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Preliminaries

Z C P(M) is an ideal on M if:
o AecZ, BCA — BeT,
0o ABel = AUBEeT.
During this talk we also require:
o M is countable,

o all finite subsets of M belong to Z,
o M¢Z ie MeZIt={ACM: A¢Z}

9 (M%) denotes the family of all Borel subsets of additive
(multiplicative, resp.) class a. In particular, I'Ig = Gg, ):(2’ =F,
and NY = Fs.

By identifying subsets of M with their characteristic functions, we
equip P(M) with the topology of 2M, so that we can assign Borel
complexity to ideals on M.

Sierpiriski: There are no N9 ideals.
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Examples of ideals

(*]

Fin = {A CN: Ais finite} is a XJ ideal.

oIy, ={ACN: ZneAﬁ < oo} is a X ideal.

("]

(*]

("]

Z={ACN: AL, 0} is 2 NY ideal.

nwd = {AC[0,1]NQ: clpy(A) is meager} is a M} ideal.
null = {AC[0,1]NQ: cl(A) is of Lebesgue measure 0}
is a MY ideal.

W ={ACN: 3, Adoes not contain arithmetic
progressions of length k} is a Zg ideal.

H={ACN: =(3pcy D is infinite and FS(D) C A)},
where FS(D) = {3 ,cpn: FC D,F €Fin\ {0}} isa
coanalytic non-Borel ideal.

Fin® = Fin ® Fin = {A C N?: 3 V,ux A € Fin}, where
Ay ={i: (k,i) € A}, is a X ideal.

Fin® = Fin ® Fin® = {AC N3 3, Vjon Ag) € Fin®} is a
Zg ideal.
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Bolzano-Weierstrass theorem

Bolzano and Weierstrass: The space [0, 1] is sequentially compact,
i€, V(x,)C[0,1] JacFint (Xn)nea is convergent.

Definition

FinBW(Z) is the class of all Hausdorff spaces X such that
v(x,,)gX EIAeI+ (Xn)neA is convergent.

FinBW(Fin) = sequentially compact spaces.
Bolzano and Weierstrass: [0,1] € FinBW(Fin).

[0,1] ¢ FinBW(conv), where conv is the ideal on [0,1] N Q

consisting of all A C [0,1] N Q that can be covered by finitely
many convergent sequences.
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For which ideals [0, 1] € FinBW(Z)?

Definition (Kat&tov order)

Let Z and J be ideals on M and L, respectively. Write Z <y, J if
there is f : L — M such that f~1[A] € J forall A€ Z.

Theorem (Filipédw, Mrozek, Rectaw, Szuca, Meza-Alcantara)
[0,1] € FinBW(Z) <= conv £k Z.

conv <k I for T = nwd, null, H, Fin?, Fin3.
conv £k I for Z = Fin, Zy/,, YV and all other Zg ideals.

Question (Hrusak)

Let T be a Borel ideal. Is it true that:

conv Lx T <= T is contained in some Z ideal.

No! The counterexample is ZO
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Metric spaces

Theorem (Mazurkiewicz, Sierpiriski)

If X is a metric compact and countable space, then it is
homeomorphic to n- w® + 1, for some n € N and ordinal @ < ws. |

Theorem (Filipéw, Kowalczuk, K)

Let X be a metric non-discrete space and Z be an ideal.
o X is not compact = X ¢ FinBW(Z).

o X is compact uncountable —>
(X € FinBW(Z) <= conv £k 7).
o X is compact countable = 3, Jpciy X =En-w*+1 =

Jo<w; (X € FinBW(Z) <= conviia £k I).

Theorem (Filipéw, Kowalczuk, K)

IfT is a ﬂ2 ideal, then convito £k Z for all a < wy (but it may
happen that conv <y 7).
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Distinguishing ideals

Assume CH. The following are equivalent for all I'Ig ideals T, J :

(a) T<k J,
(b) FinBW(J) C FinBW(Z).

(a) = (b) is true in ZFC.
(b) = (a) requires CH and produces X € FinBW(7) \ FinBW(Z),
which is uncountable, compact, separable, but non-metrizable.

The assumption Z, 7 € I'Ig cannot be omitted:

Let 7 be an ideal. Then:
Fin? <x T <= FinBW(Z) is the class of finite spaces.

Fin® £k Fin?, but FinBW(Fin?) = FinBW(Fin®) = finite spaces
(as Fin? <k Fin3).
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Sets of ideal limit points

Do far, we have been asking if X ¢ FinBW(Z), i.e., if there is a
sequence (x,) in X such that {p € X : Jacz+ (Xn)nea — p} = 0.

Definition

For (x) in X, denote A(Z) = {p € X : Facz+ (Xn)nca — P}

Ax(Z) = {Nx,)(Z) : (xa) is a sequence in X}.

= Xn XA

Thus, X ¢ FinBW(Z) < 0 € Ax(Z).Fhus;
X-¢FinBW(ID)—~—=—0-cAx(L)-

Definition

Ax(Z) = {A)(Z) : (xn) is a sequence in X} U {(}.

From now on, X is an uncountable Polish space.

Adam Kwela Sets of ideal limit points



Some examples

o Ax(Fin) = Ax(Zy/n) = Ax(W) = NY(X);
o Ax(Z4) = Ax(nwd) = Ax(null) = Z(X);
o Ax(Fin?) = NY(X).

Theorem (Balcerzak, Gtab, Leonetti)

Ax(Fin®) = N9, ;(X) and Ax(0 ® Fin®) = X9 _(X).

Theorem (Filipédw, K, Leonetti)
Ax(H) = Z{(X).
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More examples

For every Z and X, we have {{x} : x € X} C Ax(Z).
Therefore, there are NO ideals Z such that Ax(Z) = Z3(X).

If Z is a maximal ideal (i.e., there is no ideal J such that Z C ),
then:
Ax(Z) ={{x} : x € X}
Ax(0 ®Z) ={B C X : B is countable and # 0}
Ax(Fin® (0 ® Z)) ={AU B : A € NY(X), B is countable and # ()}
v
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Some combinatorial properties

Definition (Filipéw, K, Leonetti)

A family {As : s € 2<N} C 7+ is an Z-scheme if for all s € 2<I\:
Q As~0NAs~1 = (Z),
Q As~oUAs~1 C As.

Definition (Filipéw, K, Leonetti)

For an Z-scheme A = {A : s € 2<N} we define:

Br(A) = {x € 2 : = (3cez+ Vnen C \ Axpn is finite) } .

Definition (Filipéw, K, Leonetti)

o Z € P(NY) if there is an Z-scheme with Bz(A) = 0;
o 7 € P(XY9) if there is an Z-scheme with Bz(A) = {(0,0,...)};
o Z € P(NY) if there is an Z-scheme with Bz(A) = Q(2N)

y
P'l‘loil C Pi Zoil C Pi I'IOI I C iI : there is some I—schemei
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Closed sets

Theorem (Filipéw, K, Leonetti)

The following are equivalent for every Z and X:
(2) Ze P(NY);
(b) MY(X) € AX(T);

(¢) Ax(Z) contains an uncountable analytic set.

P(NY) is purely combinatorial and does not depend on the
topological space, so:

Ix Jaeng(z) Ais uncountable analytic = Vy nY(y) C Ay(2).
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F, sets

Theorem (Filipéw, K, Leonetti)

The following are equivalent for every T and X:

(a) T € P(ED);

(b) EY(X) € Ax(D);

(¢) Ax(Z) contains an analytic set which is not the union of
a closed set and a countable set.

Moreover, if T is Borel, then the above are equivalent to:

(d) Ax(Z) contains a non-NY analytic set.

.

Recall that there are NO ideals Z such that Ax(Z) = Z{(X).

Corollary (Filipdw, K, Leonetti)

There are NO ideals T such that Ax(Z) = NY(X).

Again, P(Zg) is purely combinatorial and does not depend on the
topological space, so ...
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Theorem (Filipédw, K, Leonetti)

The following are equivalent for every T and X:
(a) T e P(NY);
(b) M3(X) € Ax(Z);

(¢) Ax(Z) contains a non-X9 analytic set.

Corollary (Filipdw, K, Leonetti)

There are NO ideals T such that Ax(T) = X3(X).

Again, P(N3) is purely combinatorial and does not depend on the
topological space, so ...
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A scale for Borel ideals

Theorem (Xi He, Hang Zhang, and Shuguo Zhang)
If T is Borel, then NY(X) C Ax(Z) (so Z € P(NY)).

Theorem (Balcerzak and Leonetti)
If T is Borel, then Ax(Z) C X1(X

Corollary (Filipdw, K, Leonetti)
If T is a Borel ideal, then:

Ax(T) = MY(X) <= T € P(NY) \ P(X3)
Ax(T) = Z5(X) <= T € P(£3) \ P(N3)
M§(X) € Ax(T) € Z(X) <= T € P(N3)
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Connections with descriptive complexity of ideals

Theorem (He, Zhang, Zhang)

There are ideals of arbitrarily high Borel complexity such that
Ax(Z) = MY(X).

Theorem (Balcerzak, Gtab, Leonetti)
IfT € X3, then Ax(Z) = NI(X).

Let T be a MY ideal. Is Ax(Z) either NY(X) or Z)(X)?

Recall that Fin? is X3 and Ax(Fin?) = NY(X).
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Connections with descriptive complexity of ideals

Let T be a N ideal. Is Ax(Z) either N(X) or ZY(X)?

Theorem (He, Zhang, Zhang)
IfT is a N Farah ideal, then Ax(Z) is either NY(X) or Z9(X).

Zis a Farah ideal if Z={ACN: VpenImen A\ [0, m) € C,} for
compact C,'s closed under taking subsets of their elements.

Question (Farah)

Is every I'Ig ideal a Farah ideal?

Theorem (Filipdw, K, Leonetti)

IfT € NY, then Ax(Z) is either MY(X) or Z3(X) or Z}(X).

But we do NOT have an example of Z € MY such that
Ax(Z) = ZX(X)...
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Thank you for your attention!
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