as in Definition 2.1, we associate the family

(3) Iρ = {S ⊆ Ψ : ∀F∈F ρ(F ) ̸⊆ S} .
It is not difficult to see that Iρ is an ideal on Ψ, that is, a proper subset of P(Ψ)
which contains Fin(Ψ) and is closed under taking finite unions and subsets; vice
versa, for each ideal I on Ψ, we have I = IρI for the partition regular function
ρI : I+ → [Ψ]ω defined by ρI(F ) = F where I+ = P(Ψ) \ I; see [6, Proposition
3.3] for details.

As anticipated in Section 1, in this work we are mainly interested in two partition
regular functions r : [ω]ω → [[ω]2]ω and FS : [ω]ω → [ω]ω defined by

r(D) = [D]2 and FS(D) =
{∑

n∈α
n : α ∈ [D]<ω \ {∅}

}
for all D ∈ [ω]ω, respectively, see [6, Theorem 3.4 and Theorem 3.6]. Following the
notation in (3), the associated ideals

R = Ir and H = IFS
are called Ramsey ideal and Hindman ideal, respectively; see [9, 16, 21].

2.3. Families of cluster and limit points. We now present our main definitions
of ρ-cluster points and ρ-limit points. Hereafter, given a sequence x : Ψ → X, we
usually write xs = x(s) for each s ∈ Ψ.

Definition 2.2. Let x : Ψ → X be a sequence in a topological space X and pick
a partition regular function ρ : F → [Ψ]ω. Denote by Γx(ρ) the set of ρ-cluster
points of x, that is, the set of all η ∈ X such that, for all neighborhoods U of η,

∃F∈F ρ(F ) ⊆ {s ∈ Ψ : xs ∈ U} .
We also write CX(ρ) for the family of sets of ρ-cluster points of sequences with

values in X, together with the empty set, that is,

CX(ρ) = {A ⊆ X : ∃x∈XΨ A = Γx(ρ)} ∪ {∅}.
If the topological space X is understood, we simply write C (ρ).

Equivalently, η is a ρ-cluster point of x if {s ∈ Ψ : xs ∈ U} /∈ Iρ for all neigh-
borhoods U of η, where Iρ is the ideal generated by ρ as in (3). In particular, the
definition of ρ-cluster point depends only on the ideal generated by ρ, hence it makes
sense to write Γx(Iρ). In fact, if I is an ideal on Ψ, elements of Γx(I) = Γx(ρI) are
usually called I-cluster points, see e.g. [2, 20]. It is worth noting that the case of
an empty set of ρ-cluster points is not really interesting: indeed, it is known that, if
X is a metric space and I is an ideal on ω, then there exists a sequence x : ω → X
such that Γx(I) = ∅ if and only if X is not compact, see [8, Proposition 5.1].

For the next definition, let X be a topological space, ρ : F → [Ψ]ω be a partition
regular function, and pick a sequence x : Ψ → X. A subsequence y of x is said to
be a ρ-subsequence of x if there exists F ∈ F such that y = (xs)s∈ρ(F ). Informally,
a ρ-subsequence is a subsequence of x with an index set which is “not small” with
respect to ρ. Accordingly, a ρ-subsequence y = x ↾ ρ(F ) is said to be ρ-convergent
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to η ∈ X, shortened as ρ- lim y = η, if for every neighborhood U of η there exists
K ∈ Fin(Ω) such that ys ∈ U for every s ∈ ρ(F \K). Notice that this convergence
depends on the choice of F . In fact, it may happen that ρ(F ) = ρ(G) for some
F,G ∈ F , yet (ys)s∈ρ(F ) is ρ-convergent while (ys)s∈ρ(G) is not, see [6].

Definition 2.3. Let x : Ψ → X be a sequence in a topological space X and pick
a partition regular function ρ : F → [Ψ]ω. Denote by Λx(ρ) the set of ρ-limit
points of x, that is, the set of all η ∈ X such that

ρ- lim y = η

for some ρ-subsequence y of x. We also write LX(ρ) for the family of sets of ρ-limit
points of sequences with values in X together with the empty set, that is,

(4) LX(ρ) = {A ⊆ X : ∃x∈XΨ A = Λx(ρ)} ∪ {∅}.

If the topological space X is understood, we simply write L (ρ).
In the case where ρ = ρI for some ideal I on ω, we define

Λx(I) = Λx(ρI) and LX(I) = LX(ρI).

Elements of Λx(I) are called I-limit points of x.

More explicitly, η is a ρ-limit point of x if there exists F ∈ F such that, for
each neighborhood U of η, there is a finite set K ∈ Fin(Ω) such that xs ∈ U for all
s ∈ ρ(F \K). In the case where ρ = ρI for some ideal I, it is easy to see that η is an
I-limit point if and only if there exists E ∈ I+ such that the subsequence y = x ↾ E
is convergent to η; hence, this coincides with the classical notion of I-limit point
studied e.g. in [1, 2, 8, 19]. Unlike the case of ρ-cluster points, realizing the empty
set in (4) as a set of the form Λx(ρ) is much more difficult to handle. Indeed, if
I is an ideal on ω, several implications on the existence of a sequence x such that
Λx(I) = ∅ can be found in [8, Proposition 5.3 and Figure 3]. Recently, significant
progress on this topic was made in [5]. It is worth noting that families of I-limit
points and I-cluster points for an arbitrary ideal I were introduced in [18], however
they were already considered in [10] in the case of the ideal of all sets of asymptotic
density zero.

Proposition 2.4. Let x : Ψ → X be a sequence in a topological space X and pick
a partition regular function ρ : F → [Ψ]ω. Then

Λx(Iρ) ⊆ Λx(ρ) ⊆ Γx(ρ).

Proof. First, suppose that η ∈ Λx(Iρ), i.e., there exists S ∈ I+
ρ such that limx ↾

S = η. Then there is F ∈ F such that ρ(F ) ⊆ S, which gives limx ↾ ρ(F ) = η.
Since ρ is partition regular, there is E ∈ F such that E ⊆ F (which implies
ρ(E) ⊆ ρ(F )) and for all a ∈ ρ(E) there is a finite K ⊆ Ω with a /∈ ρ(E \K). Then
it is easy to check that the ρ-subsequence x ↾ ρ(E) is ρ-convergent to η. Hence,
η ∈ Λx(ρ). This implies that Λx(Iρ) ⊆ Λx(ρ).

Second, suppose that η ∈ Λx(ρ), i.e., there exists F ∈ F such that the ρ-
subsequence x ↾ ρ(F ) is ρ-convergent to η. Then for each neighborhood U of η we
can find a finite K ⊆ Ω such that xs ∈ U for all s ∈ ρ(F \K). Since ρ(F \K) ∈ I+

ρ ,
we conclude that η ∈ Γx(ρ). Therefore Λx(ρ) ⊆ Γx(ρ). □

The next example shows that Λx(Iρ) does not coincide, in general, with Λx(ρ).
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Example 2.5. For each nonzero n ∈ ω, let ν2(n) be the 2-adic valuation of n,
that is, the maximal k ∈ ω such that 2k divides n, and define Sm = {n ∈ ω \ {0} :
ν2(n) = m} for each m ∈ ω. Set ρ = FS and X = [0, 1], so that F = [ω]ω and
H = Iρ. We claim that there exists a sequence x ∈ Xω which has no Iρ-limit
points and, on the other hand, it admits a ρ-subsequence which is ρ-convergent. In
particular, this would imply that

Λx(H) = ∅ and Λx(FS) ̸= ∅.

We are going to show that the sequence x = (xn)n∈ω defined by x0 = 1/3 and
xn = 2−ν2(n) for each nonzero n ∈ ω satisfies our claim.

To this end, we show first that x has no H-limit points. Indeed, suppose for the
sake of contradiction that there exists an infinite E ⊆ ω such that x ↾ FS(E) is
convergent (in the ordinary sense). Since the image of x equals {1/3} ∪ {2−n : n ∈
ω}, there are only the following two possibilities.

(i) The sequence (xn)n∈FS(E) is eventually constant. In other words, there exist
k,m ∈ ω such that FS(E) \ k ⊆ Sm. In particular, since E ⊆ FS(E), we
have E \k ⊆ Sm. Now, pick distinct a, b ∈ E \k, so that ν2(a) = ν2(b) = m.
Then a + b ∈ FS(E) \ k ⊆ Sm and, on the other hand, ν2(a + b) ≥ m + 1,
contradicting a+ b ∈ Sm.

(ii) The sequence (xn)n∈FS(E) is convergent to zero. Take any a ∈ E \ {0}
and pick k ∈ ω such that a ∈ Sk. Since (xn)n∈FS(E) converges to zero,
FS(E)∩Sm has to be finite for each m ∈ ω. In particular, since E ⊆ FS(E),
we have that E∩Sm is finite for each m ∈ ω. Then E \

⋃
m≤k Sm is infinite

and for each b ∈ E\
⋃

m≤k Sm we have a+b ∈ FS(E)∩Sk, which contradicts

the fact that FS(E) ∩ Sk is finite.

Lastly, we show that, if F = {2n : n ∈ ω} (so that FS(F ) = ω \ {0}), then the
FS-subsequence y = x ↾ FS(F ) is FS-convergent to 0. Indeed, for each k ∈ ω and
each n ∈ FS(F \ 2k), we have ν2(n) ≥ k, hence yn ≤ 2−k. Therefore FS - lim y = 0.

The main goal of this work is to show that, for each nonempty analytic subset
C of an uncountable Polish space X, there exist sequences x and y taking values
in X which satisfy

C = Λx(FS) = Λx(H) and C = Λy(r) = Λy(R).

As an application, we obtain

L (FS) = L (H) = L (r) = L (R) = Σ1
1,

see Theorem 4.2 and Theorem 4.3 below.

3. P-like properties

It will be useful to recall the following definitions, see [6, Section 6]. For a
partition regular function ρ : F → [Ψ]ω, we write ρ(F ) ⊆ρ B if there is a finite set
K ⊆ Ω with ρ(F \K) ⊆ B. We remark that “ρ(F ) ⊆ρ B” is a relation between F
and B, and not between ρ(F ) and B (in fact, it is possible that ρ(F ) = ρ(G) and
ρ(F ) ⊆ρ B but ρ(G) ̸⊆ρ B, see [6, Remark after Definition 6.3]).

A partition regular function ρ : F → [Ψ]ω is

(i) P+ if for every ⊆-decreasing sequence (An)n∈ω ∈ (I+
ρ )ω there exists F ∈ F

such that ρ(F ) ⊆ρ An for each n ∈ ω;
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(ii) P− if for every ⊆-decreasing sequence (An)n∈ω ∈ (I+
ρ )ω with An \An+1 ∈

Iρ for each n ∈ ω there exists F ∈ F such that ρ(F ) ⊆ρ An for each n ∈ ω;

(iii) P | if for every ⊆-decreasing sequence (An)n∈ω ∈ (I+
ρ )ω with An \ An+1 ∈

I+
ρ for each n ∈ ω there exists F ∈ F such that ρ(F ) ⊆ρ An for each n ∈ ω.

Proposition 3.1. Let ρ : F → [Ψ]ω be a partition regular function. Then ρ is P+

if and only if it is both P | and P−.

Proof. Only If part. This is obvious.
If part. Suppose that ρ is P | and P−. Fix a ⊆-decreasing sequence (An)n∈ω ∈

(I+
ρ )ω. Define

T = {0} ∪ {n ∈ ω : An \An+1 ∈ I+
ρ }.

If T is finite, define k = maxT and Bn = Ak+1+n for all n ∈ ω. Then (Bn)n∈ω

is a ⊆-decreasing sequence with Bn \ Bn+1 ∈ Iρ for each n ∈ ω. Since ρ is P−,
there exists F ∈ F such that ρ(F ) ⊆ρ Bn for each n ∈ ω, hence ρ(F ) ⊆ρ An for
each n ∈ ω.

If T is infinite, let (tn)n∈ω be the increasing enumeration of T and define Cn =
Atn for all n ∈ ω. Then (Cn)n∈ω is a ⊆-decreasing sequence with Cn \ Cn+1 ⊇
Atn \Atn+1 ∈ I+

ρ for each n ∈ ω. Applying the fact that ρ is P |, there exists E ∈ F
such that ρ(E) ⊆ρ Cn for each n ∈ ω. Also in this case ρ(E) ⊆ρ An for each n ∈ ω.
Therefore ρ is P+. □

Proposition 3.2. Let X be a metric space with an accumulation point, and let
ρ : F → [Ψ]ω be a partition regular function. Then the following hold.

(i) ρ is P+ if and only if Λx(ρ) = Γx(ρ) for every sequence x ∈ XΨ.
(ii) ρ is P | if and only if Λx(ρ) is closed for every sequence x ∈ XΨ.
(iii) Suppose that X is locally compact. Then ρ is P− if and only if each isolated

point in Γx(ρ) belongs to Λx(ρ) for every sequence x ∈ XΨ.

Proof. In the following proofs, let d be the metric on X.
(i) Only If part. Fix a sequence x = (xs)s∈Ψ in X. By Proposition 2.4 we

have Λx(ρ) ⊆ Γx(ρ), so we only need to show that Γx(ρ) ⊆ Λx(ρ). If Γx(ρ) = ∅,
the claim is clear. Otherwise, fix p ∈ Γx(ρ). Then for every n ∈ ω we have
An = {s ∈ Ψ : d(xs, p) < 2−n} ∈ I+

ρ . Moreover, (An)n∈ω is ⊆-decreasing. Since

ρ is P+, there is F ∈ F such that ρ(F ) ⊆ρ An for all n ∈ ω. Now, it is enough to
show that (xs)s∈ρ(F ) is ρ-convergent to p. To this aim, let U be a neighborhood of

p and pick n ∈ ω such that B(p, 2−n) ⊆ U . Then there is a finite set K ⊆ Ω such
that ρ(F \K) ⊆ An. It follows that xs ∈ B(p, 2−n) ⊆ U for all s ∈ ρ(F \K), hence
(xs)s∈ρ(F ) is ρ-convergent to p.

If part. Let us suppose that ρ is not P+, and let (An)n∈ω ∈ (I+
ρ )ω be a ⊆-

decreasing sequence such that for every F ∈ F we have ρ(F ) ̸⊆ρ An for some n ∈ ω.
Let also p be an accumulation point of X and pick an injective sequence (yn)n∈ω

such that the sequence (δn)n∈ω given by δn = d(yn, p) is decreasing and tends to
zero. Define the sequence x = (xs)s∈Ψ by

xs =


y0 if s ∈ Ψ \A0,

p if s ∈
⋂

n∈ω An,

yn if s ∈ An \An+1.

We will show that p ∈ Γx(ρ) and that p /∈ Λx(ρ).
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In fact, let U be a neighborhood of p and find n ∈ ω such that the closed ball
B(p, δn) is contained in U . Then xs ∈ B(p, δn) ⊆ U for all s ∈ An. Since An ∈ I+

ρ ,
we obtain that p ∈ Γx(ρ).

Lastly, to prove that p /∈ Λx(ρ), fix F ∈ F . We are going to show that the
subsequence (xs)s∈ρ(F ) does not ρ-converge to p. By the choice of (An)n∈ω, there
is n ∈ ω such that ρ(F \K) ̸⊆ An for all finite K ⊆ Ω. Define U = B(p, δn). Then
U is a neighborhood of p. Fix a finite set K ⊆ Ω. There is s ∈ ρ(F \K)\An. Then
s ∈ ρ(F \K) and xs ∈ {y0, y1, . . . , yn−1}, so xs /∈ U . By the arbitrariness of K, we
conclude that (xs)s∈ρ(F ) does not ρ-converge to p.

(ii) Only If part. Fix a sequence x = (xs)s∈Ψ in X and let (yn)n∈ω be a
sequence in Λx(ρ) converging to some p ∈ X. Then for each n ∈ ω there is Fn ∈ F
such that the ρ-subsequence (xs)s∈ρ(Fn) is ρ-convergent to yn. We need to show
that p ∈ Λx(ρ). This is clear if p = yn for some n ∈ ω, so we can assume that
p ̸= yn for all n ∈ ω. Then it is possible to find a decreasing sequence (δn)n∈ω of
positive reals such that limn δn = 0 and for each n ∈ ω there is k ∈ ω such that
d(yk, p) ∈ (δn+1, δn). Define An = {s ∈ Ψ : d(xs, p) < δn} for all n ∈ ω. Then
(An)n∈ω is ⊆-decreasing. Moreover, for every n ∈ ω we have An \ An+1 ∈ I+

ρ .
Indeed, if n ∈ ω then there is k ∈ ω such that δn+1 < d(yk, p) < δn, so U =
B(p, δn) \ B(p, δn+1) = {x ∈ X : δn+1 < d(x, p) < δn} is a neighborhood of yk
and we can find a finite K ⊆ Ω such that xs ∈ U for all s ∈ ρ(Fk \ K). Thus,
ρ(Fk \K) ⊆ An \An+1 and consequently An \An+1 ∈ I+

ρ (in particular, An ∈ I+
ρ ).

Since ρ is P |, there is F ∈ F such that ρ(F ) ⊆ρ An for all n ∈ ω. We will show
that (xs)s∈ρ(F ) is ρ-convergent to p. Let U be a neighborhood of p and find n ∈ ω
such that the ball B(p, δn) is contained in U . Then there is a finite set K ⊆ Ω such
that ρ(F \K) ⊆ An. It follows that xs ∈ B(p, δn) ⊆ U for all s ∈ ρ(F \K), hence
(xs)s∈ρ(F ) is ρ-convergent to p. Therefore p ∈ Λx(ρ).

If part. Assume that ρ is not P |. Hence it is possible to fix a ⊆-decreasing
sequence of sets (An)n∈ω ∈ (I+

ρ )ω such that

• An \An+1 ∈ I+
ρ for all n ∈ ω,

• for every F ∈ F there is n ∈ ω such that ρ(F ) ̸⊆ρ An.

Let also p be an accumulation point of X and pick an injective sequence (yn)n∈ω

such that the sequence (δn)n∈ω defined by δn = d(yn, p) is strictly decreasing and
has limit zero. At this point, define the sequence x = (xs)s∈Ψ by

xs =


y0 if s ∈ Ψ \A0,

p if s ∈
⋂

n∈ω An,

yn if s ∈ An \An+1.

To complete the proof, it will be enough to show that

(5) {yn : n ∈ ω} ⊆ Λx(ρ) and p /∈ Λx(ρ).

To this aim, fix n ∈ ω. Then, An \ An+1 ∈ I+
ρ , hence there is F ∈ F such that

ρ(F ) ⊆ An \An+1. Since xs = yn for all s ∈ ρ(F ), the ρ-subsequence (xs)s∈ρ(F ) is
ρ-convergent to yn. This proves the first part of (5). The second part of (5) can
be shown similarly as in the proof of the If part of item (i).

(iii) Only If part. Fix a sequence x = (xs)s∈Ψ in X and let p be an isolated
point of Γx(ρ). Taking into account that X is locally compact, it is possible to fix
an integer n0 ∈ ω such that B(p, 2−n0) is compact and B(p, 2−n0) ∩ Γx(ρ) = {p}.
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Since p ∈ Γx(ρ), for every n ∈ ω we have that

An = {s ∈ Ψ : xs ∈ B(p, 2−(n0+n))} ∈ I+
ρ .

In addition, (An)n∈ω is ⊆-decreasing. We are going to show that An \ An+1 ∈ Iρ
for all n ∈ ω. Indeed, suppose for the sake of contradiction that there is n ∈ ω such
that An \An+1 ∈ I+

ρ . Then Z = B(p, 2−(n0+n)) \B(p, 2−(n0+n+1)) is compact and

xs ∈ Z for all s ∈ An \An+1 ∈ I+. Thanks to [20, Lemma 3.1(vi)], it is possible to
fix a point p′ ∈ Γx(ρ) ∩ Z. Then p′ ̸= p and p′ ∈ Z ⊆ B(p, 2−(n0+n)) ⊆ B(p, 2−n0).
This contradicts the choice of n0.

Since ρ is P−, there is F ∈ F such that ρ(F ) ⊆ρ An for all n ∈ ω. Now,
we are going to show that (xs)s∈ρ(F ) is ρ-convergent to p. To this aim, let U be

a neighborhood of p and find n ∈ ω such that the closed ball B(p, 2−(n0+n)) is
contained in U . There is a finite set K ⊆ Ω such that ρ(F \ K) ⊆ An. Then
xs ∈ B(p, 2−(n0+n)) ⊆ U for all s ∈ ρ(F \K), so (xs)s∈ρ(F ) is ρ-convergent to p.

If part. Assume that ρ is not P− and let (An)n∈ω ∈ (I+
ρ )ω be a ⊆-decreasing

sequence such that:

• An \An+1 ∈ Iρ for all n ∈ ω,
• for every F ∈ F there is n ∈ ω such that ρ(F ) ̸⊆ρ An.

Let also p be an accumulation point of X and pick an injective sequence (yn)n∈ω

such that the sequence (δn)n∈ω given by δn = d(yn, p) is decreasing and tends to
zero. Define x = (xs)s∈Ψ by

xs =


y0 if s ∈ Ψ \A0,

p if s ∈
⋂

n∈ω An,

yn if s ∈ An \An+1.

Note that Γx(ρ) ⊆ {yn : n ∈ ω} ∪ {p}. To finish the proof, we will show that
p ∈ Γx(ρ), yn /∈ Γx(ρ) for all n ≥ 1 (so that p is an isolated point of Γx(ρ)) and
that p /∈ Λx(ρ).

To this aim, let U be a neighborhood of p and find n ∈ ω such that the ball
B(p, δn) is contained in U . Then xs ∈ B(p, δn) ⊆ U for all s ∈ An. Since An ∈ I+

ρ ,
we obtain that p ∈ Γx(ρ).

In addition, pick an integer n ≥ 1 and find a neighborhood U of yn such that
p /∈ U and yk /∈ U for every k ̸= n. Then {s ∈ Ψ : xs ∈ U} = An \ An+1 ∈ Iρ.
Hence yn /∈ Γx(ρ).

Lastly, the proof that p /∈ Λx(ρ) goes similarly as in the If part of item (i). □

Remark 3.3. The assumption about local compactness in Proposition 3.2(iii) can-
not be dropped. Indeed, in [8, Example 3.8] it is shown that there are an ideal I,
a space X, and a sequence x ∈ Xω such that

• X is metric with an accumulation point, but it is not locally compact,
• I is P−, which is equivalent to ρI being P− (by [6, Proposition 6.5(2)]),
• there is an isolated point of Γx(I) which does not belong to Λx(I).

Since Γx(ρI) = Γx(IρI ) = Γx(I) and Λx(I) = Λx(ρI), we get an example of a
metric space X with an accumulation point, a sequence x in X and a P− partition
regular function ρI such that there is an isolated point of Γx(IρI ) which does not
belong to Λx(ρI).
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Corollary 3.4. Let X be a metric space with an accumulation point. Then the
following hold.

(i) Λx(r) ̸= Γx(r) for some sequence x ∈ X [ω]2 .

(ii) Λx(r) is not closed for some sequence x ∈ X [ω]2 .
(iii) If X is locally compact, then each isolated point in Γx(r) belongs to Λx(r)

for every x ∈ X [ω]2 .

Similarly, the following hold.

(i′) Λx(FS) ̸= Γx(FS) for some sequence x ∈ Xω.
(ii′) Λx(FS) is not closed for some sequence x ∈ Xω.
(iii′) If X is locally compact, then each isolated point in Γx(FS) belongs to Λx(FS)

for every x ∈ Xω.

Proof. Thanks to [6, Proposition 6.7], both partition regular functions r and FS are
P−, but not P+. Then r and FS are not P | by Proposition 3.1. To conclude, all
claims follow by Proposition 3.2. □

4. Main results

In this section, we identify a set A ⊆ Ω with its characteristic function 1A, and
view 2Ω as the product space {0, 1}Ω with the discrete topology on {0, 1}. Then
2Ω is a Polish space. The set [Ω]ω is a Gδ subset of 2Ω, hence it is a Polish space.
In the same manner, we think of 2Ψ and [Ψ]ω.

Proposition 4.1. Let X be a Polish space and ρ : F → [Ψ]ω be a partition regular
function. If F is an analytic subset of [Ω]ω and ρ is a Borel function, then

L (ρ) ⊆ Σ1
1.

Proof. Let d be a compatible complete metric on X. Fix a sequence x = (xs)s∈Ψ ∈
XΨ. We need to show that Λx(ρ) is an analytic subset of X. Notice that Λx(ρ) is
the projection onto the first coordinate of the set

A =
{
(p, F ) ∈ X ×F : ∀n∈ω ∃K∈[Ω]<ω ∀s∈Ψ (s ∈ ρ(F \K) =⇒ d(p, xs) < 2−n)

}
.

Since A is a subset of the Polish space X × [Ω]ω, the proof will be finished once we
show that A is an analytic subset of X × [Ω]ω. Observe that

A =
⋂
n∈ω

⋃
K∈[Ω]<ω

⋂
s∈Ψ

(Bn,K,s ∪ Cn,K,s),

where

Bn,K,s = {(p, F ) ∈ X ×F : s /∈ ρ(F \K)} and

Cn,K,s = {(p, F ) ∈ X ×F : d(p, xs) < 2−n}.
It is enough to show that the sets Bn,K,s and Cn,K,s are analytic.

First, we show that Bn,K,s is analytic. Since Bn,K,s = X ×DK,s, where DK,s =
{F ∈ F : s /∈ ρ(F \ K)}, the proof will be finished once we show that DK,s is
analytic. Notice that

DK,s = F ∩ ϕ−1
K

[
ρ−1 [[Ψ \ {s}]ω]

]
,

where ϕK : [Ω]ω → [Ω]ω is given by ϕK(A) = A \K. Since F is an analytic set, ϕK

is a continuous function, ρ is a Borel function, and [Ψ \ {s}]ω is an open subset of
[Ψ]ω, we obtain that DK,s is analytic.
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Finally, we show that Cn,K,s is analytic. Notice that Cn,K,s = B(xs, 2
−n) × F .

Since B(xs, 2
−n) is open and F is analytic, we obtain that Cn,K,s is analytic. □

It is worth noting that the special case of Proposition 4.1 where ρ = ρI , for some
coanalytic ideal I on ω, has been already shown in [2, Proposition 4.1], cf. also [14,
Theorem 4.1] and [1, Theorem 3.3].

We are finally ready to prove our main results.

Theorem 4.2. Let X be an uncountable Polish space. Then

L (r) = L (R) = Σ1
1.

Moreover, for every nonempty analytic set C ⊆ X, there exists a sequence y ∈ X [ω]2

such that C = Λy(r) = Λy(R).

Proof. The inclusion L (r) ⊆ Σ1
1 follows from [6, Proposition 5.2(2)] and Proposi-

tion 4.1. The inclusion L (R) ⊆ Σ1
1 follows from [2, Proposition 4.1] (or Propo-

sition 4.1 again and [6, Proposition 5.2(5)]). We will show the “moreover” part,
from which the converse inclusions Σ1

1 ⊆ L (r) and Σ1
1 ⊆ L (R) follow (recall that

∅ ∈ L (r) and ∅ ∈ L (R) by definition).
To this aim, fix a nonempty analytic set C ⊆ X. Thanks to [17, Theorem 25.7],

there exists a Souslin scheme {Cs : s ∈ ω<ω} of nonempty closed sets such that

(6) C =
⋃

x∈ωω

⋂
n∈ω

Cx↾n.

In addition, it can be assumed that Cs ⊇ Ct whenever s ⊆ t for all t, s ∈ ω<ω

and limn diam(Cx↾n) = 0 for all x ∈ ωω. Note that, since X is complete, for each
x ∈ ωω there exists px ∈ X such that

⋂
n Cx↾n = {px}. Hence C = {px : x ∈ ωω}.

Fix any bijection f : ω → ω<ω such that if s ⊆ t then f−1(s) ≤ f−1(t). Define

As =
{
{i, j} ∈ [ω]2 : i < j and s ⊆ f(i) ⊆ f(j)

}
for each s ∈ ω<ω. Observe that s ⊆ t implies At ⊆ As. Moreover, if n, k ∈ ω are
distinct, then As⌢n ∩As⌢k = ∅.

At this point, define the sequence y = (y{i,j}){i,j}∈[ω]2 by

y{i,j} =

{
p0∞ if {i, j} /∈ A∅,

pf(max{i,j})⌢0∞ if {i, j} ∈ A∅.

Claim 1. C ⊆ Λy(R).

Proof. Pick c ∈ C. Then c = px for some x ∈ ωω. For each n ∈ ω, fix in ∈ ω
such that f(in) = x ↾ n and define F = {in : n ∈ ω}. Note that the properties
of f guarantee that F is infinite and that the sequence (in)n∈ω is increasing. We
claim that for every neighborhood U of px there is a finite set G ⊆ [ω]2 such that
y{i,j} ∈ U for all {i, j} ∈ [F ]2 \G.

In fact, fix a neighborhood U of px, and pick a sufficiently large n ∈ ω such
that Cx↾n ⊆ U . Let G = {{im, ik} ∈ [F ]2 : max{m, k} ≤ n}. Then G is finite.
Moreover, if {i, j} ∈ [F ]2 \ G, then {i, j} = {im, ik} for some m < k with k > n.
Note that {i, j} ∈ A∅. Then

y{i,j} = pf(max{i,j})⌢0∞ = pf(ik)⌢0∞ = p(x↾k)⌢0∞ ∈ Cx↾k ⊆ Cx↾n ⊆ U.

Therefore c = px ∈ Λy(R). □
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Claim 2. For each s ∈ ω<ω and F ∈ [ω]ω such that [F ]2 ⊆ As, there exist n ∈ ω
and K ∈ [ω]<ω for which [F \K]2 ⊆ As⌢n.

Proof. Fix s ∈ ω<ω and F ∈ [ω]ω such that [F ]2 ⊆ As. Define K = {f−1(s)} and
pick m ∈ F \K such that |f(m)| = min{|f(i)| : i ∈ F \K}. Also, let n ∈ ω be such
that s⌢n ⊆ f(m) (which is possible since [F \K]2 ⊆ [F ]2 ⊆ As implies s ⊆ f(m)).
Now, we are going to show that [F \K]2 ⊆ As⌢n.

For, pick {i, j} ∈ [F \K]2 with i < j. Since {i, j} ∈ [F \K]2 ⊆ [F ]2 ⊆ As, we
get f(i) ⊆ f(j). Observe that s⌢n ⊆ f(m) ⊆ f(i). Indeed, either m = i (which is
trivial) or the choice of m together with {m, i} ∈ [F \K]2 ⊆ As give us f(m) ⊆ f(i).
Therefore s⌢n ⊆ f(m) ⊆ f(i) ⊆ f(j), which means that {i, j} ∈ As⌢n. □

Claim 3. Λy(r) ⊆ C.

Proof. The claim is trivial if Λy(r) = ∅. Otherwise, fix z ∈ Λy(r) and pick F ∈ [ω]ω

such that (y{i,j}){i,j}∈[F ]2 is r-convergent to z.

First, suppose that [F \ K]2 \ A∅ ̸= ∅ for all K ∈ [ω]<ω. Then z = p0∞ ∈ C.
Indeed, otherwise, we could find a neighborhood U of z such that p0∞ /∈ U . Then
there is a finite K ∈ [ω]<ω such that y{i,j} ∈ U for all {i, j} ∈ [F \K]2. However,

by our assumption, there is some {i, j} ∈ [F \K]2 \ A∅, so for that {i, j} we have
y{i,j} = p0∞ /∈ U , which gives a contradiction.

Henceforth, assume that [F \ K]2 ⊆ A∅ for some K ∈ [ω]<ω. Then applying
Claim 2 we can recursively define x ∈ ωω such that for each n ∈ ω there is Kn

with [F \ Kn]
2 ⊆ Ax↾n. We will show that z = px ∈ C. Indeed, suppose for the

sake of contradiction that z ̸= px. Then there is n ∈ ω such that z /∈ Cx↾n. Then
px ∈ Cx↾n and, since Cx↾n is closed, X \Cx↾n is an open neighborhood of z. Hence,
there exists K ∈ [ω]<ω such that y{i,j} /∈ Cx↾n for all {i, j} ∈ [F \K]2. However,

F \ (K ∪Kn) ∈ [ω]ω and for each i < j with {i, j} ∈ [F \ (K ∪Kn)]
2 ⊆ Ax↾n we

have y{i,j} = pf(j)⌢0∞ ∈ Cf(j) ⊆ Cx↾n. This is a contradiction. □

Putting together Claim 1 and Claim 3, and using Λy(R) ⊆ Λy(r) (by Proposition
2.4), we conclude that C ⊆ Λy(R) ⊆ Λy(r) ⊆ C. Therefore they coincide. □

Theorem 4.3. Let X be an uncountable Polish space. Then

L (FS) = L (H) = Σ1
1.

Moreover, for every nonempty analytic set C ⊆ X, there exists a sequence y ∈ Xω

such that C = Λy(FS) = Λy(H).

Proof. The first part proceeds verbatim as in the proof of Theorem 4.2, replacing
r and R with FS and H, respectively. Fix a nonempty analytic set C ⊆ X and let
{Cs : s ∈ ω<ω} be a Souslin scheme as in (6), with the same properties. Similarly,
we need to show that there exists y ∈ Xω such that C = Λy(FS) = Λy(H).

Thanks to [7, Lemma 2.2], it is possible to fix an infinite set D ⊆ ω which is
“very sparse”, that is

(a) for each a ∈ FS(D) there is a unique nonempty finite set αD(a) ∈ [D]<ω

such that a =
∑

i∈αD(a) i;

(b) if G,H ∈ [D]<ω are nonempty and G ∩ H ̸= ∅, then
∑

i∈G i +
∑

i∈H i /∈
FS(D).
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Fix a bijection f : D → ω<ω such that if s ⊆ t then f−1(s) ≤ f−1(t), and set

As =
⋃
m∈ω

{
m∑
i=0

ki : k0, . . . , km ∈ D, k0 < · · · < km and s ⊆ f(k0) ⊆ · · · ⊆ f(km)

}
for each s ∈ ω<ω. Observe that As ⊆ FS(D), and that s ⊆ t implies At ⊆ As.
Moreover, since D is very sparse, we have As⌢n∩As⌢k = ∅ for all distinct n, k ∈ ω.

At this point, define a sequence y = (yi)i∈ω by

yi =

{
p0∞ if i /∈ A∅,

pf(maxαD(i))⌢0∞ if i ∈ A∅.

Claim 1. C ⊆ Λy(H).

Proof. Pick c ∈ C. Then c = px for some x ∈ ωω. For each n ∈ ω, fix in ∈ D
such that f(in) = x ↾ n and define F = {in : n ∈ ω}. Note that the properties of
f guarantee that F is infinite and (in)n∈ω is increasing. We claim that for every
neighborhood U of px there is G ∈ [ω]<ω such that yi ∈ U for all i ∈ FS(F ) \G.

In fact, fix a neighborhood U of px, and pick a sufficiently large n ∈ ω such that
Cx↾n ⊆ U . Let G = {i ∈ FS(D) : maxαD(i) ≤ in}. Then G is finite. Moreover, if
i ∈ FS(F ) \ G ⊆ FS(D) \ G, then ik = maxαD(i) > in for some k ∈ ω, k > n as
(ij)j∈ω is increasing and D is very sparse. Note that i ∈ A∅. Hence

yi = pf(maxαD(i))⌢0∞ = pf(ik)⌢0∞ = p(x↾k)⌢0∞ ∈ Cx↾k ⊆ Cx↾n ⊆ U.

Therefore c = px ∈ Λy(H). □

Claim 2. For each s ∈ ω<ω and F ∈ [ω]ω such that FS(F ) ⊆ As, there exist n ∈ ω
and K ∈ [ω]<ω for which FS(F \K) ⊆ As⌢n.

Proof. Fix s ∈ ω<ω and F ∈ [ω]ω such that FS(F ) ⊆ As. Observe that F ⊆
FS(F ) ⊆ As ⊆ FS(D). Moreover, if a, b ∈ F are distinct, then αD(a) ∩ αD(b) = ∅.
Indeed, otherwise, a + b ∈ FS(F ) ⊆ As ⊆ FS(D), which would contradict the fact
that D is very sparse.

Hence, by the above observation, K = {a ∈ F : f−1(s) ∈ αD(a)} has at most
one element. In particular, K is finite. Pick e ∈

⋃
a∈F\K αD(a) such that |f(e)| =

min{|f(i)| : i ∈
⋃

a∈F\K αD(a)}. Let c ∈ F \K be such that e ∈ αD(c) (note that

such c is unique) and n ∈ ω be such that s⌢n ⊆ f(e) (such n exists by the definition
of K and an observation that e ∈ αD(c) implies s ⊆ f(e), as c ∈ FS(F ) ⊆ As and
D is very sparse). Thus, we are left to show that FS(F \K) ⊆ As⌢n.

Fix distinct a0, a1, . . . , am ∈ F \ (K ∪ {c}). To complete the proof, we need to
prove that c ∈ As⌢n,

∑
i≤m ai ∈ As⌢n, and c +

∑
i≤m ai ∈ As⌢n. Let (di)i≤k ∈

Dk+1 be an increasing enumeration of the set αD(c)∪
⋃

i≤m αD(ai). Since αD(a)∩
αD(b) = ∅ for all distinct a, b ∈ F , we have∑

i≤k

di = c+
∑
i≤m

ai ∈ FS(F \K) ⊆ FS(F ) ⊆ As.

Since D is very sparse and d0 < · · · < dk in D, we get s ⊆ f(d0) ⊆ f(d1) ⊆ · · · ⊆
f(dk). In particular, f(d0) ⊆ f(e) (because e = dj for some j). By the choice
of e, we have also |f(e)| ≤ |f(d0)|, hence |f(e)| = |f(d0)| and thus f(e) = f(d0).
Since f is injective, we obtain e = d0. Hence also s⌢n ⊆ f(e) = f(d0) ⊆ f(d1) ⊆
· · · ⊆ f(dk). This shows that c +

∑
i≤m ai ∈ As⌢n. However, since the increasing
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enumerations of αD(c) and of
⋃

i≤m αD(ai) are some subsequences of (di)i≤k, we

can also conclude that c ∈ As⌢n and
∑

i≤m ai ∈ As⌢n. □

Claim 3. Λy(FS) ⊆ C.

Proof. The claim is trivial if Λy(FS) = ∅. Otherwise, fix z ∈ Λy(FS) and pick
F ∈ [ω]ω such that (yi)i∈FS(F ) is FS-convergent to z.

First, suppose that FS(F \K)\A∅ ̸= ∅ for all K ∈ [ω]<ω. Then z = p0∞ . Indeed,
in the opposite, we could find a neighborhood U of z such that p0∞ /∈ U . Then
there is a finite K ∈ [ω]<ω such that yi ∈ U for all i ∈ FS(F \K). However, by our
assumption, there is some i ∈ FS(F \K) \A∅, so for that i we have yi = p0∞ /∈ U ,
which gives a contradiction.

Hence, assume hereafter that FS(F \ K) ⊆ A∅ for some K ∈ [ω]<ω. Then
applying Claim 2 we can recursively define x ∈ ωω such that for each n ∈ ω there
is Kn with FS(F \Kn) ⊆ Ax↾n. We will show that z = px ∈ C. Indeed, suppose
for the sake of contradiction that z ̸= px. Then there is n ∈ ω such that z /∈ Cx↾n.
Then px ∈ Cx↾n and, since Cx↾n is closed, X \ Cx↾n is an open neighborhood of
z. Hence, there exists K ∈ [ω]<ω such that yi /∈ Cx↾n for all i ∈ FS(F \ K).
However, F \ (K ∪ Kn) ∈ [ω]ω and each i ∈ FS(F \ (K ∪ Kn)) ⊆ Ax↾n is of
the form

∑m
j=0 kj for some increasing finite sequence (kj)j≤m ∈ Dm+1 such that

x ↾ n ⊆ f(k0) ⊆ f(k1) ⊆ · · · ⊆ f(km). Thus, yi = pf(km)⌢0∞ ∈ Cf(km) ⊆ Cx↾n.
This is the claimed contradiction. □

The conclusion follows from putting together Claim 1, Claim 3, and the inclusion
Λy(H) ⊆ Λy(FS) (by Proposition 2.4), as in the proof of Theorem 4.2. □
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