SETS OF RAMSEY-LIMIT POINTS AND IP-LIMIT POINTS

RAFAL FILIPOW, ADAM KWELA, AND PAOLO LEONETTI

ABSTRACT. Let X be an uncountable Polish space and let ‘H be the Hindman
ideal, that is, the family of all S C w which are not IP-sets. For each sequence
T = (Zn)new taking values in X, let Ay(FS) be the set of IP-limit points
of z. Also, let A;z(H) be the set of H-limit points of z, that is, the set of
ordinary limits of subsequences (xn)nes with S ¢ #H. After proving that
these two notions do not coincide in general, we show that both families of
nonempty sets of the type Az(FS) and of the type Az(#H) are precisely the
class of nonempty analytic subsets of X.

An analogous result holds also for Ramsey convergence. In the proofs, we
use the concept of partition regular functions introduced in [6], which provide
a unified approach to these types of convergence.

1. INTRODUCTION

For each infinite subset D of the nonnegative integers w, denote by FS(D) the
family of all finite nonempty sums of distinct elements of D. A set S C w is said to
be an IP-set if it contains FS(D) for some infinite D C w. It is known that IP-sets
are examples of so-called Poincaré sequences which play an important role in the
study of recurrences in topological dynamics, see e.g. [11, p. 74]. It follows from
Hindman’s theorem [15] that the family

(1) H ={S Cw:Sisnot an IP-set}

is an ideal on w, that is, a family of subsets of w closed under taking finite unions
and subsets. Hereafter, H will be referred to as the Hindman ideal, see e.g. [9, p.
109].

Given a sequence x = (2, )necw taking values in a topological space X, we say
that n € X is an IP-limit point (or an FS-limit point) of z if there exists an infinite
D C w such that for every neighborhood U of 7 there exists k € w such that z,, € U
for all n € FS(D \ k); equivalently, the subsequence (2, )ners(p) is “IP-convergent”
to n, see e.g. [12]. The set of such points is denoted by

AL (FS) ={n € X : nis an IP-limit point of 2} .

In another direction, for each infinite set D C w, let r(D) be the family of subsets
of D with cardinality 2. It follows by Ramsey’s theorem that the family

(2) R ={S Cr(w): .S does not contain r(D) for any infinite D C w}
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is an ideal on the countably infinite set r(w). Hereafter, R is called the Ramsey
ideal, see e.g. [16, 21]. As before, if ¥ = (Yn,m}){n.m}er(w) 15 @ sequence taking
values in a topological space X, we say that n € X is an r-limit point of y if there
exists an infinite set D C w such that for every neighborhood U of 7 there exists
k € w such that yg, my € U for all {n,m} € r(D\ k); equivalently, the subsequence
(Y{n,m}){n,m}yer(p) is “r-convergent” to 7, see e.g. [3, 4]. The set of such points is
denoted by
Ay(r) ={n € X :nis an r-limit point of y}.

The main aim of this work is to show that each of the two families of nonempty
sets of the type A;(FS) and of the type A,(r) coincides with the class of nonempty
analytic subsets of X, provided that X is an uncountable Polish space (see Theorem
4.2 and Theorem 4.3 below). This continues the line of research in [1, 2, 8, 13, 14]
on the study of attainable sets of limit points with respect to ideal convergence. In
fact, after recalling the necessary definitions in Section 2, we show that variants of
our main results hold also in the context of ideal limit points for the Hindman ideal
‘H and Ramsey ideal R defined in (1) and (2), respectively. In addition, in Section
3 we provide several characterizations of P-like properties, and specialize them to
the cases of maps FS and r (see Corollary 3.4 below).

Following [6], we use partition regular functions and study some of their prop-
erties. This gives us a unified approach to consider our questions for the types of
convergence considered here. For additional motivations, we refer the reader to [6].

2. PRELIMINARIES

2.1. Notations. The set of all nonnegative integers is denoted by w, and each
nonnegative integer n € w is identified with the set {0,1,...,n — 1}. Given a set
X, we denote by X“ and X <% the families of all infinite sequences z : w — X
and the families of all finite sequences x : n — X with n € w, respectively. For
a finite sequence s € w<* we denote its length by |s|. The infinite zero sequence
(0,0,...) € w¥ is denoted by 0. Given a set X, we denote by [X]"® and [X]<"
the families of all subsets of X of cardinality x and of cardinality strictly less than
K, respectively. In particular, we write Fin(X) = [X]<“ to denote the family of all
finite subsets of X.

If X is a metric space with metric d, we denote by B(p,r) = {z € X : d(z,p) <
r} and B(p,r) = {x € X : d(z,p) < r} the open ball and closed ball of radius
r > 0 and centered at p € X, respectively. Lastly, if X is a Polish space (that is, a
separable and completely metrizable space), we use the standard notation 1(X)
and I11(X) (or simply ¥{ and IIj if X is understood) for the families of analytic
and coanalytic subsets of X, respectively, see e.g. [17].

2.2. Partition regular functions. Let us start by recalling the main definition
of partition regular function from [6, Definition 3.1].

Definition 2.1. Let 2, ¥ be two countably infinite sets and pick a nonempty family
F C [Q]“ such that A\K € F for all A € F and K € Fin(2). We say that a function

p:F— [P]¥

is partition reqular if it satisfies the following properties:
(M) p(E) C p(F) for all E,F € F such that E C F}
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(R) for every F € F and A, B C ¥ such that p(F) = AU B, there exists F € F
such that either p(E) C A or p(F) C B;

(S) for every F' € F there exists a subset £ C F, E € F such that for every
a € p(E) there exists K € Fin(Q2) for which a ¢ p(E \ K).

For each partition regular function p as in Definition 2.1, we associate the family
(3) I, ={SC VY :Vpcr p(F)<Z S}.

It is not difficult to see that Z, is an ideal on ¥, that is, a proper subset of P(¥)
which contains Fin(¥) and is closed under taking finite unions and subsets; vice
versa, for each ideal Z on V¥, we have Z = Z,, for the partition regular function
pr : It — [U]* defined by pz(F) = F where Zt = P(¥) \ Z; see [6, Proposition
3.3] for details.

As anticipated in Section 1, in this work we are mainly interested in two partition
regular functions r : [w]* — [[w]?]* and FS : [w]* — [w]* defined by

(D) =D and  FS(D)={3" n:ae(D]<\{0}}

for all D € [w]“, respectively, see [6, Theorem 3.4 and Theorem 3.6]. Following the
notation in (3), the associated ideals

R=Z and H =Tfs
are called Ramsey ideal and Hindman ideal, respectively; see [9, 16, 21].

2.3. Families of cluster and limit points. We now present our main definitions
of p-cluster points and p-limit points. Hereafter, given a sequence z : ¥ — X, we
usually write z; = z(s) for each s € U.

Definition 2.2. Let z : ¥ — X be a sequence in a topological space X and pick
a partition regular function p : F — [¥]¥. Denote by I';(p) the set of p-cluster
points of z, that is, the set of all n € X such that, for all neighborhoods U of 7,

Jper p(F)C{se€V:z,e€U}.

We also write €x(p) for the family of sets of p-cluster points of sequences with
values in X, together with the empty set, that is,

Cx(p) ={AC X :Jpexv A=Tu(p)} U{0}.
If the topological space X is understood, we simply write €'(p).

Equivalently, n is a p-cluster point of x if {s € ¥ :x; € U} ¢ Z, for all neigh-
borhoods U of n, where Z, is the ideal generated by p as in (3). In particular, the
definition of p-cluster point depends only on the ideal generated by p, hence it makes
sense to write I';(Z,). In fact, if 7 is an ideal on V¥, elements of I';(Z) = I';(pz) are
usually called Z-cluster points, see e.g. [2, 20]. It is worth noting that the case of
an empty set of p-cluster points is not really interesting: indeed, it is known that, if
X is a metric space and Z is an ideal on w, then there exists a sequence = : w — X
such that I';(Z) = () if and only if X is not compact, see [8, Proposition 5.1].

For the next definition, let X be a topological space, p : F — [¥]* be a partition
regular function, and pick a sequence z : ¥ — X. A subsequence y of x is said to
be a p-subsequence of x if there exists F' € F such that y = (74)sep(r). Informally,
a p-subsequence is a subsequence of x with an index set which is “not small” with
respect to p. Accordingly, a p-subsequence y = z | p(F) is said to be p-convergent
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to n € X, shortened as p-limy = 7, if for every neighborhood U of 7 there exists
K € Fin(Q2) such that y, € U for every s € p(F'\ K). Notice that this convergence
depends on the choice of F. In fact, it may happen that p(F) = p(G) for some
F,G € F, yet (ys)sep(r) is p-convergent while (ys)sep(q) is not, see [6].

Definition 2.3. Let z : ¥ — X be a sequence in a topological space X and pick
a partition regular function p : F — [¥]¥. Denote by A.(p) the set of p-limit
points of z, that is, the set of all € X such that

p-limy =n

for some p-subsequence y of x. We also write Ly (p) for the family of sets of p-limit
points of sequences with values in X together with the empty set, that is,

(4) L(p) = {AC X : yexw A= A(p)} U {0},

If the topological space X is understood, we simply write £ (p).
In the case where p = pr for some ideal Z on w, we define

Ao(T) = As(pz) and  Zx(I) = ZLx(p1).
Elements of A,(Z) are called Z-limit points of x.

More explicitly, 7 is a p-limit point of x if there exists F € F such that, for
each neighborhood U of 7, there is a finite set K € Fin(Q2) such that z; € U for all
s € p(F\ K). In the case where p = pz for some ideal Z, it is easy to see that 7 is an
Z-limit point if and only if there exists E € ZT such that the subsequence y = z | £
is convergent to 7; hence, this coincides with the classical notion of Z-limit point
studied e.g. in [1, 2, 8, 19]. Unlike the case of p-cluster points, realizing the empty
set in (4) as a set of the form A, (p) is much more difficult to handle. Indeed, if
7 is an ideal on w, several implications on the existence of a sequence x such that
A,(Z) = 0 can be found in [8, Proposition 5.3 and Figure 3]. Recently, significant
progress on this topic was made in [5]. It is worth noting that families of Z-limit
points and Z-cluster points for an arbitrary ideal Z were introduced in [18], however
they were already considered in [10] in the case of the ideal of all sets of asymptotic
density zero.

Proposition 2.4. Let x : ¥ — X be a sequence in a topological space X and pick
a partition regular function p : F — [¥]“. Then

A (Z,) € Ay(p) C Talp).

Proof. First, suppose that n € Az(Z,), i.e., there exists S € I; such that limzx |
S = n. Then there is F' € F such that p(F) C S, which gives limz | p(F) = 7.
Since p is partition regular, there is E € F such that £ C F (which implies
p(E) C p(F)) and for all a € p(E) there is a finite K C Q with a ¢ p(E\ K). Then
it is easy to check that the p-subsequence x | p(E) is p-convergent to n. Hence,
n € Az(p). This implies that A,(Z,) € Az (p).

Second, suppose that € Ag(p), i.e., there exists F' € F such that the p-
subsequence z [ p(F') is p-convergent to 1. Then for each neighborhood U of n we
can find a finite K C 2 such that z, € U for all s € p(F'\ K). Since p(F\ K) € Z,
we conclude that n € T';(p). Therefore A,(p) C T'x(p). O

The next example shows that A, (Z,) does not coincide, in general, with Az (p).



SETS OF RAMSEY-LIMIT POINTS AND IP-LIMIT POINTS 5

Example 2.5. For each nonzero n € w, let v5(n) be the 2-adic valuation of n,
that is, the maximal k € w such that 2% divides n, and define S,,, = {n € w \ {0} :
va(n) = m} for each m € w. Set p = FS and X = [0,1], so that F = [w]* and
H = 1,. We claim that there exists a sequence x € X“ which has no Z,-limit
points and, on the other hand, it admits a p-subsequence which is p-convergent. In
particular, this would imply that

Ay(H)=0 and A,(FS) #0.

We are going to show that the sequence x = (2, )ne, defined by zo = 1/3 and
xn = 272" for each nonzero n € w satisfies our claim.

To this end, we show first that « has no H-limit points. Indeed, suppose for the
sake of contradiction that there exists an infinite £ C w such that = [ FS(E) is
convergent (in the ordinary sense). Since the image of x equals {1/3}U{27" :n €
w}, there are only the following two possibilities.

(i) The sequence (z,)n,crs(r) is eventually constant. In other words, there exist
k,m € w such that FS(E) \ k C S,,,. In particular, since E C FS(E), we
have E\k C S,,. Now, pick distinct a,b € E\ k, so that v5(a) = v5(b) = m.
Then a + b € FS(E) \ k C S,,, and, on the other hand, va(a + b) > m + 1,
contradicting a + b € S,,.

(ii) The sequence (,)ners(r) is convergent to zero. Take any a € E \ {0}
and pick k € w such that a € Sy. Since (2,),eFs(r) converges to zero,
FS(E)N.S,, has to be finite for each m € w. In particular, since E C FS(FE),
we have that F'N.S,, is finite for each m € w. Then E\J,, <, Sm is infinite
and for each b € E\J,, <, Sm we have a+b € FS(E)N Sy, which contradicts
the fact that FS(E) N Sy is finite.

Lastly, we show that, if F' = {2" : n € w} (so that FS(F) = w \ {0}), then the
FS-subsequence y = z | FS(F) is FS-convergent to 0. Indeed, for each k € w and
each n € FS(F \ 2¥), we have v5(n) > k, hence y,, < 27%. Therefore FS-limy = 0.

The main goal of this work is to show that, for each nonempty analytic subset
C of an uncountable Polish space X, there exist sequences x and y taking values
in X which satisfy

C=A(FS)=A,(H) and C=Ayr)=A,(R).
As an application, we obtain
ZL(FS) = Z(H) = Z(r) = Z(R) = %1,

see Theorem 4.2 and Theorem 4.3 below.

3. P-LIKE PROPERTIES

It will be useful to recall the following definitions, see [6, Section 6]. For a
partition regular function p : F — [¥]¥, we write p(F') C” B if there is a finite set
K C Q with p(F'\ K) C B. We remark that “p(F) C? B” is a relation between F'
and B, and not between p(F') and B (in fact, it is possible that p(F) = p(G) and
p(F) C? B but p(G) € B, see [6, Remark after Definition 6.3]).

A partition regular function p : F — [¥]¥ is

(i) P* if for every C-decreasing sequence (A, )new € (Z,7)* there exists F € F
such that p(F') C* A,, for each n € w;
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(ii) P~ if for every C-decreasing sequence (A, )new € (Z,7)” with A, \ A, 11 €
Z, for each n € w there exists F' € F such that p(F') C* A,, for each n € w;
(iii) P! if for every C-decreasing sequence (A )ne. € (Z)) with A, \ Apyq1 €
I;‘ for each n € w there exists F' € F such that p(F) C? A, for each n € w.

Proposition 3.1. Let p: F — [¥]¥ be a partition reqular function. Then p is P
if and only if it is both P! and P~ .

Proof. ONLY IF PART. This is obvious.

IF PART. Suppose that pis P! and P~. Fix a C-decreasing sequence (A new €

(Zf)*. Define
T={0}U{new: A\ Ay €L}

If T is finite, define k = max T and B,, = Agt14n for all n € w. Then (B, )new
is a C-decreasing sequence with B, \ Bp41 € Z, for each n € w. Since p is P,
there exists F' € F such that p(F) C? B, for each n € w, hence p(F) C* A, for
each n € w.

If T is infinite, let (¢,)necw be the increasing enumeration of T' and define C,, =
A, for all n € w. Then (Cy)new is a C-decreasing sequence with C, \ Cpy1 2
As, \At, 1 € T} for each n € w. Applying the fact that p is P |, there exists F € F
such that p(E) C? C,, for each n € w. Also in this case p(E) C” A, for each n € w.
Therefore p is PT. O

Proposition 3.2. Let X be a metric space with an accumulation point, and let
p: F = [U]¥ be a partition reqular function. Then the following hold.
(i) p is Pt if and only if Ay(p) = T(p) for every sequence x € X¥.
(ii) p is Pl if and only if A (p) is closed for every sequence v € XV.
(iii) Suppose that X is locally compact. Then p is P~ if and only if each isolated
point in Ty(p) belongs to A, (p) for every sequence v € X¥.

Proof. In the following proofs, let d be the metric on X.

(i) ONLY IF PART. Fix a sequence © = (25)sew in X. By Proposition 2.4 we
have A,(p) C T'z(p), so we only need to show that I';(p) C Ag(p). If Tr(p) = 0,
the claim is clear. Otherwise, fix p € I';(p). Then for every n € w we have
Ap ={s € V: d(zs,p) < 27"} € Z}. Moreover, (A,)ne, is C-decreasing. Since
pis Pt there is F' € F such that p(F) C? A, for all n € w. Now, it is enough to
show that (x,)c,(r) is p-convergent to p. To this aim, let U be a neighborhood of
p and pick n € w such that B(p,2~") C U. Then there is a finite set K C Q such
that p(F\ K) C A,. It follows that z, € B(p,2™™) C U for all s € p(F\ K), hence
(xs)sep(p) is p-convergent to p.

Ir PART. Let us suppose that p is not P, and let (A, )nen € (Z})“ be a C-
decreasing sequence such that for every F' € F we have p(F') Z? A,, for some n € w.
Let also p be an accumulation point of X and pick an injective sequence (Yn)necw
such that the sequence (6,,)new given by &, = d(yn,p) is decreasing and tends to
zero. Define the sequence © = (x4)scw by

Yo if s e ‘~I/\1407
Ty = P if s S nnEw An,
Yyn fs€ A\ Angr.

We will show that p € T';(p) and that p ¢ A, (p).
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In fact, let U be a neighborhood of p and find n € w such that the closed ball
B(p, 6,) is contained in U. Then z, € B(p,6,) C U for all s € A,. Since 4,, € I;f,
we obtain that p € T',(p).

Lastly, to prove that p ¢ A,(p), fix F € F. We are going to show that the
subsequence (5)se,(r) does not p-converge to p. By the choice of (A, )ney, there
is n € w such that p(F'\ K) € A, for all finite K C Q. Define U = B(p, ). Then
U is a neighborhood of p. Fix a finite set K C Q. Thereis s € p(F\ K)\ A,. Then
s€p(F\K)and zs € {y0,Y1,---,Yn—1}, S0 Zs ¢ U. By the arbitrariness of K, we
conclude that (zs)se,(r) does not p-converge to p.

(ii) ONLY IF PART. Fix a sequence x = (z;)sew in X and let (yn)necw be a
sequence in A, (p) converging to some p € X. Then for each n € w there is F,, € F
such that the p-subsequence (x,)scp(r,) is p-convergent to y,. We need to show
that p € Ay(p). This is clear if p = y,, for some n € w, so we can assume that
p # yp for all n € w. Then it is possible to find a decreasing sequence (dy,)nen Of
positive reals such that lim, §,, = 0 and for each n € w there is k¥ € w such that
d(yk,p) € (On+1,0n). Define A, = {s € ¥ : d(zs,p) < 0,} for all n € w. Then
(An)new is C-decreasing. Moreover, for every n € w we have A4, \ A1 € Z/j.
Indeed, if n € w then there is k¥ € w such that §,11 < d(yx,p) < dp, so U =
B(p,6,) \ B(p,6ns1) = {z € X : 6p31 < d(z,p) < §,} is a neighborhood of yy
and we can find a finite K C Q such that x5 € U for all s € p(Fy, \ K). Thus,
p(Fr\K) C A, \ Apyy and consequently A, \ Any1 € Zf (in particular, 4, € Z).

Since p is P!, there is F € F such that p(F) C* A, for all n € w. We will show
that (zs)sep(r) is p-convergent to p. Let U be a neighborhood of p and find n € w
such that the ball B(p, d,,) is contained in U. Then there is a finite set K C Q such
that p(F'\ K) C A,,. It follows that x, € B(p,d,) C U for all s € p(F'\ K), hence
(75)sep(r) is p-convergent to p. Therefore p € Ay (p).

IF PART. Assume that p is not P|. Hence it is possible to fix a C-decreasing
sequence of sets (A, )new € (Z)* such that

o Ay \Apy1 €Zf foralln € w,
o for every F' € F there is n € w such that p(F) Z° A,.
Let also p be an accumulation point of X and pick an injective sequence (yn)new

such that the sequence (d,,)new defined by 6, = d(yn,p) is strictly decreasing and
has limit zero. At this point, define the sequence z = (24)scw by

Yo ifseWw \ Ag,
rs=4qp ifse,c, An,
Yn fse€e A\ Anyr.

To complete the proof, it will be enough to show that

(5) {yn: n€w}CA(p) and p ¢ Au(p).

To this aim, fix n € w. Then, A, \ Any1 € Ipﬂ hence there is F' € F such that
p(F) € Ap \ Apy1. Since 2, = y, for all s € p(F), the p-subsequence (z5)se,(r) is
p-convergent to y,. This proves the first part of (5). The second part of (5) can
be shown similarly as in the proof of the IF part of item (i).

(iii) ONLY IF PART. Fix a sequence z = (z5)scw in X and let p be an isolated
point of I';(p). Taking into account that X is locally compact, it is possible to fix
an integer ng € w such that B(p,27 ") is compact and B(p,27") NT.(p) = {p}.
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Since p € T';(p), for every n € w we have that
Ap={s€¥: z,€B(p,27 ")} eI}

In addition, (A4, )new is C-decreasing. We are going to show that A, \ A,41 € Z,
for all n € w. Indeed, suppose for the sake of contradiction that there is n € w such
that Ay \ Apt1 € Z. Then Z = B(p,2- "0+t \ B(p,2~ "o+ +1)) js compact and
xs € Z forall s € A, \ A, 41 € ZT. Thanks to [20, Lemma 3.1(vi)], it is possible to
fix a point p’ € Tz(p) N Z. Then p’ # p and p’ € Z C B(p,2~("0+t™)) C B(p,27™).
This contradicts the choice of ng.

Since p is P~, there is F' € F such that p(F) CP A, for all n € w. Now,
we are going to show that (z4)scp(r) is p-convergent to p. To this aim, let U be
a neighborhood of p and find n € w such that the closed ball E(p,2_("0+")) is
contained in U. There is a finite set K C Q such that p(F \ K) C A,. Then
x5 € B(p, 2= (o) C U for all s € p(F \ K), 50 () se,(r) is p-convergent to p.

IF PART. Assume that p is not P~ and let (A, )new € (Z,])” be a C-decreasing
sequence such that:

o A, \A,q1 €Z, for all n € w,
e for every F' € F there is n € w such that p(F) Z° A,.

Let also p be an accumulation point of X and pick an injective sequence (yn)new
such that the sequence (§,,)new given by &, = d(yn,p) is decreasing and tends to
zero. Define & = (25)sew by

Yo ifSE\I/\Am

rs=<p ifse(),c, An,
Un ifse A, \ An+1~

Note that I';(p) C {yn : n € w} U {p}. To finish the proof, we will show that
p € Tu(p), yn ¢ Tx(p) for all n > 1 (so that p is an isolated point of I';(p)) and
that p & Ay (p).

To this aim, let U be a neighborhood of p and find n € w such that the ball
B(p, 6,) is contained in U. Then x5 € B(p,6,) C U for all s € A,. Since 4,, € I;f,
we obtain that p € T',(p).

In addition, pick an integer n > 1 and find a neighborhood U of y,, such that
p¢ Uandy, ¢ U for every k #n. Then {s € ¥: z, € U} = A, \ Ap1 € Z,.
Hence g, ¢ L (p).

Lastly, the proof that p ¢ A,(p) goes similarly as in the IF part of item (i). O

Remark 3.3. The assumption about local compactness in Proposition 3.2(iii) can-
not be dropped. Indeed, in [8, Example 3.8] it is shown that there are an ideal Z,
a space X, and a sequence x € X“ such that

e X is metric with an accumulation point, but it is not locally compact,

e T is P, which is equivalent to pz being P~ (by [6, Proposition 6.5(2)]),

e there is an isolated point of I';(Z) which does not belong to A, (T).
Since I'y(pz) = I'y(Z,,) = T'2(Z) and AL (Z) = Ax(pz), we get an example of a
metric space X with an accumulation point, a sequence x in X and a P~ partition
regular function pz such that there is an isolated point of I';(Z,,) which does not
belong to A, (pz).
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Corollary 3.4. Let X be a metric space with an accumulation point. Then the
following hold.
(i) Az(r) #T.(r) for some sequence x € Xl
(ii) A.(r) is not closed for some sequence x € X!
(i) If X is locally compact, then each isolated point in T'y(r) belongs to A, (r)
for every x € X,
Similarly, the following hold.
(i) Az (FS) # T'»(FS) for some sequence x € X“.
(ii") Ay (FS) is not closed for some sequence v € X*.
(iii") If X is locally compact, then each isolated point in T',(FS) belongs to Ay (FS)
for every x € X“.

2

Proof. Thanks to [6, Proposition 6.7], both partition regular functions r and FS are
P~, but not P*. Then r and FS are not P! by Proposition 3.1. To conclude, all
claims follow by Proposition 3.2. (]

4. MAIN RESULTS

In this section, we identify a set A C Q with its characteristic function 14, and
view 2% as the product space {0,1}* with the discrete topology on {0,1}. Then
2% is a Polish space. The set [2]“ is a G5 subset of 2%, hence it is a Polish space.
In the same manner, we think of 2% and [¥]®.

Proposition 4.1. Let X be a Polish space and p : F — [V]¥ be a partition regular
function. If F is an analytic subset of [Q“ and p is a Borel function, then

Z(p) C %1,

Proof. Let d be a compatible complete metric on X. Fix a sequence = (z)scw €
XY, We need to show that A, (p) is an analytic subset of X. Notice that A, (p) is
the projection onto the first coordinate of the set

A= {(va) € X XF :Vnew ElKe[Q]<“’ Vsew (5 € p(F\K) = d(paxs) < 27”)}

Since A is a subset of the Polish space X x [Q]“, the proof will be finished once we
show that A is an analytic subset of X x [2]*. Observe that

A= ﬂ U m (Bn,K,s U Cn,K,s)a
new Ke[Q]<w sc¥
where
Buks=1{p,F)e X x F:s¢ p(F\K)} and
Coxs=1{p,F)€ X x F:d(p,xs) <27 "}

It is enough to show that the sets B), i s and C,, ks are analytic.

First, we show that B, i s is analytic. Since B), ks = X X Dk s, where D ; =
{F € F:s5¢ p(F\ K)}, the proof will be finished once we show that Dg , is
analytic. Notice that

Dis=FNox [p~ 10\ {s}]]],

where ¢ : [Q]Y — [Q]¥ is given by ¢x(A) = A\ K. Since F is an analytic set, ¢x
is a continuous function, p is a Borel function, and [¥ \ {s}]* is an open subset of
[U]¥, we obtain that D s is analytic.
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Finally, we show that C,, i s is analytic. Notice that C), ks = B(zs,27") x F.
Since B(xs,27 ™) is open and F is analytic, we obtain that C,, ks is analytic. O

It is worth noting that the special case of Proposition 4.1 where p = pz, for some
coanalytic ideal Z on w, has been already shown in [2, Proposition 4.1], cf. also [14,
Theorem 4.1] and [1, Theorem 3.3].

We are finally ready to prove our main results.

Theorem 4.2. Let X be an uncountable Polish space. Then
ZL(r)=Z(R) =%1.

Moreover, for every nonempty analytic set C C X, there exists a sequence y € X

such that C' = Ay(r) = Ay(R).

Proof. The inclusion .#(r) C %} follows from [6, Proposition 5.2(2)] and Proposi-
tion 4.1. The inclusion .Z(R) C X1 follows from [2, Proposition 4.1] (or Propo-
sition 4.1 again and [6, Proposition 5.2(5)]). We will show the “moreover” part,
from which the converse inclusions 31 C Z(r) and ¥ C .Z(R) follow (recall that
0 e Z(r) and B € Z(R) by definition).

To this aim, fix a nonempty analytic set C C X. Thanks to [17, Theorem 25.7],
there exists a Souslin scheme {C; : s € w<“} of nonempty closed sets such that

(6) ¢=J N Catn

TEWY ncw
In addition, it can be assumed that C, O C; whenever s C t for all t,5 € w<%
and lim,, diam(Cy,) = 0 for all € w®. Note that, since X is complete, for each
x € w¥ there exists p, € X such that (), Capn = {p}. Hence C = {p, : v € w¥}.
Fix any bijection f :w — w<“ such that if s C ¢ then f=1(s) < f~1(¢). Define

As={{i,j} € W]’ i <jand s C f(i) C f(j)}
for each s € w<*. Observe that s C t implies A4; C A,. Moreover, if n,k € w are

distinct, then Ag~, N Ag~; = 0.
At this point, define the sequence y = (yyi 1 ){i.j}ew)? PY

Yigy = Poee if {i7j}¢A@7
w7 Pf(max{i,j}) 0% if {7".7} € A@'

Claim 1. C C Ay(R).

Proof. Pick ¢ € C. Then ¢ = p, for some x € w*. For each n € w, fix i, € w
such that f(i,) = z [ n and define F' = {i,, : n € w}. Note that the properties
of f guarantee that F' is infinite and that the sequence (i,)new is increasing. We
claim that for every neighborhood U of p, there is a finite set G C [w]? such that
Y{igy € U for all {’L,j} S [F]2 \ G.

In fact, fix a neighborhood U of p,, and pick a sufficiently large n € w such
that Cyp, C U. Let G = {{im,ir} € [F]? : max{m,k} < n}. Then G is finite.
Moreover, if {i,j} € [F]?\ G, then {i,j} = {im,ix} for some m < k with k > n.
Note that {i,j} € Ap. Then

Y{i gy = Pf(max{ij})—~0% = Pf(ix)~0% = P(zik)~0%° € Cetp € Cppn S U.
Therefore ¢ = p, € Ay(R). O
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Claim 2. For each s € w<* and F € [w]* such that [F]> C Aj, there exist n € w
and K € [w]<¥ for which [F\ K]? C As—,.

Proof. Fix s € w<* and F € [w]* such that [F]? C A,. Define K = {f~1(s)} and
pick m € F\ K such that |f(m)| = min{|f(¢)] : ¢ € F\ K}. Also, let n € w be such
that s~ n C f(m) (which is possible since [F'\ K]? C [F]? C A, implies s C f(m)).
Now, we are going to show that [F'\ K|> C As—,.

For, pick {i,7} € [F'\ K]? with i < j. Since {i,j} € [FF\ K]*> C [F]? C A, we
get f(i) C f(j). Observe that s™n C f(m) C f(i). Indeed, either m = 4 (which is
trivial) or the choice of m together with {m,i} € [\ K]? C A, give us f(m) C f(i).
Therefore s~ n C f(m) C f(z) C f(j), which means that {i,j} € As—~. O

Claim 3. Ay(r) C C.

Proof. The claim is trivial if A, (r) = (. Otherwise, fix z € A (r) and pick F € [w]*
such that (y; ;1 )i,j}e[F)? is r-convergent to z.

First, suppose that [F'\ K]*\ Ay # 0 for all K € [w]<“. Then z = pg= € C.
Indeed, otherwise, we could find a neighborhood U of z such that pg~ ¢ U. Then
there is a finite K € [w]<“ such that yy; ;1 € U for all {i,j} € [F\ K]*. However,
by our assumption, there is some {i,j} € [F'\ K]?\ Ay, so for that {i,5} we have
Ygi,j} = Po~ ¢ U, which gives a contradiction.

Henceforth, assume that [F\ K]|> C Ay for some K € [w]<*. Then applying
Claim 2 we can recursively define z € w® such that for each n € w there is K,
with [F'\ K,]? C Agpn. We will show that 2 = p, € C. Indeed, suppose for the
sake of contradiction that z # p,. Then there is n € w such that z ¢ Cy},. Then
Pz € Cgpn and, since Cyy, is closed, X \ Cypy, is an open neighborhood of z. Hence,
there exists K € [w]<“ such that y; j; & Cypn for all {i,j} € [F\ K]*. However,
F\(KUK,) € [w]* and for each i < j with {i,j} € [F\ (KU K,)]? C A}, we
have yg; iy = pr(j)—~o0~ € Cy(jy S Crpn. This is a contradiction. ([

Putting together Claim 1 and Claim 3, and using A, (R) C A, (r) (by Proposition
2.4), we conclude that C C Ay(R) € A, (r) C C. Therefore they coincide. O

Theorem 4.3. Let X be an uncountable Polish space. Then
Z(FS) = Z(H) = 1.

Moreover, for every nonempty analytic set C C X, there exists a sequence y € X%

such that C' = Ay (FS) = Ay (H).

Proof. The first part proceeds verbatim as in the proof of Theorem 4.2, replacing
r and R with FS and H, respectively. Fix a nonempty analytic set C' C X and let
{Cs : s € w<¥} be a Souslin scheme as in (6), with the same properties. Similarly,
we need to show that there exists y € X* such that C' = A, (FS) = A, (H).

Thanks to [7, Lemma 2.2], it is possible to fix an infinite set D C w which is
“very sparse”, that is

(a) for each a € FS(D) there is a unique nonempty finite set ap(a) € [D]<¥

such that @ =} ;e (o) B3
(b) if G,H € [D]<“ are nonempty and G N H # (), then >, i+ > i ¢
FS(D).
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Fix a bijection f: D — w<% such that if s C t then f~!(s) < f~1(¢), and set

A= {Zki:ko,...,km €D, ko< <kyandsC f(ky) C - cf(km)}
mew \i=0
for each s € w<*. Observe that A, C FS(D), and that s C ¢ implies 4; C A,.
Moreover, since D is very sparse, we have Ag~, NAg—~r = 0 for all distinct n, k € w.
At this point, define a sequence y = (¥;)icw by

Pooe if 4 ¢ A@,
Yi = o
Pf(maxap(i))~0 if i € Ag.

Claim 1. C C Ay(H).

Proof. Pick ¢ € C. Then ¢ = p, for some z € w¥. For each n € w, fix i,, € D
such that f(i,) = z [ n and define F' = {i,, : n € w}. Note that the properties of
f guarantee that F is infinite and (i, )ne, is increasing. We claim that for every
neighborhood U of p, there is G € [w]<* such that y; € U for all i € FS(F) \ G.

In fact, fix a neighborhood U of p,, and pick a sufficiently large n € w such that
Cyin CU. Let G = {i € FS(D) : maxap(i) < i,}. Then G is finite. Moreover, if
i € FS(F)\ G C FS(D) \ G, then iy, = maxap(i) > i, for some k € w, k > n as
(ij)jew is increasing and D is very sparse. Note that i € Ay. Hence

Yi = Df(maxap(i))~0%° = Df(i)~0% = P(zlk)~0° € C:r[k C Cw{n cu
Therefore ¢ = p, € Ay(H). O

Claim 2. For each s € w<* and F € [w]¥ such that FS(F) C A, there exist n € w
and K € [w]<¥ for which FS(F'\ K) C As~p.

Proof. Fix s € w<¥ and F € [w]* such that FS(F) C A,. Observe that F C
FS(F) C As C FS(D). Moreover, if a,b € F are distinct, then ap(a) Nap(b) = 0.
Indeed, otherwise, a + b € FS(F) C A; C FS(D), which would contradict the fact
that D is very sparse.

Hence, by the above observation, K = {a € F : f~1(s) € ap(a)} has at most
one element. In particular, K is finite. Pick e € J,¢p g @p(a) such that |f(e)| =
min{|f(i)| : i € U,ep\x @p(a)}. Let ¢ € F'\ K be such that e € ap(c) (note that
such ¢ is unique) and n € w be such that s~ n C f(e) (such n exists by the definition
of K and an observation that e € ap(c) implies s C f(e), as ¢ € FS(F) C A, and
D is very sparse). Thus, we are left to show that FS(F' \ K) C Ag—,.

Fix distinct ag, a1,...,an € F\ (K U{c}). To complete the proof, we need to
prove that ¢ € Ag~yn, > a; € Ag~n, and c+ > a; € Ag~p. Let (di)i<k €
D¥*1 be an increasing enumeration of the set ap(c) U, ~,, @p(a;). Since ap(a)n
ap(b) = 0 for all distinct a,b € F, we have N

Y di=c+ ) a; € FS(F\K) CFS(F) C A,

i<k i<m
Since D is very sparse and dy < --- < dg in D, we get s C f(do) C f(d1) C--- C
f(dk). In particular, f(do) C f(e) (because e = d; for some j). By the choice
of e, we have also |f(e)] < |f(do)|, hence |f(e)| = |f(do)| and thus f(e) = f(do)-
Since f is injective, we obtain e = dy. Hence also s™n C f(e) = f(do) C f(d1) C
-++ C f(dg). This shows that ¢+ > a; € As~,. However, since the increasing

i<m i<m

i<m
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enumerations of ap(c) and of |J,.,, ap(a;) are some subsequences of (d;)i<y, we
can also conclude that ¢ € Ag~, and > a; € Ag—n. O

i<m
Claim 3. A, (FS) C C.

Proof. The claim is trivial if A,(FS) = (. Otherwise, fix z € A,(FS) and pick
F € [w]“ such that (y;)iers(r) is FS-convergent to z.

First, suppose that FS(F\ K)\ Ay # 0 for all K € [w]<“. Then z = pp. Indeed,
in the opposite, we could find a neighborhood U of z such that ppe ¢ U. Then
there is a finite K € [w]<* such that y; € U for all i € FS(F'\ K). However, by our
assumption, there is some i € FS(F \ K) \ Ay, so for that i we have y; = pg ¢ U,
which gives a contradiction.

Hence, assume hereafter that FS(F \ K) C Ay for some K € [w]<“. Then
applying Claim 2 we can recursively define z € w* such that for each n € w there
is K, with FS(F'\ K,) € Azn. We will show that z = p, € C. Indeed, suppose
for the sake of contradiction that z # p,. Then there is n € w such that z ¢ Cyy,.
Then p, € Cypy and, since Cyy, is closed, X \ Cy)y is an open neighborhood of
z. Hence, there exists K € [w]<“ such that y; ¢ Cy), for all i € FS(F \ K).
However, F'\ (K U K,,) € [w]“ and each i € FS(F' \ (K U K,)) C Az is of
the form Z;n:o k; for some increasing finite sequence (k;)j<, € D™F! such that

z [ nC flko) C f(k1) € - C f(km). Thus, i = py,)~0= € Crk,) S Crpn-
This is the claimed contradiction. O

The conclusion follows from putting together Claim 1, Claim 3, and the inclusion
Ay(H) € Ay(FS) (by Proposition 2.4), as in the proof of Theorem 4.2. O
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