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Preface

These are unpolished lecture notes from the course BF 05 “Malliavin calculus with appli-
cations to economics”, which I gave at the Norwegian School of Economics and Business
Administration (NHH), Bergen, in the Spring semester 1996. The application I had in
mind was mainly the use of the Clark-Ocone formula and its generalization to finance,
especially portfolio analysis, option pricing and hedging. This and other applications are
described in the impressive paper by Karatzas and Ocone [KO] (see reference list in the
end of Chapter 5). To be able to understand these applications, we had to work through
the theory and methods of the underlying mathematical machinery, usually called the
Malliavin calculus. The main literature we used for this part of the course are the books
by Ustunel [U] and Nualart [N] regarding the analysis on the Wiener space, and the
forthcoming book by Holden, @ksendal, Ubge and Zhang [HOUZ| regarding the related
white noise analysis (Chapter 3). The prerequisites for the course are some basic knowl-
edge of stochastic analysis, including Ito integrals, the Ito representation theorem and the
Girsanov theorem, which can be found in e.g. [D1].

The course was followed by an inspiring group of (about a dozen) students and employees
at HNN. I am indebted to them all for their active participation and useful comments. In
particular, I would like to thank Knut Aase for his help in getting the course started and
his constant encouragement. I am also grateful to Kerry Back, Darrell Duffie, Yaozhong
Hu, Monique Jeanblanc-Picque and Dan Ocone for their useful comments and to Dina
Haraldsson for her proficient typing.

Oslo, May 1997
Bernt Oksendal
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1 The Wiener-Ito chaos expansion

The celebrated Wiener-Ito chaos expansion is fundamental in stochastic analysis. In
particular, it plays a crucial role in the Malliavin calculus. We therefore give a detailed
proof.

The first version of this theorem was proved by Wiener in 1938. Later Ito (1951) showed
that in the Wiener space setting the expansion could be expressed in terms of iterated Ito
integrals (see below).

Before we state the theorem we introduce some useful notation and give some auxiliary
results.

Let W(t) = W(t,w); t >0, w € Q be a 1-dimensional Wiener process (Brownian motion)
on the probability space (2, F, P) such that W(0,w) =0 a.s. P.

For t > 0 let F; be the o-algebra generated by W (s,-); 0 < s <t. Fix T'> 0 (constant).

A real function g : [0,7]" — R is called symmetric if

(1.1) 9(Toyye s To,) =gz, ..., Tp)

for all permutations o of (1,2,...,n). If in addition

(1.2) 1911Z2(0,77): = / g* (@1, wn)day - - dy < 00
[0,7]"

we say that g € ZQ([O, T|™), the space of symmetric square integrable functions on [0, T]".
Let

(13) Sn:{(xlw"axn) € [OaT]n> 0§$1 SxZ S §$n§T}

The set S,, occupies the fraction % of the whole n-dimensional box [0, T|". Therefore, if

g € L*([0,T]") then

(1.4) HQH%Q([O,T}”) = n! /92(371> s @p)da . dey, = n!||g|’%2(sn)
Sn

If f is any real function defined on [0,T]", then the symmetrization f of f is defined by

1
(1.5) f(ml,...,xn):EZf(xal,...,xon)
where the sum is taken over all permutations o of (1,...,n). Note that f = fif and only
if f is symmetric. For example if
f(z1,25) = 22 + z98in 29

then

1
f(zy,20) = 5[37% + 22 + z9sinxy + 2 sin x9).
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Note that if f is a deterministic function defined on S,, (n > 1) such that

1 Bas,yi= [ £ttty dty < oo,
Shn

then we can form the (n-fold) iterated Ito integral

(1.6) Tu(f): = /T7 . ?(7}”(151, ) AW (£0))dAW (t) - - AW (£ )dW (£,),

because at each Ito integration with respect to dWW (t;) the integrand is Fi-adapted and
square integrable with respect to dP x dt;, 1 <1 < n.

Moreover, applying the Ito isometry iteratively we get

T tn to

BLEW) = B[ [ bt t)dW () )dW (£,)}

tn to

— /TE/ / (t1, ..., t)dW (ty) - -dW (t,_1))*]dt,

T
00 0

Similarly, if g € L*(S,,) and h € L?(S,) with m < n, then by the Ito isometry applied
iteratively we see that

= E[{O/T(Zn- a 79(51, coes Sm)dW (s1) - - dW (sn) }
{Z(Zn--'jh(t17 cortnemy St S )dW () <) AW (510) ]

= O/TE[{7'~'079(81,‘..,Sm—lasm)dW(Sl)"'dW(Sm—l)}
{:/m O/tzh(tl, vy Sme1s S )AW (8) - dW (81} s
dW(tl) W(tn-m)ldsy,-- dsm

(1.8) -

because the expected value of an Ito integral is zero.
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We summarize these results as follows:

0 ifn#m
1. L = i
( 9) [Jm(g)Jn(h)] { (97 h)LZ(S ) ifn=m
where
(1.10) (9, P)r2s,) = /g<3717 @)@y, )dey - da,
Sn

is the inner product of L?(S,).
Note that (1.9) also holds for n = 0 or m = 0 if we define

Jo(g) =g if g is a constant

and
(9. h)r2(sy) = gh if g, h are constants.

If g € L*([0, T]") we define
(1.11) L(9): = / Gt o 1) dWER(E): = 0l (g)
[0,77"
Note that from (1.7) and (1.11) we have
(1.12) E[I3(9)] = E[(n)*J2(9)] = (n)*9llz2(s,) = nHllgllZ2qomm
for all g € L2([0,T]™).
Recall that the Hermite polynomials h,(x); n =0,1,2,... are defined by

12d" 1,2
(1.13) ho(z) = (=1)"e2" —(e 2% ); n=20,1,2...

dx™
Thus the first Hermite polynomials are
ho(x) = 1, hy(x) = o, ho(z) = 2* — 1, hs(z) = 2° — 3u,
hy(z) = 2*—62° +3, hs(x) = 2° — 102° + 152, . ..

There is a useful formula due to Ito [I] for the iterated Ito integral in the special case
when the integrand is the tensor power of a function g € L*([0, T)):

n to

(1.14) n!//.../g(tl)g(tz)---g(tn)dW(tl)"'dW(tn> = ”anhn(H%fH)’

where

T
ol = lglleqory — and 6= [ g(t)dw(e).
0
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For example, choosing g =1 and n = 3 we get

T t3 to

6 [ [ ] AW (1) AW () dW (1) = T2y (WD)

T1/2

) =W3(T) - 3T W(T).

THEOREM 1.1. (The Wiener-Ito chaos expansion) Let ¢ be an Fr-measurable
random variable such that

||90||%2(Q):: ||90||%2(P): = Eplp?] < 0.

Then there exists a (unique) sequence { f, }°°, of (deterministic) functions f, € L2([0, T]")
such that

(1.15) p(w) = i)]n(fn) (convergence in L?*(P)).

Moreover, we have the isometry

oo

(1.16) ||90H%2(P) = Zn!anHQLZ([O,T]")

n=0

Proof. By the Ito representation theorem there exists an F;-adapted process @i (s1,w),
0 < 57y < T such that

(1.17) Ej%@mmﬂﬂmmw
and

(118) ﬂ@ZEM+j%@MWWM)
Define

(1.19) g = Elyg] (constant).

For a.a. s; < T we apply the Ito representation theorem to ¢;(s1,w) to conclude that
there exists an Fi-adapted process ps(sg, $1,w); 0 < s < s1 such that

(1.20) BL[ @352, 51,w)ds] < Bligi(s1)] < o0
and
(1.21) o1 (s1,w) = E[p1(s1)] + /¢2(52, s1,w)dW (s5).

0
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Substituting (1.21) in (1.18) we get

(122) e = g0+ [r(s)dW(s)+ [([@alor,s1,0)aW (s2)aW (s:)
where
(1.23) 91(s1) = Efpa(s1)].

Note that by the Ito isometry, (1.17) and (1.20) we have

(1.24) {/T 7%02 (51,89, w)dW (59))dW (s1)}? Z/T(]lE 03 (51, 52, w)]ds2)dsy < || 22

Similarly, for a.a. so < s; < T we apply the Ito representation theorem to ¢s(ss, s1,w) to
get an Fi-adapted process ¢3(ss, S2, s1,w); 0 < s3 < sy such that

(1.25) E[/ @%(53,32,51,w)d33] < E[(pg(SQ,Sl)] < 00
0
and
52
(1.26) ©a(82, $1,w) = Elpa(sa, s1,w)| + /g03(53,52,31,w)dW(53).
0

Substituting (1.26) in (1.22) we get

P(@) = g0+ [ gr(s0)dW(s1) + [ ([ galsa, s1)aWW (s2)) iV (s1)
(1.27) + / ( / ( / 03(s3, 59, 51, W) AW (53))dW (s2))dW (1),
where
(1.28) g2(82,81) = Elpa(ss, s1)]; 0<s5, <5 <T.

By the Ito isometry, (1.17), (1.20) and (1.25) we have

T s1 s2

(120) B[ [ [ ealse, s 51, @)dW (s3)dW (s2)dW (5) 1] < ol

0 0 0

By iterating this procedure we obtain by induction after n steps a process ¢, 11(t1,ta, - . .,
tor1,w); 0 <t <ty < -+ <ty <T and n + 1 deterministic functions go, g1, ..., gn
with gy constant and g, defined on Sy for 1 < k < n, such that

(130 P) =3 ) + [ praad ),
k=0

Sn+1
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where

tn+1 to

T
(1.31) / gandW@("“):/ / ---/gpnﬂ(tl,...,tn+1,w)dW(t1)---dW(th)
0 0 0

Snt1

is the (n + 1)-fold iterated integral of ¢, 1. Moreover,

(1:32) B [ onirdWo )] < g3,

Sn+1

In particular, the family

¢n+11 - / (pn+1dW®(n+1); n = 1> 27 s

Sn+1

is bounded in L?*(P). Moreover
(133) (1/Jn+1, Jk(fk))LQ(Q) =0 for k£ < n, fk < L2([O,T]k)

Hence by the Pythagorean theorem

(1.34) H@H%%Q) = Z HJk(gk)H%Q(Q) + |Wn+1H%2(Q)
k=0

In particular,

Z ||Jk(9k)||%2(g) <0

k=0

and therefore Y Ji.(gx) is strongly convergent in L?(€2). Hence
k=0

lim 1,11 =:¢ exists (limit in L?(Q))

n—oo

But by (1.33) we have
(1.35) (Ji(fe)s¥)r2@ =0 for all kand all f, € L*([0,T]%)

In particular, by (1.14) this implies that

—) -] =0 for all g € L*([0,T1]), all k>0

where 0 = fg(t)dW(t).
0

But then, from the definition of the Hermite polynomials,

E[0*-]=0  forall k>0
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which again implies that
=01
Ekmﬂ-¢yz§:gﬁﬂﬁ-¢}=0
k=0 "

Since the family
{expd; g€ L*([0, 7))}

is dense in L?*(2) (see [D1], Lemma 4.9), we conclude that

b =0.
Hence
(1.36) ow) = Jelgw) (convergence in L*(Q))
k=0
and
(1.37) lelliz@ = 2 1k(gr) 7z
k=0

Finally, to obtain (1.15)—(1.16) we proceed as follows:

The function g, is only defined on S,,, but we can extend g, to [0,7]" by putting

(1.38) gn(try . ytn) =0 if (t,... t,) € 0,T]7\ S,.
Now define

Jn = 0n, the symmetrization of g.
Then

L(fa) = nlJu(fn) = 10 (Gn) = Jn(gn)
and (1.15)—(1.16) follow from (1.36) and (1.37).

Examples

1) What is the Wiener-Ito expansion of

From (1.14) we get

2 [(f awieaw ) = T = w7

and therefore
W2(T) =T + Iy(1).
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2) Note that for t € (0,7") we have
T to
J / Ko crctay (b1, )W (0))dW (1)
0

/ W ()dW (t2) = W () (W(T) — W (t)).

Hence, if we put

p(w) =WEHWT) =W(1), g, 1) = X<z

we see that
p(w) = J2(g) = 2J2(9) = L(f2),
where 1
f2(t17t2> - g(t17t2) — §<X{t1<t<t2} + X{t2<t<t1})'
Exercises

1.1 a) Let h,(x); n=0,1,2,... be the Hermite polynomials, defined in (1.13). Prove
that

exp(tr — — Z for all ¢, x.

(Hint: Write
t? 1, 1 5
exp(tz — 5) = eXP(§$ ) 'eXP(—i(l’ —1)%)

and apply the Taylor formula on the last factor.)
b) Show that if A > 0 then

2\ =NOW T
exp(tx — 7) = nizjo o hn(ﬁ)'

c) Let g € L*([0,T]) be deterministic. Put

= /Tg(s)dW s

and
T
lgll = llglleaqoy = ([ g*(s)ds) .
0

Show that

o0 ’rL 9

exp( [ o) ) = glal) = 3 1

= HgH
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d) Let t € [0,7]. Show that

00 4n/2
(D) = 51) = 3= T (U D),

1.2 Find the Wiener-Ito chaos expansion of the following random variables:

a) p(w)=W(t w) (t € [0,T] fixed)

o

b) p(w) = [g(s)dW(s) (g € L*([0,T]) deterministic)

c) p(w)=W?3tw) (t € [0, T) fixed)

d) o(w) = exp<Ong(s)dW<s)) (g € L2([0, T]) deterministic)

(Hint: Use (1.14).)

1.3 The Ito representation theorem states that if ' € L*(Q) is Fr-measurable, then
there exists a unique F;-adapted process ¢(t,w) such that

(1.40) F(w) = E[F] + / o(t,w)dW (1).

(See e.g. [D1], Theorem 4.10.)

As we will show in Chapter 5, this result is important in mathematical finance. Moreover,
it is important to be able to find more explicitly the integrand ¢(¢,w). This is achieved
by the Clark-Ocone formula, which says that (under some extra conditions)

(1.41) p(t,w) = E[DF|F](w),
where D, F is the (Malliavin) derivative of F'. We will return to this in Chapters 4 and 5.

For special functions F'(w) it is possible to find ¢(t,w) directly, by using the Ito formula.
For example, find ¢(t,w) when

a) F(w)=WT)
b) F(w) =exp W(T)
¢) Flw) = OfTW(t)dt

d) F(w)=W?3(T)
e) F(w)=cosW(T)
(Hint: Check that N(¢): = e2? cos W (t) is a martingale.)
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1.4. [Hu] Suppose the function F' of Exercise 1.3 has the form

(1.42) F(w) = f(X(T))
where X (t) = X (t,w) is an Ito diffusion given by
(1.43) dX(t) =b(X(t))dt + o(X (t))dW(1); X(0)=z€R.

Here b: R — R and 0: R — R are given Lipschitz continuous functions of at most linear
growth, so (1.43) has a unique solution X (¢); ¢ > 0. Then there is a useful formula for
the process ¢(t,w) in (1.40). This is described as follows:

If ¢ is a real function with the property

(1.44) E*[lg(X(1))]] < o0 forall t >0,z €R

(where E* denotes expectation w.r.t. the law of X (¢) when X (0) = z) then we define
(1.45) u(t,x):= Pg(x): = E*[g(X(¢))]; t>0,z€R

Suppose that there exists 6 > 0 such that

(1.46) lo(z)| > 6 for all x € R

Then u(t,z) € C**(RT x R) and

1
% :b(:v)%+502($)— forallt >0,z € R

(Kolmogorov’s backward equation).

(1.47)

See e.g. [D2], Theorem 13.18 p. 53 and [D1], Theorem 5.11 p. 162 and [?1], Theorem 8.1.

a) Use Ito’s formula for the process
Y(t) =g(t, X(t)) with g(t,x) = Prf(z)
to show that

(L88) SN = Prf(e) + [10(6) g Proaf (€ dW ()

for all f € C*(R).

In other words, with the notation of Exercise 1.3 we have shown that if F(w) =
f(X(T)) then

0

(1.49) E[F] = Prf(z) and ¢(t,w) = [0(5)6—6%4,}‘(8]5:)((@.

Use (1.49) to find E[F] and ¢(t,w) when
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b) F(w)=W?*T)
c) F(w)=W3(T)
d) Fw)=X(T,w)

where
dX(t) = pX(t)dt + aX (t)dW (t) (p, a constants)

i.e. X(t) is geometric Brownian motion.

e) Extend formula (1.48) to the case when X (t) € R™ and f:R"™ — R. In this case
condition (1.46) must be replaced by the condition

(1.50) T ol (z)o(x)n > &|nl* for all z,n € R"

where o7 (x) denotes the transposed of the m x n-matrix o(z).
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2 The Skorohod integral

The Wiener-Ito chaos expansion is a convenient starting point for the introduction of
several important stochastic concepts, including the Skorohod integral. This integral may
be regarded as an extenstion of the Ito integral to integrands which are not necessarily
Fi-adapted. It is also connected to the Malliavin derivative. We first introduce some
convenient notation.

Let u(t,w), w € Q, t € [0,T] be a stochastic process (always assumed to be (t,w)-
measurable), such that

(2.1) u(t, ) is Fr-measurable for all ¢ € [0, T
and
(2.2) E[u?(t,w)] < oo for all ¢t € [0, T7.

Then for each ¢t € [0,7] we can apply the Wiener-Ito chaos expansion to the random
variable w — u(t,w) and obtain functions f,(t1,...,t,) € L*(R™) such that

(2.3) u(t,w) =Y Li(faul)).
n=0
The functions f,(-) depend on the parameter ¢, so we can write

(2.4) Farltts e tn) = fultiy .o tust)

Hence we may regard f, as a function of n + 1 variables ¢, ..., %,,t. Since this function
is symmetric with respect to its first n variables, its symmetrization f, as a function of
n + 1 variables t1,...,t,,t is given by, with ¢,,.1 = ¢,

(25) fn(tla oo 7tn+1> —

1
1 fa(te, o tngr) + o falte, o timn b, g, t) - fu(te, oot 1)),
where we only sum over those permutations o of the indices (1,...,n + 1) which inter-

change the last component with one of the others and leave the rest in place.

EXAMPLE 2.1. Suppose

1
for(ti,ta) = fo(ty, ta,t) = §[X{t1<t<t2} + Xitoctatr})-

Then the symmetrization fg(tl, to,t3) of fo as a function of 3 variables is given by

~ 1.1 1
fQ(tla t?a t3) = §[§( {t1<ts<ta} + X{t2<t3<t1}) + 5(‘*{t1<t2<t3}

1
Jr‘;‘i{t3<t2<t1}) + §(X{t2<t1<t3} + X{t3<t1<t2})]
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This sum is % except on the set where some of the variables coincide, but this set has

measure zero, so we have

~ 1
(26) f2(t17t27t3) = 6 a.ce.

DEFINITION 2.2. Suppose u(t,w) is a stochastic process satisfying (2.1), (2.2) and
with Wiener-Ito chaos expansion

2.7) u(t,w) = i Lo(fal+ ).

Then we define the Skorohod integral of u by

T
(2.8) O(u): = /u(t w)oW (t Z Lici(fn) (when convergent)

0
where f,, is the symmetrization of falt1, ... tn,t) asafunction of n+1 variables tq, . .., t,, t.

We say u is Skorohod-integrable and write u € Dom(0) if the series in (2.8) converges in
L*(P). By (1.16) this occurs iff

[e.9]

(2.9) El6(u)?] = >~ (n+ D fall32ozyner) < 00

n=0

EXAMPLE 2.3. Let us compute the Skorohod integral

T
O/WTwél/V ).

T
Here u(t,w) = W(T,w) = [1dW (t), so
0

fo=0, fi=1 and f,=0 foralln>2.

Hence
§(u) = L(fy) = (1 //dW(tl))dW(tg):WQ(T,w)—T.

Note that even if W (T,w) does not depend on ¢, we have

/ W (T, w)6W (1) # W(T,w) / SW(t)  (but see (3.64)).

T
EXAMPLE 2.4. What is | W (t,w)[W(T,w) — W (t,w)]6W (#)?
0
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Note that

T to
J / X cvctzp (b1, )W (0))dW (1)
0

W (t,w)Xiict,) (t2)dW (L2)

— W (t,w) / AW (ts) = W (t, ) [W(T,w) — W(t,w)].

t

Hence

u(t’w): = W(t’w)[W(Tv w) - W(t’w)} = JQ(X{t1<t<t2}(tlat2))
= DL(fa(-1)),

where 1
fQ(t17 t27 t) = é(X{t1<t<t2} + X{t2<t<t1}>'

Hence by Example 2.1 and (1.14)

S = 5 = () = ()
— é[W‘?(T,w)—STW(T,w)].

As mentioned earlier the Skorohod integral is an extension of the Ito integral. More
precisely, if the integrand u(¢,w) is Fi-adapted, then the two integrals coincide. To prove
this, we need a characterization of Fi-adaptedness in terms of the functions f,(-,¢) in the
chaos expansion:

LEMMA 2.5. Let u(t,w) be a stochastic process satisfying (2.1), (2.2) and let

_ iofnm(-,t»

be the Wiener-Ito chaos expansion of u(t, -), for each ¢ € [0,T]. Then u(t,w) is Fi-adapted
if and only if

(2.10) falt, ..yt t) =0 if t< maxt,.

1<i<n

REMARK The statement (2.10) should — as most statements about L?-functions — be
regarded as an almost everywhere (a.e.) statement. More precisely, (2.10) means that for
each t € [0,T] we have

falty, ... tn,t) =0 for a.a. (t1,...,t,) € H,

where H = {(t1,...,t,) € [0,T]"; t < max ti}.
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Proof of Lemma 2.5. First note that for any g € L2([0,T]") we have

ElL ()!ft]—n'E[ n(9)|Fi]

_n.E/{/ /gtl,... AW (1) -+ }dW (1,)| F]

—m/{/ /gtl,... AW (8) - YW (1)

=n J (g(tla RN n) X{maxti<t})
(2.11) = L(g9(t1, - tn) - Ximaxti<t})-

Hence

u(t,w) is F-adpted
& Elu(t,w)|F] = u(t,w)

@iE[In(f 0)IF] = Zz (Fal-t)

@ZI fn N X{maxt<t} ZI fn o1
@fn(tl, ) X{maxtz<t} —fn(tl, tn,t) a.ce.,

by uniqueness of the Wiener-Ito expansion. Since the last identity is equivalent to (2.10),
the Lemma is proved. O

THEOREM 2.6. (The Skorohod integral is an extension of the Ito integral)
Let u(t,w) be a stochastic process such that

T
(2.12) /u2 (t,w)dt] <
0

and suppose that
(2.13) u(t,w) is Fe-adapted for t € [0,T].
Then u € Dom($) and

T T
(2.14) / ult, W)W (1) = / u(t,w)dW (1)
0 0
Proof.  First note that by (2.5) and Lemma 2.5 we have
~ 1
(215) fn(th Ce ,tn, tn+1) = n—an< <. ,tj_l, tj+17 . ,tj)
where
t; = max ;.

1<i<n+1
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Hence

anui'z (jo,T]n+1) = (n+1)! / J?(xly s Tpp1)dTy - dTpg

n+1
n+1
= n + 1 / f2 . ,J}n+1)d$1 Tt dl’n
n+1
t xTp
// /f (@1, &y )y - - - dn)dt

Tn x2

/T/ /f T1yeoos Tpyt)day - - day)dl
0

£ 17209y

—_

O&‘\\ﬂ OK\“ﬁﬂ Ok~\ﬁﬂ

3

again by using Lemma 2.5.

Hence, by (1.16),

o o0 T
Y+ DU fallizqorpsny = Zn'/an 20,7y it
n=0 n=0 0
T o0
:/ Zn'an ) HL2 (j0,T]™ ))dt
0 n=0
T
(2.16) = E[/ u?(t,w)dt] < oo by assumption.
0

This proves that v € Dom(0).

Finally, to prove (2.14) we again apply (2.15):

[uttraw® = X [ Lo
= i/{n! / Falts, oot AW (1) - - dW (£,) YW (2)

nl(n + 1) / Falty ot tnp)AW (1) - - - dW (1) AW (41)

0<t1 <<t <tnga

00 T
=Y (n+ DWW (o) = ZInH (f) = / w(t, W)W (2).
0

n=0

2.5



Exercises

2.1 Compute the following Skorohod integrals:

a) [W(L)sW (1)

o

b) (ng(s)dW(s))(SW(t) (g € L*([0,T]) deterministic)

SEENE

C) W2(t0>6W(t) (to S [O,T] ﬁxed)

ST

d) [ exp(W (T))sW (1)

0
(Hint: Use Exercise 1.2.)
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3 White noise, the Wick product and stochastic in-
tegration

This chapter gives an introduction to the white noise analysis and its relation to the
analysis on Wiener spaces discussed in the first two chapters. Although it is not strictly
necessary for the following chapters, it gives a useful alternative approach. Moreover, it
provides a natural platform for the Wick product, which is closely related to Skorohod
integration (see (3.22)). For example, we shall see that the Wick calculus can be used to
simplify the computation of these integrals considerably.

The Wick product was introduced by C. G. Wick in 1950 as a renormalization technique
in quantum physics. This concept (or rather a relative of it) was introduced by T. Hida
and N. Ikeda in 1965. In 1989 P. A. Meyer and J. A. Yan extended the construction to
cover Wick products of stochastic distributions (Hida distributions), including the white
noise.

The Wick product has turned out to be a very useful tool in stochastic analysis in general.
For example, it can be used to facilitate both the theory and the explicit calculations in
stochastic integration and stochastic differential equations. For this reason we include a
brief introduction in this course. It remains to be seen if the Wick product also has more
direct applications in economics.

General references for this section are [H|, [HKPS], [HOUZ]|, [HP], [LOU 1-3], [A1], [02]
and [GHLOUZ].

We start with the construction of the white noise probability space (S', B, 1):

Let S = S(R) be the Schwartz space of rapidly decreasing smooth functions on R with the
usual topology and let &" = S§'(R) be its dual (the space of tempered distributions). Let
B denote the family of all Borel subsets of S'(R) (equipped with the weak-star topology).
fweS and ¢ € S we let

(3.1) w(@) = (w, )
denote the action of w on ¢. (For example, if w is a measure m on R then

(w,0) = [ é(w)dm(x)

and if w is evaluation at xy € R then

<w7 ¢> = (b(xO) etc.)
By the Minlos theorem [GV] there exists a probability meaure p on S’ such that

(3.2) /ei<w’¢>du(w) =e2ll® L pes
8/
where
(33) J612 = [ l6(2)Pdz = 19l132(z
R
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w is called the white noise probability measure and (S, B, u) is called the white noise
probability space.
DEFINITION 3.1 The (smoothed) white noise process is the map
w:8xS8 - R
given by
(3.4) w(p,w) = wy(w) = (w,¢9) ; peS,weds

From w, we can construct a Wiener process (Brownian motion) W; as follows:

STEP 1. (The Ito isometry)
(3.5) B[] =9lI> ;€S
where F, denotes expectation w.r.t. u, so that

B0 = [ (w,6)du(w).

Sl

STEP 2. Use Step 1 to define, for arbitrary 1 € L?(R),

(w, ) == lim{w, ¢,),
(3.6) where ¢, €S and ¢, — 1 in L*(R)

STEP 3. Use Step 2 to define
(3.7) Wi(w) = W(t,w) := (w, xjoq(")) fort>0

by choosing 1 if s €0,t]
I s &€ )
P(s) = xpy(s) = {() if s ¢ [0, 1]

which belongs to L*(R) for all ¢ > 0.

STEP 4. Prove that W, has a continuous modification W, = Wi(w), i.e.
PW,(:) =W,()] =1 forallt.
This continuous process Wy = Wy(w) = W (t,w) = W (t) is a Wiener process.

Note that when the Wiener process W;(w) is constructed this way, then each w is inter-
preted as an element of 2: = S’(R), i.e. as a tempered distribution.

From the above it follows that the relation between smoothed white noise w,(w) and the
Wiener process Wy (w) is

(3.8) wy(w) = /gb(t)th(w) L oS
R
where the integral on the right is the Wiener-Ito integral.
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The Wiener-Ito chaos expansion revisited

As before let the Hermite polynomials h,(x) be defined by

(3.9) ho(x) = (—1)”e§ d (e‘é) ;n=0,1,2,---

This gives for example

ho(z) = 1, hi(x) = x, ho(z) = 2* — 1, hg(x) = 2° — 3z
hy(x) = 2* — 62 + 3, hs(x) = 2° — 102 + 15z, - - -

Let e; be the k’th Hermite function defined by
1 1 z2
(3.10) er(z) =7 1((k =172 e Th_(V2z); k=12,
Then {e;};>1 constitutes an orthonormal basis for L?(R) and ¢, € S for all k.

Define

(3.11) O(w) = (W, ex) = W, (w) = / e () AW, (w)
R

Let J denote the set of all finite multi-indices o« = (a1, az,...,a,,) (m = 1,2,...) of
non-negative integers ;. If o = (o, -+, ) € J we put

(3.12) Ho(w) = ﬁ h

For example, if « = ¢, = (0,0,---,1) with 1 on k’th place, then

H. (w) = hi(0k) = (w, ex),

while
Hs2(w) = hs(01)ho(02)ha(03) = (6? —36y) - (9§ —1).

The family {H,()}acs is an orthogonal basis for the Hilbert space

(3.13) () ={X:8' =R suchthat [|X|2s, /X ) < oo}
In fact, we have

THEOREM 3.2 (The Wiener-Ito chaos expansion theorem IT)

For all X € L?(u) there exist (uniquely determined) numbers ¢, € R such that
(3.14) X(w)=> caHa(w
Moreover, we have

(3.15) ]XHLZ(M Za‘c
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where ! = aqlag! -+ if a = (g, an, -+ - ).

Let us compare with the equivalent formulation of this theorem in terms of multiple Ito
integrals: (See Chapter 1)

If ¥(ty,ta, -+, t,) is a real symmetric function in its n (real) variables ¢y, -- -, ¢, and

b€ LA(RM), ie.
(316) ||’I7D||L2(Rn) = [/Rn |’¢J(t1,t2, e ’tn)|2dt1dt2 ce dtn]1/2 < 00

then its n-tuple Ito integral is defined by
L,(¢): = AW =
Rn

(3.17) n) [Z(/fm([m . (/t;¢(t1,t2, e 1) AW )W, - AW,

where the integral on the right consists of n iterated Ito integrals (note that in each
step the corresponding integrand is adapted because of the upper limits of the preceding
integrals). Applying the Ito isometry n times we see that

(3.18) B[ vaW®)) = nlolfam; n =1
For n = 0 we adopt the convention that

(3.19) To(4h): = / AW = ¢ = [l 2mey  when ¢ is constant
R

Let L2(R") denote the set of symmetric real functions (on R™) which are square integrable
with respect to Lebesque measure. Then we have (see Theorem 1.1):

THEOREM 3.3 (The Wiener-Ito chaos expansion theorem I)

For all X € L2(u) there exist (uniquely determined) functions f, € L2(R™) such that

(3.20) X@ =Y [ FudWo(w) = 3 L(£)
n=0 R n=0

Moreover, we have

(3.21) 11122 = Zon!anH%?(R")

REMARK The connection between these two expansions in Theorem 3.2 and Theorem
3.3 is given by

(3.22) fo= Y Cati"ReFR - @eitm s n=0,1,2,--
aeJ
|al=n
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where |a| = a1+ Fap ifa=(aq, -+, ) € T (m=1,2,---). The functions ej, ey, - - -
are defined in (3.10) and ® and ® denote tensor product and symmetrized tensor product,
respectively. For example, if f and g are real functions on R then

(f ® g)(w1,22) = f(21)g(z2)
and
[f(z1)g(xa) + f(z2)g(21)] 5 (21,22) € R2.

N | —

(f&g) (w1, 22) =

Analogous to the test functions S(R) and the tempered distributions S’(R) on the real
line R, there is a useful space of stochastic test functions (S) and a space of stochastic
distributions (S)* on the white noise probability space:

DEFINITION 3.4 ([Z])

a) We say that f = . a,H, € L*(p) belongs to the Hida test function space (S) if

aceJ
(3.23) S ala2{]](2j)%} < oo forall k< oo
acJ 7j=1

b) A formal sum F'= Y b,H, belongs to the Hida distribution space (S)* if
acd

(3.24) there exists ¢ < oos.t. Y alZ{[[(2/)¥}? < o0
acJ j=1

(S)* is the dual of (S). The action of F =Y b, H, € (S)* on f =3 a,H, € (S) is given
by

<F7 f> = Za!aaba
We have the inclusions

(S) € L*(u) < (S)".

EXAMPLE 3.5

a) The smoothed white noise wy(-) belongs to (S) if ¢ € S, because if ¢ = %: cje; we

have

(3.25) wy =Y ¢;H,
J

so wy € (S) if and only if (using (3.23))
Zc?(2j)k < oo forall &,

J

which holds because ¢ € S. (See e.g. [RS]).
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b) The singular (pointwise) white noise I/I./t() is defined as follows:

(3.26) Wi(w) = > er(t) He,(w)

Using (3.24) one can verify that I/I./t() € (8)* for all t. This is the precise
definition of singular/pointwise white noise!

The Wick product

In addition to a canonical vector space structure, the spaces (S) and (S)* also have a
natural multiplication:

DEFINITION 3.6 IfX =Y a,H, € (S)",Y =Y bzHs € (S)* then the Wick product,
a B
XoY,of X and Y is defined by

(327) XoY = ZaabgHa+g = Z( Z aabﬁ)ny
a,8 7 atB=y

Using (3.24) and (3.23) one can now verify the following:

(3.28) XYe(§)'=XoYe(S)
(3.29) X, Ye(§)=XoY €(S)
(Note, however, that X, Y € L?(u) & X oY € L?*(u) in general)

EXAMPLE 3.7

(i) The Wick square of white noise is

(singular case) W = (W) = 3 exlt)em () Hey v,
(smoothed case) wd) = chcm aten I = chek €S
Since

b Hy He ifk#m
aten TV HZ 1 ifk=m

we see that

w = wj — ch—% o]|.

Note, in particular, that w$® is not positive. In fact, E[wg’] =0 by (2.5).
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(ii) The Wick exponential of smoothed white noise is defined by

It can be shown that (see Exercise 1.1)

(3.30)

1
exp? wy = exp(w, — - 0]1)

so exp® wy Is positive. Moreover, we have

(3.31)

E,lexp®wg| =1 for all p € S.

Why the Wick product?

We list some reasons that the Wick product is natural to use in stochastic calculus:

)

Here the integral on the right is interpreted as a Pettis integral with values in (S)*.

First, note that if (at least) one of the factors X, Y is deterministic, then
XoY=X'Y

Therefore the two types of products, the Wick product and the ordinary (w-pointwise)
product, coincide in the deterministic calculus. So when one extends a deterministic

model to a stochastic model by introducing noise, it is not obvious which interpreta-

tion to choose for the products involved. The choice should be based on additional

modelling and mathematical considerations.

The Wick product is the only product which is defined for singular white noise W;.
Pointwise product X - Y does not make sense in (S)*!

The Wick product has been used for 40 years already in quantum physics as a
renormalization procedure.

Last, but not least: There is a fundamental relation between Ito/Skorohod integrals
and Wick products, given by

(3.32) / Yi(w)sWi(w) = / Yo W, dt

(see [LOU 2], [B]).

*

In view of (3.32) one could say that the Wick product is the core of Ito integration, hence
it is natural to use in stochastic calculus in general.

Finally we recall the definition of a pair of dual spaces, G and G*, which are sometimes
useful. See [PT] and the references therein for more information.
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DEFINITION 3.8

a) Let A € R. Then the space G, consists of all formal expansions

(3.33) x=% / FudWE
n=0 RrRn
such that
o) . )
(3.34) 1X |1y o= 1D nle? || fulliz@mn]? < o0

For each A € R the space G, is a Hilbert space with inner product

(X,Y)g ZH'GQM fmgn)L2(Rn)

n=0
(3.35) if X =3 / Lud WY = 3 / G dWET
n=0"R" m=0"/R™
Note that A\; < Xy = G, C G),. Define
(3.36) G = () G, with projective limit topology.
AER

b) G* is defined to be the dual of G. Hence
(3.37) G* = |J G», with inductive limit topology.

AR

REMARK. Note that an element Y € G* can be represented as a formal sum
(3.38) y=% / Gud W

n=0 R"

where g, € L*(R") and ||Y||y < oo for some A € R, while an X € G satisfies || X ||, < oo
for all A € R.

If X € Gand Y € G* have the representations (3.33), (3.38), respectively, then the action
of Y on X, (Y, X), is given by

(339) i n' fmgn L2(R")
n=0
where
(3.40) (frs 9n)r2mny = /f(x)g(x)dx
R

One can show that
(3.41) (S)c G L*u) cg c(S).
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The space G* is not big enough to contain the singular white noise W;. However, it does
often contain the solution X; of stochastic differential equations. This fact allows one to
deduce some useful properties of X;.

Like (S) and (S)* the spaces G and G* are closed under Wick product ([PT, Theorem
2.7)):

(342) Xl,XQ Gg:>X1 OXQEQ

(3.43) 1,YoeG'=Y, oY, € G°

The Wick product in terms of iterated Ito integrals

The definition we have given of the Ito product is based on the chaos expansion II, because
only this is general enough to include the singular white noise. However, it is useful to
know how the Wick product is expressed in terms of chaos expansion I for L?(u)-functions
or, more generally, for elements of G*:

THEOREM 3.9 Suppose X = Z I,(fn) €G Y = Z Iw(gm) € G*. Then the Wick
product of X and Y can be expressed by

(3.44) XoV = Z In+m(fn®gm)=§:( Yo Ll fu®gm)).

n,m=0 k=0 n+m=k

For example, integration by parts gives that

([ f@dws) o ([ awaw,) = [ (f@g)(w. y)dw
R R R?

([ (F@gw) + fW)g(a)dW)aw,

(3.45) -

/
/g /f VAW, )dW, +/f /yg(w)dWx)dWy
( g<y>dW></ / Foyg(t)dt

Some properties of the Wick product

We list below some useful properties of the Wick product. Some are easy to prove, others
harder. For complete proofs see [HOUZ)].

For arbitrary X,Y, Z € G* we have

(3.46) XoY =YoX (commutative law)
(3.47) Xo(YoZ)=(XoY)oZ (associative law)
(3.48) Xo(Y+2Z)=(XoY)+ (XoZ) (distributive law)
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Thus the Wick algebra obeys the same rules as the ordinary algebra. For example,

(3.49) (X+Y)?=X24+2XoY +Y**  (no Ito formula!)
and
(3.50) exp’(X +Y) = exp®(X) o exp®(Y).

Note, however, that combinations of ordinary products and Wick products requires cau-
tion. For example, in general we have

X - (YoZ)# (X -Y)oZ.
A remarkable property of the Wick product is that
(3.51) E, [ XoY]|=E,X]-E,Y]

whenever XY and X oY are u-integrable. (Note that it is not required that X and Y
are independent!)

A reformulation of (3.45) is that

w¢<>w¢:w¢'ww—

[owuds o es.

N | —

(See also Example 3.7(i))

In particular,

(3.52) W2 =W2—t, t>0

and

(3.53) if supp¢Nsuppvy =, then Wy © Wy = W + Wy
Hence

(3.54) If 0<t <to<t;<t; then

(Wi, — W) o (Wyy — W) = (Wi, — Wi) - (Wi, — W)
More generally, it can be proved that if F'(w) is F;-measurable and h > 0, then
(3.55) Fo(Wen—Wy) =F - (Wipn — W)
(For a proof see e.g. Exercise 2.22 in [HOUZ].)

Note that from (3.44) we have that

(3.56) (/g(t)th)m — nl / G, x)dWE g e L2(R).
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Combining this with (1.14) we get, with 0 = [ gdWV,
R

(3.57) 07" = [lgl["hn ()

0
llgll
In particular,

Wi
i) );

Moreover, combining (3.57) with the generating formula for Hermite polynomials

(3.58) W = t"/2h, (—= n=0,1,2,...

(3.59) exp(te — — Z h (see Exercise 1.1)

we get (see Example 3.7 (ii))

1 qgl"
esp( [ (0w = 3lal?) = 3= Y (o
/ 2 i
=1
(3.60) => — 07" = exp” 6.
“— n!
Hence
o 1
(3.61) exp®( [ gdW) = exp( [ gaW = Sllgl?); g€ L*(R).
R
In particular,
1
(3.62) exp’(W;) = exp(W; — §t); t>0.

Combining the properties above with the fundamental relation (3.32) for Skorohod inte-
gration, we get a powerful calculation technique for stochastic integration. First of all,
note that, by (3.32),

(3.63) /I/I./t dt = Wi
0
Moreover, using (3.48) one can deduce that
(3.64) /Xonovf/tdt:Xo/nthdt
0 0

if X does not depend on ¢.

(Compare this with the fact that for Skorohod integrals we generally have
T T

(3.65) /X YW, £ X - /Y;ém,
0 0
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even if X does not depend on ¢.)

To illustrate the use of Wick calculus, let us again consider Example 2.4:

T T
/Wt-[WT—Wt]5Wt:/Wto(WT—m)thdt
0

0
T

T
/WtoWTthdt—/WfQthdt
0 0

T
. 1 1 1
WTo/momdt— Wi = SWit = Wi — 3T W),
0

where we have used (3.54), (3.48), (3.64) and (3.58).

Exercises

3.1 Use the identity (3.32) and Wick calculus to compute the following Skorohod inte-
grals

W(T)SW () = [ W(T) o W(t)dt

o

a)

b)

o

(Of g(s)dW ()W () (g € L2([0,T]) deterministic)

c) [W?2(ty)sW(t) (to € [0,T] fixed)

o

d)

SEENE

exp(W(T))6W (t)

Compare with your calculations in Exercise 2.1!
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4 Differentiation

Let us first recall some basic concepts from classical analysis:
DEFINITION 4.1. Let U be an open subset of R" and let f be a function from U
into R™.

a) We say that f has a directional derivative at the point € U in the direction y € R™
if

(4.1) D, f(x): = lim f(I“? — @) %[f(wey)]s:o

exists. If this is the case we call the vector D, f(z) € R™ the directional derivative
(at x in direction y). In particular, if we choose y to be the j’th unit vector e; =
(0,...,1,...,0), with 1 on j’th place, we get

of

- )
6$j

Dy, f(x)

the 7’th partial derivative of f.

b) We say that f is differentiable at x € U if there exists a matrix A € R"™*™ such that

(4.2) lim ﬁ Af(@+ k) — f(z) — AR[ =0

If this is the case we call A the derivative of f at x and we write

A= f'(x).

The following relations between the two concepts are well-known:

PROPOSITION 4.2.

(i) If f is differentiable at « € U then f has a directional derivative in all directions
y € R" and

(4.3) Dyf(x) = f'(z)y

(ii) Conversely, if f has a directional derivative at all x € U in all the directions y = e;;
1 < j < n and all the partial derivatives

_of

Do f () = 5o (o)

are continuous functions of z, then f is differentiable at all x € U and

of;
:[ f ]1§i§m - Rmxn,

Xy 1sisn

(4.4) f'(x)
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where f; is component number ¢ of f, i.e.
fi
f=1:
Jm

We will now define similar operations in a more general context. First let us recall some
basic concepts from functional analysis:

DEFINITION 4.3. Let X be a Banach space, i.e. a complete, normed vector space
(over R), and let ||z|| denote the norm of the element x € X. A linear functional on X
is a linear map

"X —-R
(T is called linear if T'(ax+y) = aT(z)+T(y) foralla € R, z,y € X). A linear functional
T is called bounded (or continuous) if

T = sup [T(x)] < oo
o<1

Sometimes we write (T, z) or Tz instead of T'(z) and call (T, z) “the action of T" on z”.
The set of all bounded linear functionals is called the dual of X and is denoted by X™.
Equipped with the norm ||| - ||| the space X* becomes a Banach space also.

EXAMPLE 4.4.

(i) X = R" with the usual Euclidean norm |z| = /2% + - - - + 22 is a Banach space. In
this case it is easy to see that we can identify X* with R".

(ii) Let X = Cy([0,T]), the space of continuous, real functions w on [0,7] such that
w(0) = 0. Then

[wlloo:="sup [w(t)]
te[0,7

is a norm on X called the uniform norm. This norm makes X into a Banach space

and its dual X* can be identified with the space M([0,T7]) of all signed measures v
on [0, T, with norm

mezﬁng@mﬁ%=WM&ﬂ>

(i) Tf X = L2([0,T]) = {£:[0,T] — R: [|f(£)]Pdt < o0} equipped with the norm
0

T

1l =1 1F@Fag (1< p <o)
0
then X is a Banach space, whose dual can be identified with L?([0,77]), where
1 1
S =1.
p q

In particular, if p = 2 then ¢ = 2 so L*([0, 7)) is its own dual.
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We now extend the definitions we had for R™ to arbitrary Banach spaces:

DEFINITION 4.5. Let U be an open subset of a Banach space X and let f be a
function from U into R™.

a)

b)

We say that f has a directional derivative (or Gateauz derivative) at x € U in the
direction y € X if

(4.5) D,f(a):= 7w +ey)leo € R

exists. If this is the case we call D, f(x) the directional (or Gateauz) derivative of
f (at z in the direction y).

We say that f is Frechet-differentiable at x € U if there exists a bounded linear map
A X —- R™
A
(ie. A= | ¢ | with A; € X* for 1 <7 < m) such that
Ap,
) 1
(4.6) %{{}m |f(z+h) = f(z) = A(h)| =0
heXx

If this is the case we call A the Frechet derivative of f at x and we write

(4.7) A= f(z)=

Similar to the Euclidean case (Proposition 4.2) we have

PROPOSITION 4.6.

(1)

(ii)

If f is Frechet-differentiable at x € U C X then f has a directional derivative at x
in all directions y € X and

(45) D, f(x) = {f(2).) € R”
where
(f'(@),y) = (f @)1 9)5 - (F (@)m, )
is the m-vector whose i'th component is the action of the i’th component f'(z); of
f'(x) on y.

Conversely, if f has a directional derivative at all x € U in all directions y € X and
the (linear) map
y— Dy f(x); yeX
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is continuous for all z € U, then there exists an element V f(x) € (X*)™ such that

Dyf(x) = (Vf(x),y).

If this map  — V f(x) € (X*)™ is continuous on U, then f is Frechet differentiable
and

(4.9) f'(x) =V f(z).

We now apply these operations to the Banach space €2 = Cy([0, T]) considered in Example
4.4 (ii) above. This space is called the Wiener space, because we can regard each path

t— W(t,w)

of the Wiener process starting at 0 as an element w of Cy([0, 1]). Thus we may identify
W (t,w) with the value w(t) at time ¢ of an element w € Cy([0, T7):

W(t,w) = w(t)

With this identification the Wiener process simply becomes the space Q = Cy([0,77])
and the probability law P of the Wiener process becomes the measure i defined on the
cylinder sets of €2 by

,lL({UJ;UJ(tl) e F,... ,w(tk) € Fk}) = P[W(tl) e, .. ,W(tk) € Fk]

= / p(ty, x ) p(ty — ty, x,22) -+ p(ty — tp—1, Tp—1, T )day, - - - dxy,
F1><---><Fk

where F; CR; 0 <t; <ty <--- <t and
1
plt,,y) = 2rt) P exp(—olr —yl);  t>0; 2y €R.
The measure y is called the Wiener measure on €. In the following we will write L?(£2)
for L?(u) and L2([0,T] x Q) for L*(\ x p) etc., where X is the Lebesgue measure on [0, 7.

Just as for Banach spaces in general we now define

DEFINITION 4.6. As before let L?([0,T]) be the space of (deterministic) square
integrable functions with respect to Lebesgue measure A(dt) = dt on [0,7]. Let F: Q2 — R
be a random variable, choose g € L*([0,T]) and put

(4.10) () = /g(s)ds € Q.

Then we define the directional derivative of F' at the point w € € in direction v € Q) by

(4.11) Dy F(w) = d%[F(w +e9)]omo

if the derivative exists in some sense (to be made precise below).
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Note that we only consider the derivative in special directions, namely in the directions of
elements v of the form (4.10). The set of v € © which can be written on the form (4.10)
for some g € L*([0,T1]) is called the Cameron-Martin space and denoted by H. It turns
out that it is difficult to obtain a tractable theory involving derivatives in all directions.
However, the derivatives in the directions v € H are sufficient for our purposes.

DEFINITION 4.7. Assume that F: {2 — R has a directional derivative in all directions
~ of the form

t
A1) = [ gls)ds  with g € LX([0, )
0
in the strong sense that

(4.12) D, F(w): = lim L [F(w+ £7) — F(w)]

e—0 g

exists in L?(£2). Assume in addition that there exists ¥(¢,w) € L?([0,T] x Q) such that

(4.13) D, F(w) = / b(t,w)g(t)dt .

Then we say that F' is differentiable and we set
(4.14) D F(w): = 9(t,w).
We call D;F(w) € L*([0,T] x Q) the derivative of F.

The set of all differentiable random variables is denoted by D; .

EXAMPLE 4.8. Suppose F(w) = (ff(s)dW(s) = ff(s)dw(s), where f(s) € L*([0,T]).

Then if v(t) = [ g(s)ds we have

o o

Flw+ey) = [ f(s)(dw(s) +edy(s))

O\,ﬂ O\ﬂ

F(s)dw(s) + = [ fls)g(s)ds,

T
and hence 1[F(w +ey) — F(w)] = [ f(s)g(s)ds for all € > 0.
0
Comparing with (4.13) we see that F' € D; 5 and
(4.15) D,F(w) = f(t); tel0,7], we Q.

In particular, choose
ft) = Xpo.(t)
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we get
) = / Ko,y (8)AW (5) = W (t1,w)

and hence

(4.16) Dy(W(t1,w)) = Xpo (1).

Let P denote the family of all random variables F': {2 — R of the form
F(w)=¢(0,...,0,)

where o(z1,...,27,) = Y a,z® is a polynomial in n variables xy, ..., x, and
T

0; = [ fi(t)dW (t) for some f; € L*([0,T]) (deterministic).
0

Such random variables are called Wiener polynomials. Note that P is dense in L*(2).
By combining (4.16) with the chain rule we get that P C D 5:

LEMMA 4.9. Let F(w) = ¢(b1,...,0,) € P. Then F € D;, and

0

X

(01,...,0,) - fi(t).

(4.17) D,F(w) = fj

Proof.  Let ¢(t,w) denote the right hand side of (4.17). Since

sup E[[W(s)|V] < o0 for all N € N,

s€[0,7T
we see that

LP(o2) ~ F@)) = Tl +2(g) < g) — o(0r, 00

i

(01,...,6,)-Dy(6;) inL*Q)ase—0

Hence F' has a directional derivative in direction v (in the strong sense) and by (4.15) we

have
T
— [itw
’ 0
We now introduce the following norm, || - ||1,2, on Dy o:
(4.18) [Fll1e = 1 Fll2@) + DeFllzorixey;  F € Dig.
Unfortunately, it is not clear if D 5 is closed under this norm, i.e. if any || - ||; 2-Cauchy

sequence in D, converges to an element of D;,. To avoid this difficulty we work with
the following family:
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DEFINITION 4.10. We define D; 5 to be the closure of the family P with respect to
the norm || - [|1 2.

Thus Dy 5 consists of all F' € L*(Q) such that there exists F,, € P with the property that

(4.19) F,—F inL*Q)asn— oo
and
(4.20) {D:F.}02 is convergent in L*([0,T] x Q).

If this is the case, it is tempting to define
DtF: = lim DtFn .
n—oo

However, for this to work we need to know that this defines D, F' uniquely. In other words,
if there is another sequence G,, € P such that

(4.21) G,—F inL*Q)asn— oo
and
(4.22) {D:G,}2, is convergent in L*([0, 7] x Q),

does it follow that

(4.23) lim D,F, = lim D,G,, ?

n—oo

By considering the difference H,, = F,, — GG,, we see that the answer to this question is
yes, in virtue of the following theorem:

THEOREM 4.11. (Closability of the operator D;)
Suppose {H,,}>°; C P has the properties

(4.26) H,—0 inL*Q)asn— oo
and
(4.27) {DH,}>,  converges in L*([0,T] x ) as n — oo
Then
nh_)nolo D,H, =0.

The proof is based on the following useful result:
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LEMMA 4.12. (Integration by parts)
t

Suppose F € Dy, p € D15 and y(t) = [ g(s)ds with g € L*([0,T]). Then
0

T

(4.28) EID,F -] = E[F - [ gaW]— E[F -Dyy]
0

Proof. By the Girsanov theorem we have

BIF(w +en) - ¢()] = BIF(@)elw — 1) - exple [ g — 2<* [ gPds)

and this gives

Proof of Theorem 4.11. By Lemma 4.12 we get

T
EID H, ¢ = ElHp- [ gdW]— E[H, Dyl
0
— 0 as n — oo for all p € P.

Since {D. H,,}°°, converges in L?({2) and P is dense in L*(§2) we conclude that D, H,, — 0

in L?(Q2) as n — oo. Since this holds for all v = [ gds, we obtain that D;H,, — 0 in
0

L3([0,T] x Q). O

In view of Theorem 4.11 and the discussion preceding it, we can now make the following
(unambiguous) definition:

DEFINITION 4.13. Let F' € Dy o, so that there exists {F,,} C P such that
F,—F in L?(Q)

and
{D:F.}02 is convergent in L*([0,T] x Q).
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Then we define

n—oo

and

T
QF:/mFg@ﬁ
0

t
for all ~(t) = /g(s)ds with g € L*([0,T1]).
0
We will call D, F' the Malliavin derivative of F'.

REMARK Strictly speaking we now have two apparently different definitions of the
derivative of F"

1) The derivative D,F' of F' € D; 5 given by Definition 4.7.

2) The Malliavin derivative D, F' of F' € Dy 5 given by Definition 4.13.

However, the next result shows that if F' € D; 5 N D2 then the two derivatives coincide:

LEMMA 4.14. Let F € Dy, N Dy and suppose that {F,} C P has the properties

(4.30) F,— F in L*(Q) and D,F, converges in L*([0,T] x Q).
Then

(4.31) D.F = lim D,F,.

Hence

(4.32) D,F =D.F  for F€DiyNDis.

Proof. By (4.30) we get that D, F,, converges in L*(Q) for each v(t) = Oftg(s)ds;

g € L*([0,T]). By Lemma 4.12 we get
E|(D,F, = Dy F) - ¢]
¢
— E[(F, ~ F)- - [ gdW] - E[(F, — F)- D,y]
— 0 for all ¢ GO]P’ by (4.30).

Hence D, F,, — D, F in L*(Q) and (4.31) follows. O
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In view of Lemma 4.14 we will now use the same symbol D, F' and D, F' for the derivative
and directional derivative, respectively, of elements F' € Dy 5 UDy 5.

REMARK 4.15. Note that it follows from the definition of Dy 5 that if F,, € Dy for
n=1,2,...and F,, —» F in L*(Q) and

{D;F,}, is convergent in L*([0,T] x Q)
then
Feb, and DF = lim D,F,.

Since an arbitrary F' € L?(Q2) can be represented by its chaos expansion
F(w) =3 L(f);  fa€ L0, T]")
n=0

it is natural to ask if we can express the derivative of F' (if it exists) by means of this.
We first consider a special case:

LEMMA 4.16. Suppose F(w) = I,(f,) for some f, € EQ([OvT]n)- Then F € Dy > and
(4.33) DiF(w) = nly 1 (ful5 1)),

where the notation I,,_1(f,(+,t)) means that the (n — 1)-iterated Ito integral is taken with
respect to the n — 1 first variables ¢y, ..., t, 1 of fu(t1,...,tn_1,t) (i-e. tis fixed and kept
outside the integration).

Proof.  First consider the special case when
£, = fon
for some f € L*([0,T]), i.e. when
falty, oo otn) = f(t1) ... f(tn); (t1,...,tn) €10, 7"
Then by (1.14)

(4.34) Ln(fn) = 11" (5)

0
I1fl
T
where 6 = [ fdW and h,, is the Hermite polynomial of order n.
0

Hence by the chain rule

Dil(fa) = ||f\|"h;<ﬁ> ' %

A basic property of the Hermite polynomials is that
(4.35) hl (z) = nhy,_1(x).
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This gives, again by (1.14),

Diln(fn) = nll A" hua( ’ V(1) = 0Ly (FU V) f(t) = nlama(ful11)).

£
Next, suppose f,, has the form

(4.36) o= BE - @0E™ ek =n

where ® denotes symmetrized tensor product and {n;} is an orthonormal basis for
L?([0,T]). Then by an extension of (1.14) we have (see [I])

(4.37) Li(fn) = Py (01) -+ P (O)
with
T
= /de
0

and again (4.33) follows by the chain rule. Since any f,, € L2(|0,T]") can be approximated
in L2([0,T]™) by linear combinations of functions of the form given by the right hand side
of (4.36), the general result follows. O

LEMMA 4.17 Let Py denote the set of Wiener polynomials of the form

T

T
pk(/eldVV,...,/ede)
0

0

where py(z1,...,2) is an arbitrary polynomial in k variables and {ej, es,...} is a given
orthonormal basis for L?([0,7]). Then P, is dense in P in the norm || - [1o.

T T
Proof. 1t g:=p([ frdW,..., [ fxdW) € P we approximate g by
0 0

T m T m
q(m) —p(/Z(fl,e] e;dW, .. /Z fr,ej)e;dW)
o J=0 o 7=0

in L2([0,T] x Q) as m — oo. 0
THEOREM 4.18. Let F = 5 I,(f,) € L*(2). Then F € Dy, if and only if
n=0

(4.38) E_:IM!anII%Q([o,T]n) < o0
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and if this is the case we have

(439) DiF = " 0l (ful+ 1))

n=0

Proof. Define F, Z L,(fn). Then F,, € D15 and F,, — F in L*(2). Moreover, if
m > k we have by Lemma 4.15,

Dt Fy — DiFell 220 50y = | _zk;rlnfn1(fn('vt))‘|i2([07Tlxﬂ)

T m

:/E[{ Z n[n—l(fn('vt))}z]dt
0 n=k+1
T m 9 9

= [ 3 w20 = DU Ot
0 p—k+1

(4.40) = Z nn!”anQLQ([O,T]”)'

n=k+1

Hence if (4.38) holds then {D;F,}5° , is convergent in L*([0,T] x Q) and hence F € Dy 5
and

DF = hm D,F,, Zn[n 1(fn(s1)).

Conversely, if F'€D; 5 then there exist polynomlals pr(z1, ..., @y, ) of degree k and ny, . . .,

Mn, > 0asin (4.36) such that if we put F, = pi(0y,...,6,,) = > Uy, Tﬁ Fom, (6;)

(for some @y, . €R) then F, € P and F, — F in L*(Q) and

D,F, — D,FF in L*([0,T] x Q), as k — oc.
By applying (4.37) we see that there exist f](k) e L2([0,T)7); 1 < j < k such that
- (k)
Fy=> Ii(f
7=0
Since F}, — F in L?(Q2) we have

k

. k)
S = £l oryy < 1k = Fll320) — 0 ask — oo,
2

Therefore Hf](k) — fillz2(o,r) — 0 as k — oo, for all j. This implies that

(4.41) 1N e2qoryy — I fillceqoryy  as k — oo, for all j.

Similarly, since D;Fy, — D,F in L*([0,T] x Q) we get by the Fatou lemma combined with
the calculation leading to (4.40) that

> . . > . . . k
Z] ']!Hfj”%ﬂ([O,T]j) = Z,}LTQO(] 'J!”f]( )“%2([0,T]j))
j=0 Jj=0
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o sk
< lim > 53U 12 g0

—00 =0

= lim ”DtFkH%?([O,T}XQ) = HDtFH%Z([O,T]XQ) <00,

—0Q

where we have put f *) = 0 for j > k. Hence (4.38) holds and the proof is complete.
J

Exercises
4.1 Find the Malliavin derivative D, F'(w) of the following random variables:

a) F(w)=W(T)
b) F(w) =exp(W(to)) (o €[0,T7)

¢) Flw) = OfTs?dW(s)

d) Fluw) = ({T(:fcos(tl )W ())dW ()
e) F(w)=3W(so)W?(to) +In(1+W?(s0)) (s0,t0 € [0,T])

£) Flw) = ({TW(to)(SW(t) (to € [0, 7))

(Hint: Use Exercise 2.1b).)

4.2 a) Find the Malliavin derivative D;F'(w) when

Fw) = exp( [ g(s)dW(s)) (g€ L2(0,T]))
by using that (see Exercise 1.2d))

Flw) = f: LA,

with ] ]
Ju(te, o tn) = ol eXP(§||9||%2([0,T}))9(t1) o g(tn)

b) Verify the result by using the chain rule.
4.3 Verify the integration by parts formula (4.28) in the following case:
T
F(w) = /¢(s)dW(s) with ¢ € L?([0,T]) deterministic,
0

1.

¥
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5 The Clark-Ocone formula and its generalization.

Application to finance

In this section we look at the connection between differentiation D and Skorohod inte-
gration 6 and apply this to prove the Clark-Ocone formula and its generalization needed

for e.g. portfolio applications.

First we establish some useful results about conditional expectation:

DEFINITION 5.1. Let G be a Borel subset of [0,7]. Then we define F¢ to be the

o-algebra generated by all random variables of the form

T
/ AW (t): = / Xu(H)dW(t);  ACG Borel set
A 0

Thus if G = [0, ¢] we have, with this notation
Fog =F for t > 0.

LEMMA 5.2. Let g € L*([0,T]) be deterministic. Then

T

B[ g ()17e] = [ Xolt)g()aw (1)

0
Proof. By definition of conditional expectation, it suffices to verify that

T

(5.2) /Xg(t)g(t)dW(t) is F-measurable
and
(5:3) BIF(w) [ 90w (t) = E[F(w) [ Xa(g(t)dw ()

for all bounded Fg-measurable random variables F'.

(5.1)

To prove (5.2) we may assume that g is continuous, because the continuous functions are

dense in L*([0,T]). If g is continuous, then

T t;+1

[ Asav(© = Jim 3000 | Aetaw )

(limit in L?*(€2)) and since each term in the sum is Fg-measurable the sum and its limit

1S.

5.1



To prove (5.2) we may assume that

F@):/A@@MW@) for some A C G.

This gives that the left hand side of (5.3) becomes

T T

B[ 2aaw (@) [ g@yaw @] = B[ Xa(®)g(t)dt],

0 0

by the Ito isometry. Similarly, the right hand side becomes

B[ 2a()dw (1) - [ Xo(g()dW (1)) = E[ [ Xa(t)X(t)g(t)dt]

:vamm@m since A C G

0

LEMMA 5.3. Let v(t,w) € R be a stochastic process such that

(i) v(t,-) is F; N Fg-measurable for all ¢ and

T
(i) E[fv*(t,w)dt] < oo.
0
Then
/ v(t,w)dW (t) is Fg-measurable.
e

Proof. By a standard approximation procedure we see that we may assume that v(¢,w)
is an elementary process of the form

’U(t, w) = Z Ui(w>X[ti7ti+1) (t)

i

where 0 =ty < t; < --- <t, =T and v;(-) is F;, N Fg-measurable. For such v we have

/v@wmwqugyAM / AW (1),

G g Gﬂ[ti,tprl)

which is a sum of products of Fg-measurable functions and hence Fg-measurable. O

LEMMA 5.4. Let u(t,w) be an Fi-adapted process such that

Evﬁ@@w<m.
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Then

utwﬂV\ﬁﬂ:/mmmmﬂmwm

O\ﬁ

Proof. By Lemma 5.3 it suffices to verify that

(5.4) ult,w)dW (t Eu@o/Emu¢mfdmvaﬂ

G

for all f(w) of the form
:/ﬂwm ACG

For such f we obtain by the Ito isometry that the left hand side of (5.4) is equal to

T

vamm@@m:/EMmmﬁ

0
while the right hand side is equal to

T T

B[ [ 24(0)X(t) Blu(t, )\ Foldt] = [ Xa(t)EIE[u(t, w)|Fo]]
:/Em@@ut

PROPOSITION 5.5. Let f, € L*([0,T]"). Then

(5.5) ElL(f)|Fc] = [n[fnxggn]a
where

(fuXE™) (1, b)) = falty, . ta)Xa(ty) - - Xa ().
Proof.  We proceed by induction on n. For n =1 we have by Lemma 5.4

T

EIL(f0)1Fa] = BL[ Fi(t)dW (0)1Fa] = [ filt)Xa(t)dw (1),

0

Assume that (5.5) holds for n = k. Then by Lemma 5.4

[]k+1<fk+1)|]:G]

k+vgﬂ/ /ﬁﬂm,wmnMWﬁwMWwHWM

T

— (k1! [ B / - / Feot(trse eyt )dW (t) - - AW (6)|Fes] - Xes (b ) AW (ts)
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Tty to

= (k+1)! // : /fk+1(t1, b)) X () - X (b )AW (1)) -+ - dW (Hg1)

= e [fen XS0,

and the proof is complete. O

PROPOSITION 5.6. If F € Dy, then E[F|F¢] € Dy and
Dy(E[F|Fc]) = E[DF|Fg] - Xa(t).
Proof. First asume that F = I,(f,) for some f, € L*([0,T]"). Then by Proposition 5.5
Dy(E[F|Fc]) = DiEL(fo)| Fel
= Dilln(fo- X§")] = nlua[fa(, X5 "V () - Xa(1)]

=l a[fal)XG"TV (O] - Xo(t)
(5.6) = E[DF|Fg] - Xa(t).

Next, suppose F' € Dy 5 is arbitrary. Then as in the proof of Theorem 4.16 we see that we
can find Fj, € P such that

F,—F in L[*(Q) and D;F, — D:F in L*(Qx[0,T])

as k — 0o, and there exists f}k) e L2([0,T)?) such that
(F*Y for all k.

By (5.6) we have
Du(B|F|Fs)) = E[DFy|Fo] - Xa(t)  for all k

and taking the limit of this as £ — oo we obtain the result. ad

COROLLARY 5.7. Let u(s,w) be an Fs-adapted stochastic process and assume that
u(s,-) € Dy for all s. Then

(i) Dyu(s,w) is  Fs-adapted for all ¢
and
(ii) Diu(s,w) =0 for t > s.

Proof. By Proposition 5.6 we have that
Dyu(s,w) = Dy(Elu(s,w)|Fy]) = E[Dyu(s,w)|Fs] - Xoq(1),

from which (i) and (ii) follow immediately. O

We now have all the necessary ingredients for our first main result in this section:
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THEOREM 5.8. (The Clark-Ocone formula) Let F' € Dy be Fr-measurable.
Then
T

(5.7) F(w) = E[F] + / E[D,F|F](w)dW (1).

Proof. Write F' = Z L.(f,) with f, € L2([0,T]"). Then by Theorem 4.16, Proposition
S. 5 and Definition 2. 2

/E [D.F|F]dW (1 /E n[n L(Fa(- 1)) | F] AW (2) /ZnE ot (Fu( ) F)dW (1)

Onl
T
0

S £ () = L% = S L% = hl] = F - EIFL ;

n n=1

oo TOO
> nhaalfalcot) - 0 >1dw<t>:/znn—1un [0V aw (1)
=1 0

The generalized Clark-Ocone formula

We proceed to prove the generalized Clark-Ocone formula. This formula expresses an
Fr-measurable random variable F'(w) as a stochastic integral with respect to a process of
the form

(5.8) W(t,w) = /H(S,w)ds Y W(tw); 0<t<T

where 0(s,w) is a given F,-adapted stochastic process satisfying some additional condi-
tions. By the Girsanov theorem (see Exercise 5.1) the process W (t) = W (t,w) is a Wiener
process under the new probability measure () defined on Fr by

(5.9) dQ(w) = Z(T,w)dP(w)

where
t 1 t
(5.10)  Z(t) = Z(t,w) = exp{—/@(s,w)dW(s) = /02(s,w)ds}; 0<t<T
0 0
We let Eg denote expectation w.r.t. @, while Ep = E denotes expectation w.r.t. P.

THEOREM 5.9. (The generalized Clark-Ocone formula [KO])
Suppose F' € Dy 5 is Fi-measurable and that

(5.11) Eo[|F|] < oo
(5.12) EQ[/ |D,F|2dt] < oo
(5.13) Eol|F| -/(/Dtﬁ(s,w)dW(s)+/Dt9(s,w)9(s,w)ds)2dt] < o
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Then
(5.14) F(w) = Eg[F] + / Eol(D,F — F / D,0(s,w)dW ()| F]dW (¢).

Remark. Note that we cannot obtain a representation as an integral w.r.t. W simply by
applying the Clark-Ocone formula to our new Wiener process (W(t) @), because F is only
assumed to be Fp-measurable, not .7-"T measurable, where ]—"T is the o-algebra generated
by W( -); t < T'. In general we have Fr C Fr and usually Fr #+ Fr. Nevertheless, the
Ito integral w.r.t. 1/ in (5.14) does make sense, because W (t) is a martingale w.r.t. F
and @ (see Exercise 5.1)).

The proof of Theorem 5.9 is split up into several useful results of independent interest:
LEMMA 5.10. Let  and v be two probability measures on a measurable space (2, G)
Q.G

such that dv(w) = f(w)du(w) for some f € L'(u). Let X be a random variable on (Q, G)
such that X € L*(v). Let H C G be a o-algebra. Then

(5.15) E,[X|H] - Eu[fIH] = E[f X[H]
Proof. See e.g. [@, Lemma 8.24].

COROLLARY 5.11. Suppose G € L'(Q). Then

E[Z(T)G|F]

(5.16) EolGIF] = =4

The next result gives a useful connection between differentiation and Skorohod integration:

THEOREM 5.12. Let u(s,w) be a stochastic process such that
T

(5.17) /u2 s,w)ds] < oo
0

and assume that u(s,) € Dy for all s € [0, 7], that Dyu € Dom() for all ¢ € [0,T], and
that

(5.18) E[/T((S(Dtu))th] < 00
!
Then Ofu(s,w)(svv(s) € Dy and
(5.19) Dt(/OT (5, 0)8W(s) /Dtu 5, 0)6W (s) + u(t, w).
Proof. First assume that

’LL(S, w) = [n(fn('> S)),
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where f,(t1,...,t,, s) is symmetric with respect to ti,...,t,. Then

/u(s,w)6W(S) = n+1[ﬁ1]7

where

P = ) + o fules )

is the symmetrization of f,, as a function of all its n 4+ 1 variables. Hence

(5.20) /u 5,0)8W () = (n + V)L fu(-, )],
where
(5.21) Faot) = — 2 [fultrrmn) 4 Fults ) + fuler8)]

n+1

(since f, is symmetric w.r.t. its first n variables, we may choose t to be the first of them,
in the first n terms on the right hand side). Combining (5.20) with (5.21) we get

T

(5.22) /u ;W)W (8)) = L[ fult, s x1) + -+ fult, s xn) + fu(-, 1)]
0

(integration in I, is w.r.t. xy,...,2,).

To compare this with the right hand side of (5.19) we consider

(5.23)  §(Du) = / Dyu(s,w)5W(S) = / WLy [fa(ot, $)JOW (s) = nl[Fu (- 1, )],

where

-~ 1
(5.24) folz1, .y, t ) = ﬁ[fn@’ )+ 4 ot )]
is the symmetrization of f,,(x1,..., T, 1,t,z,) Wr.t. T1,...,Zy.

From (5.23) and (5.24) we get

(5.25) /Dtu(s,w)(SW(s) = L[falt, 1) + o+ fult, -, 2)]-

Comparing (5.22) and (5.25) we obtain (5.19).

Next, consider the general case when

W) = ff LUl s)]
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Define

(526) um(‘S?w) = Z[n[fn(as)]v m = 1727"'
n=0

Then by the above we have

(5.27) Di(6(um)) = 6(Dytt,) + um(t) for all m.

By (5.23) we see that (5.18) is equivalent to saying that

T
/ (Dyu)) dt Zn n'/”fn ) HL2 ([0,T)™ )dt
0

(5.28) => nzn!\|ﬁlﬂiz([07T}71+1) < oo since Dyu € Dom(6).
n=0
Hence
(5.29)  [[6(Dyum) = 8(De) | Feoxey = Do W0l fallizqopiny — 0 as m — oo.
n=m+1

Therefore, by (5.27)
(5.30) Dy(6(up)) — 6(Dyu) +u(t) in  L*([0,T] x Q)
as m — o0o. Note that from (5.21) and (5.24) we have

(n + 1)]?71("75) = nﬁ%('at’ ) + fn("t)

and hence
~ 2n2n)! 2n!
(n+ 1)!||fn”%2([0,T]"+1) < — nl ||fn||L2 (o,7)+1) T nr 1||anL2 [0,T]n+1)
Therefore,
(5.31) E[(6(um) = 6(w)*T = > (n+ D ullZ2 om0y = 0
n=m-+1

as m — oo. From (5.30) and (5.31) we conclude that 6(u) € Dy 5 and that

Dy(6(w)) = 6(Dyu) + u(t), which is (5.19). 0

COROLLARY 5.13. Let u(s,w) be as in Theorem 5.12 and assume in addition that
u(s,w) is F,-adapted.

Then

(5.32) Dy / u(s, w)dW (s) / Dou(s,w)dW (s) + u(t,w).
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Proof. This is an immediate consequence of Theorem 5.12 and Corollary 5.7. ad

LEMMA 5.14. Let F, 6 be as in Theorem 5.9 and let @ and Z(¢) be as in (5.9), (5.10).
Then

(5.33) Di(Z(T)F) = Z(T)|D,F — F{0(t,w) + / D,0(s,w)dW (s)}].

t

Proof. By the chain rule we have, using Corollary 5.13,
Dy(Z(TF)= Z(T)DF + F D, Z(T) and

DAT) = ZTH-Dl [ 6(s,)iW(s)) — LDl [ 0%(s.0)ds))
— Z(){-

Df(s,w)dW (s) — O(t,w) — / 8(s,w)D,0(s,w)ds)

= Z(T){— | D(s,w)dW (s) —0(t,w)}.

Tt Tt

Proof of Theorem 5.9: Suppose that (5.11)—(5.13) hold and put

(531 Y(t) = BQlFI)

and

(5.35) At)=Z71t) = exp{]e(s,w)dW(s) + % /tez(s,w)ds}.
Note that 0 0

(5.36) A(t) = exp{ j 0(s,w)dTT (s) — % O/t 02(s, w)ds).

By Corollary 5.11, Theorem 5.8 and Corollary 5.7 we can write
Y, = AQ®E[Z(T)F|F]

— AWO{E[E[Z(T)F|F)] + / E[D,E[Z(T)F|F]|F.JdW (s)}

0
t

= AO{EIZ(T)F)+ [ BID,(Z(T)F)|E]JdW (s)}
(5.37) = ADU®).

By (5.36) and the Ito formula we have

(5.38) dA(t) = A(t)O(t)dW (t)
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Combining (5.37), (5.38) and (5.33) we get

dY (t) = A(t)- E[D(Z(T)F)|F]dW(t)
+A)O()U(t)dW (t)
+AO() EID(Z(T)F)|FJAW (6)dW (t)
= AOE[D(Z(T)F)|F]dW (t) + 0(t)Y (£)dW (t)
= AO{EZ(T)DF|F] - E[Z(T)Fo(t)| 7]

T)F / DLO(s)dW ()| F VAW (1) + 0(£)Y (£)dW (1)

Hence

dY () = { Eq[D.F|Fi] — EQ[FO(1)| 1] — Eq[F / Dif(s)dW (s)| ]} dW (¢)

+0(t) EQ[F|F,)dW (t)
(5.39) — Eo[(DF — F / Df(s)dW ()| F]dW (1).

Since

Y(T) = EqlF|Fr] =

and
Y(0) = Eq[F|Fo] = Eq[F],

we see that Theorem 5.9 follows from (5.39). The conditions (5.11)—(5.13) are needed to
make all the above operations valid. We omit the details. O

Application to finance

We end this section by explaining how the generalized Clark-Ocone theorem can be applied
in portfolio analysis:

Suppose we have two possible investments:

a) A safe investment (e.g. a bond), with price dynamics

(5.40) dA(t) = p(t) - A(t)dt

b) A risky investment (e.g. a stock), with price dynamics

(5.41) dS(t) = p(t)S(t)dt + o(t)S(t)dW (t)
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Here p(t) = p(t,w), pu(t) = p(t,w) and o(t) = o(t,w) are Fi-adapted processes. In the
following we will not specify further conditions, but simply assume that these processes
are sufficiently nice to make the operations convergent and well-defined.

Let £(t) = &(t,w), n(t) = n(t,w) denote the number of units invested at time ¢ in in-
vestments a), b), respectively. Then the value at time t, V(t) = V(t,w), of this portfolio

(£(t),n(t)) is given by

(5.42) V(t) = E@)A(L) +n(t)S(t)
The portfolio (£(t),7(t) is called self-financing it

(5.43) AV (t) = £(t)dA(t) + n(t)dS(t).

Assume from now on that (£(¢),n(t)) is self-financing. Then by substituting

(5.44) ¢(t) =

from (5.42) in (5.43) and using (5.40) we get

(5.45) AV (t) = p(t)(V(t) —n(t)S(t))dt + n(t)dS(t).

Then by (5.41) this can be written

(5.46) dV (t) = [p(t)V(t) + (u(t) — p(£))n(t)S(@)]dt + o (£)n(t)S(E)dW (t)

Suppose now that we are required to find a portfolio (£(¢),n(t)) which leads to a given
value

(5.47) V(T,w)=F(w) as.

at a given (deterministic) future time 7', where the given F'(w) is Fr-measurable. Then
the problem is:

What initial fortune V(0) is needed to achieve this, and what portfolio (&(t),n(t)) should
we use? Is V(0) and (£(t),n(t)) unique?

This type of question appears in option pricing.

For example, in the classical Black-Scholes model we have
F(w) = (S(T,w) — K)*
where K is the exercise price and then V(0) is the price of the option.

Because of the relation (5.44) we see that we might as well consider (V'(t),n(t)) to be
the unknown F;-adapted processes. Then (5.46)—(5.47) constitutes what is known as a
stochastic backward differential equation (SBDE): The final value V(T,w) is given and
one seeks the value of V(t),n(t) for 0 <t < T. Note that since V (t) is Fi-adapted, we
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have that V'(0) is Fop-measurable and therefore a constant. The general theory of SBDE
gives that (under reasonable conditions on F,p,u and o) equation (5.46)—(5.47) has a
unique solution of Fi-adapted processe V (t),n(t). See e.g. [PP]. However, this general
theory says little about how to find this solution explicitly. This is where the generalized
Clark-Ocone theorem enters the scene:

Define

_ _ pu(t) —p(t)
(5.48) 0(t) =0(t,w) = T
and put
(5.49) W= | “9(s)ds + W (1),

Then W (t) is a Wiener process w.r.t. the measure Q defined by (5.9), (5.10). In terms of
W (t) equation (5.46) gets the form

AV (t) = [p(OV () + (u(t) = pO)n(t)S(D]dt + o (t)n(t)S ()W (1)
—o(O)n(t)S () (1) (u(t) — p(t))dt

i.e.
(5.50) AV (1) = p()V (£)dt + o (t)n(t)S@)dW (1).
Define
(5.51) U(t) = e do Py )
Then, substituting in (5.50), we get
(5.52) dU() = e " o () S ()T (1)
or
(5.53) e By Z v (0) + / e 0P (100 S (AT (1),
0

By the generalized Clark-Ocone theorem applied to
(5.54) Glw): = e o 700 )
we get

T T . -
(5.55) G(w) = EolG] + /EQ[(DtG . G/Dte(s,w)dW(s))m]dW,

By uniqueness we conclude from (5.53) and (5.55) that
(5.56) V(0) = Eq|[G]
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and the required risky investment at time ¢ is

(5.57) n(t) = o a1 (1S (1) Eo (DG — G / D,0(s)dW (5))|F]-

EXAMPLE 5.14. Suppose p(t,w) = p, u(t,w) = p and o(t,w) = o # 0 are constants.
Then
p—p
o
is constant also and hence D;# = 0. Therefore by (5.57)

O(t,w) =0 =

n(t) = e No 1S (t)Eg [ D F|F).
For example, if the payoff function is
F(w) = exp(aW (T)) (av # 0 constant)
then by the chain rule we get
n(t) = e’ No 1SNt Eglaexp(aW (T))|F]
(5.58) = " Dag 'S Z7 (t)E[Z(T) exp(aW (T))|F.
Note that 1
Z(T) exp(aW(T)) = M(T) exp(5(a = 0)°T)

where M (t): = exp{(a — )W (t) — 5(or — #)*t)} is a martingale. This gives

n(t) = e/ Dac S (t) Z71(t) M (t) exp(%(a —0)°T)
1

= e’ Dag~texp{(a — o)W (t) + (502 + %92 — )t + %(oz —0)*(T —1)}.

EXAMPLE 5.15 (The Black and Scholes formula)

Finally, let us illustrate the method above by using it to prove the celebrated Black and
Scholes formula (see e.g. [Du]). As in Example 5.14 let us assume that p(t,w) = p,
u(t,w) = p and o(t,w) = o # 0 are constants. Then

g k=P
ag

is constant and hence D;0 = 0. Hence
(5.59) n(t) = e’ N 1S t)Eg[D,F | F]

as in Example 5.14. However, in this case F'(w) represents the payoff at time 7" (fixed)
of a (European call) option which gives the owner the right to buy the stock with value
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S(T,w) at a fixed exercise price K, say. Thus if S(T,w) > K the owner of the option gets
the profit S(7T,w) — K and if S(T,w) < K the owner does not exercise the option and the
profit is 0. Hence in this case

(5.60) F(w) = (S(T,w) — K).

Thus we may write

(5.61) F(w) = f(S(T,w))
where
(5.62) f(z)=(z — K)*.

The function f is not differentiable at + = K, so we cannot use the chain rule directly to
evaluate D;G from (5.61). However, we can approximate f by C! functions f,, with the
property that

(5.63) fule) = f@)  for o K| >
and

(5.64) 0< fi(z) <1  foralla.
Putting

Fo(w) = fu(S(T,w))

we then see that
DiF(w) = lim DiFy(w) = X0 (S(T,w)) DiS(T' w)
(5.65) = Xgo(S(T,w))-S(T,w) -0
Hence by (5.59)
(5.66) n(t) = ST B[S(T) - Xy (S(T))| F
By the Markov property of S(t) this is the same as
(5.66) 9(E) = DS EYIS(T — 1) - Mgy (S(T — 1)—sto
where E) is the expectation when S(0) = y. Since

dS(t) = uS(t)dt + oS(t)dW (t)
(1 — 00)S(t)dt + oS(t)dW (t)
= pS(t)dt + aS(t)dW (t),

we have

(5.67) S(t) = 5(0) exp((p — %#)t + oW (1))



and hence

(5.68) n(t) = eSO EYY (T = ) Xk o) (Y (T = £)]y=s501)
where
(5.69) Y(t) = S(0)exp((p — 10°)t + oW (1)).

Since the distribution of W (t) is well-known, we can express the solution (5.68) explicitly
in terms of quantities involving S(¢) and the normal distribution function.

In this model 7n(t) represents the number of units we must invest in the risky investment
at times ¢ < T in order to be guaranteed to get the payoff F(w) = (S(T,w)—K)* (a.s.) at
time 7. The constant V/(0) represents the corresponding initial fortune needed to achieve
this. Thus V(0) is the (unique) initial fortune which makes it possible to establish a
(self-financing) portfolio with the same payoff at time 7" as the option gives. Hence V' (0)
deserves to be called the right price for such an option. By (5.56) this is given by

V(0) = Egle ™ F(w)]=e " EQ[(S(T) — K)*]
(5.70) = e "TE[(Y(T) - K)*],

which again can be expressed explicitly by the normal distribution function.

Final remarks In the Markovian case, i.e. when the price S(t) is given by a stochastic
differential equation of the form

dS(t) = u(S(1))S(t)dt + o(S(t))S(t)dW (t)

where y: R — R and 0: R — R are given functions, then there is a well-known alternative
method for finding the option price V' (0) and the corresponding replicating portfolio n(t):
One assumes that the value process has the form

V(t,w) = f(t,5(t,w))

for some function f:R? — R and deduces a (deterministic) partial differential equation
which determines f. Then 7 is given by

otto) = |25

However, the method does not work in the non-markovian case. The method based on the
Clark-Ocone formula has the advantage that it does not depend on a Markovian setup.

] x=S(t,w)

Exercises

5.1 Recall the Girsanov theorem (see e.g. [D1], Th. 8.26): Let Y (t) € R™ be an Ito
process of the form

(5.71) dY (t) = B(t,w)dt +~(t,w)dW(t);  t<T
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where G(t,w) € R", y(t,w) € R™™ are F;-adapted and W (t) is m-dimensional. Suppose
there exist Fi-adapted processes 0(t,w) € R™ and a(t,w) € R” such that

(5.72) At w)B(t,w) = Bltw) — alt,w)
and such that Novikov’s condition
T
(5.73) Elexp(L / 0%(s,w)ds)] < o
0
holds. Put
t t
(5.74) Z(t,w) = exp(— / 0(s,w)dW (s) — L / 0%(s,w)ds);  t<T
0 0
and define a measure () on Fr by
(5.75) dQ(w) = Z(T,w)dP(w) on Frp
Then
t
(5.76) W(t,w): = /e(s,w) Y W(thw); 0<t<T
0

is a Wiener process w.r.t. (), and in terms of I/T/(t, w) the process Y (¢,w) has the stochastic
integral representation

(5.77) dY (t) = a(t,w)dt +~(t,w)dW (t).

a) Show that W (t) is an F-martingale w.r.t. Q.
(Hint: Apply Ito’s formula to Y (¢): = Z(t)W (t).)

b) Suppose X(t) = at + W(t) € R, t < T, where a € R is a constant. Find a
probability measure @) on Fr such that X (¢) is a Wiener process w.r.t. Q.

c) Let a,b,c # 0 be real constants and define
dY (t) = bY (t)dt + cY (t)dW (t).
Find a probability measure () and a Wiener process I/T/(t) w.r.t. ) such that
dY (t) = aY (t)dt + cY (£)dW (1).

5.2 Verify the Clark-Ocone formula

Fw) = BIF]+ [ EIDF | Flaw (1)

for the following Fr-measurable random variables F
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a) F(w)=W(T)

b) Fluw) = fW(s)ds

¢) F(w)=W(T)

d) F(w) = W¥T)

&) F(w) = expW/(T)

£) Fw) = (W(T) + T) exp(~W(T) - 1T)

—~ t
5.3 Let W(t) = [0(s,w)ds + W(t) and @ be as in Exercise 5.1. Use the generalized
0
Clark-Ocone formula to find the F;-adapted process ¢(t,w) such that

F(w) = EqlF]+ [ @(t,w)a (1)

in the following cases:

a) F(w)=W2T), 0(s,w) = 0(s) is deterministic
b) F(w) = exp(fA(s)dW(s)), A(s) and 6(s) are deterministic.
0

c) F(w) like in b), (s, w) = W(s).

5.4 Suppose we have the choice between the investments (5.40), (5.41). Find the initial
fortune V(0) and the number of units 7(f,w) which must be invested at time ¢ in the
risky investment in order to produce the terminal value V (7T, w) = F(w) = W(T,w) when
p(t,w) = p >0 (constant) and the price S(t) of the risky investment is given by

a) dS(t) = uS(t)dt + oS(t)dW (t); u, o constants (o # 0)

b) dS(t) = cdW (t); ¢ # 0 constant

c) dS(t) = pS(t)dt + cdW (t); u,c constants (the Ornstein-Uhlenbeck process).
Hint:

S(t) = e S(s) + c/e“(t_s)dW(s).
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6 Solutions to the exercises

t2 1 1
1.1. a) exp(tz — §> = exp(§ z?) - exp(—é(x —1)?)
1 d” 1
= exp Z{—'% exp —5(1: —1)%))s=ot"}
L 1 o
(u=xz—t)= exp Z{n‘ du” —§u2))u:x(—1) t"}
L 1,
— exp nz:{ dx” (eXp(—§J} Nt"}
1.1. b) u =tV gives
e~ ) —explu s~ )
exp(tr — —=) = exp u\/X 5
oo ,n 00 tn)\n/Q T

(by a)) zj;, ﬁ )= 3 )

1.1. ¢) If we choose z =0, A = ||g||*> and t = 1 in b), we get

[ o L Lol (6
g
expl [ gaW — gl 2: )
0

1.1. d) In particular, if we choose g(s) = Xjo4(s), we get

1 o /2 W (t)

Wi(t) —=t) = —h,(—=).

V(1) - 30 = 3 om (S )

T
1.2. a) ¢(w)=W(t,w) = [ Xpoy(s)dW(s),so fo =0, fi = Xjoy and f,, =0 for n > 2.
0 —_—

1.2. b) ¢(w)=[g(s)dW(s)= fo=0, fi=g, fn=0 for n>2

o

1.2. ¢) Since

t to t
1
//1th1 AW (t) = /th dW(tg)——W2()—§t
0

0



we get that

tto

W2(t) =t + 2// AW (t,)dW (L)
Tto
=t+2 // KXo, (t1)Xjo.g (t2)dW (t1)dW (t2) = t + L[ fa],
00
where
fa(ti,t2) = Xjog(t1) Xjo g (t2) = X[?ﬁ]-
So fo=tand f, =0 for n# 2.

1.2. d) By Exercise 1.1¢) and (1.14) we have

plw) = expl [ gls)dV (s))

9]
= exp( ||9||
S g
= exp(3llol) X 1o = 3 expl5 ol uls™)
n=0 """
Hence 1 1
_ - 2\ ®n . _
fn_n' eXp(2Hg|| )g ) n_071727
where
9®n($1, e 7%) = 9(%)9(952) e '9(1511)‘

T
1.3. a) Since [ W (¢)dW (¢) = sW?(T) — 3T, we have
0

F(w)=WXT) =T +2 / W (t)dW (1).

Hence
EF)=T and ¢(t,w)=2W(t).

1.3. b) Define M(t) = exp(W(t) — 3¢t). Then by the Ito formula
dM(t) = M(t)dW (t)

and therefore



or

F(w) = exp W (T) = exp 3T+ exp(3T) - [ exp(W(1) - %t)dW(t).
Hence

T) and o(t,w)=-exp(W(t)+ %(T —t)).

1.3. ¢) Integration by parts gives
T T
w) = [ W(t)dt =TW(T /tdW — [ = awe
0 0

Hence E[F]| =0 and ¢(t,w) =T —

Nl

1.3. d) By the Ito formula

d(W3(t)) = 3W2(t)dW (t) + 3W (t)dt

Hence
F(w)=WT) =3 / W2(1)dW (1) + 3 / W (t)dt

Therefore, by 1.3.c) we get

E[F]=0 and o(t,w)=3W?3(t)+3T(1—t).

1

1.3. €) Put X(t) =e2", Y(t) =cosW(t), N(t) = X(#)Y(t). Then
AN(t) = X()dY (t) + Y (£)dX(t) + dX(t)dY (t)
— M sin W)W () — %cosW(t)dt] +cos W (1) - bt - %dt
= —ex'sin W(t)dW (t).

Hence

or

Hence E[F] = e=2T and o(t,w) = —e2@T) sin W (t).
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1.4. a) By Ito’s formula and Kolmogorov’s backward equation we have

dy(t) = %(t,X(t))altjL %(t,X(t))dX( t) + %%(t X()(dX(t))?

= POt + o (XO) g [Proof OlecxndV (1)
HXO) 5 Proof©lecxin + 37 (X0) s Pref Ol Y
— e Tt + (X)) g Proof (€ dW (0
() ot
— OX(W) g Prof(©lemxdV (D)

Hence

Since Y (T') = g(T, X(T)) = [Pof(f)] e=x(r) = [(X(T)) and Y (0) = ¢(0, X(0)) = Prf(X),
(1.48) follows.

1.4. b) If F(w) = W?(T) we apply a) to the case when f(£) = £ and X (t) = z + W(t)
(assuming W (0) = 0 as before). This gives

Pf(€) = E*[f(X(2))] = BS[X?(s)] = €* + s

and hence

E[F] = Ppf(z) =24+ T
and

plt,0) = (€ + ewrwio = 2V(D) + 20

23

1.4. ¢) If F(w)=W?3(T) we choose f(¢) =¢&% and X(t) =z + W(t) and get
Pf(§) = ES[XP(s)] = € + 3s¢.

Hence

E[F] = Prf(z) = 2* + 3Tx

and

() = [ (€ 4 3T = D) emsrwiy = 3(a+ W () + 3(T — )

U3
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1.4. d) In this case f(§) =& so
P,f(€) = E*[X(s)] = & exp(ps)

SO

E[F] = Prf(x) = zexp(pT)

and
oltw) = [aéa%{iexp(p(T—t))}]sX(ﬂ

= aX(t)exp(p(T —t)) = axexp(pT — %oﬁt + aW (t)).

1.4. e) We proceed as in a) and put
Y(t)=yg(t,X(t)  with g(t,z) = Prf(z)

and
dX(t) =b(X(t))dt + o(X(t))dW (t); Xo=z€R"

where

hR"—R", o:R"—R™™ and W (t) = (Wi(t),...,Wpn(t))

is the m-dimensional Wiener process.

Then by Ito’s formula and (1.50) we have

i) = gt )dX(t)
2 Z 353 (£, X (£))dX;(t)dX;(t)
= %[PT—tf(f)]E—X(t)dt + [0 () Ve(Pr_i f())e=x(nydW (¢)

F[Le(Pr-of (§))]e=x ¢y dt

where 1 . o2
bi(€)— + =
Z a@ 2 275 558,

is the generator of the Ito diffusion X (¢). So by the Kolmogorov backward equation we
get

dY (t) = [0" (§)Ve(Pr—if(§)]le=x(ydW (t)
and hence, as in a),

T

Y(T) = f(X(T)) = Prf(z) + / [ () Ve(Proof (€)]e=x(ydW (¢),

0

which gives, with F' = f(X(T)),
E[F]=Ppf(z) and  o(tw) =[0" (O Ve(Prif (§))]e=x@-

6.5



2.1. a) Since W(t) is Fi-adapted, we have

/TW( /TW )= JWAT) ~ T

2.1. b) /(/gdW)(S(W) :/Il[fl(tl,t)](SW(tl) — I,[f,] where

Ji(t,t) = g(t).

This gives
. 1
fi(t,t) = 5(9@1) +9g(t))
and hence
T to
LI = // (tr, t2)dW (1) dW (t2)
0 0
T to Tt
(6.1) - // (12 )dW (1) dW (t2) // (t2)dW (1) dW (t2).
00 0

Using integration by parts (i.e. the Ito formula) we see that

T to

/ / g(t)dW (1)dW (t2) =
(6.2) /ngW /Tg /Tg(t)dt.

Combining (6.1) and (6.2) we get

/T /T gdW)sW = /T gdW) - W(T) — /T g(s)ds.

2.1. ¢) By Exercise 1.2. ¢) we have

T

T
(63) / tQ UW / t() + IQ f2 (SW
0 0

where
Ja(t,ta, 1) = Xoge)(t1) Xo,to] (L2)-
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Now

ﬁ(tlvt?ﬂg = %[f2(t17t27t) + f2<t7t27t1) + f2(t17t7t2>]
1

= 3 (X040 (1) o1 (t2) + X1 () Vo 01 (E2) + Xio.t01 (1) Ko 1] (2)]

= g[X{tlyt2<t0} + Xitta<toy T Xier,t<to})
1 1 1
(6-4) = X{t,t1,t2<to} + g‘)({tl,t2<t0<t} + g-)({t,t2<to<t1} + §X{t,t1<to<t2}

and hence, using (1.14),

T

[ WA )sW (t) = tW(T) + [ LlIoW ()

= toW(T) + L fs]

= toW(T) + 6.J5[f2]

T t3 to
= toW +6/// 8 (b, T, 1) AW (11)dWV (£2)dWV (1)
000
T ts tg
w[[]: 3ty AW ()AW (12)dW (1)
000
T to t2
= tgW (T) + 2/ ha(—) 1 2 / / / (10)dW (t5)dW (ts)
to 0 O
(1) + 22 V) 3W(t° 2 [(Ewi) — Liyaw
=W (D) + (S =370 + /<§ (to) — 5to)dWV (t3)

= toW(T) + W?(to) — 3toW (to) + (W*(to) — to)(W(T) — W (to))
= W2(to)W(T) — 2teW (to).

2.1. d) By Exercise 1.2. d) and (1.14) we get

[expwawio - [(3- 5exp<§ LW ()
_ ii‘exp(;TﬂnH[ exp Z P ( W\/(; )
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3.1. b) /T(/ngW)OI/f/(t)dt: (/ngW <>/TW dt = /gdW o W(T)

T
:(/gdW) /g ds, by (3.45).
0 0

T
3.1. ¢) /W2 10)6W (¢ :/W<>2 to) + to)oW (1)
0

(

( W(to)) WQQ(tQ) & W(t()) + toW(T)
= W*%(t,) - (W(T) W(to)) W°3(t0) + toW(T)

(

t

4.1. a) DW(T)=Xon(t) =1 (fort €[0,T]), by (4.16).

4.1. b) By the chain rule (Lemma 4.9) we get

Di(exp W (to)) = exp W (t) - Xio o) ().

4.1. ¢) By (4.15) we get

Dt(/Ts2dW(s)) =t

4.1. d) By Theorem 4.16 we have

T to

D[ costy-+ )W (1)) () = D laleos(t + 1)

— % -2 Ifcos(- +t)] = O/COS(tl +)dW (t1).

6.8




4.1. e) Di(3W (s0)W2(t) + In(1 + W2(s0)))

2W(S())

= [3W2(to) + m] + Xo,50) ()

+6W (s0) W (to) Xjo,4) (1)

4.1. f) By Exercise 2.1. b) we have

/ (to)5W (1)) = Dy(W ()W (T) — to)

W(to) - Xo,r)(t) + W(T) Xjo 1) (1) = W (to) + W(T) Xjo 1o (1)-

4.2. a) Dt(exp(/g(s)dW(S))) = Dt(i L[ fn))

—ann lfn ) )]

1

i:f (gl lo(t) . o(ta-1)a )
o) > g el Lo

= g(t) exp( [ g(s)dW (s)),

where we have used Theorem 4.16.

4.2. b) The chain rule gives

Diexp( [ 9(s)dW(s)) = exp( [ g(s)aW (s)Dil [ g(s)aw ()

T

= gWexp( [ g(s)dW(s) by (4.15).

4.3 With the given F' and ¢ the left hand side of (4.28) becomes

T
E[D,F -] = E[D,F] = /DtF g(0)dt] = [ ()l
0
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while the right hand side becomes

EIF - [ gdW] - EIF - Dyg]

:mdﬁwm«fmwm

which is the same as the left hand side by the Ito isometry.

5.1. a) If s >t we have

E[Z(T)W ()| 7]

EQ[W (s)|F] = E[Z(T)|F]

_ = Z7Y(t)E[E[Z(T)W (s)|F)|F]

(
Z7N(t)E[W (s)E|Z(T)|Fs) | F]
Z7Ht)EIW (s)Z(s)|F].

(6.5)

Applying Tto’s formula to Y (£): = Z(t)W () we get

AY (t) = Z@)dW(t) + W ()dZ(t) + dW (t)dZ(t)
Z()[(t)dt + dW (t)] + W) [—0(t) Z(t)dW (t)] — 0(t) Z(¢t)dt
= Z(t)[1 —0(W(1)]dW (),

and hence Y (t) is an Fi-martingale (w.r.t. P). Therefore, by (6.5),
EqW(s)|F) = Z 7 (OEY (s)|F] = Z7 ()Y (8) = W(?).

5.1. b) We apply the Girsanov theorem to the case with 6(t,w) = a. Then X (t) is a

Wiener process w.r.t. the measure () defined by
dQ(w) = Z(T,w)dP(w) on Fr,

where .
Z(t) = exp(—aW (t) — §a2t) ; 0<t<T.

5.1. ¢) In this case we have
B(t,w) =bY (t,w), alt,w)=aY(t,w), (t,w)=cY(t,w)

and hence we put
e_ﬁ(t,w)—oz(t,w)_b—a
e e
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and {
Z@):@m@ﬁmqﬂ—§ﬁﬂ; 0<t<T.

Then
W (t):= 0t + W(t)

is a Wiener process w.r.t. the measure @) defined by dQ(w) = Z (T, w)dP(w) on Fr and

dY (t) = bY (t)dt + cY (t)[dW (t) — 0dt] = aY (t)dt + Y (£)dW (¢).

5.2. a) F(w)=W(T)= DiF(w) = Ao (t) =1fort € [0,7] and hence
T
E[F]—|—/ (D, F|F)dW (¢ /1 AW (t
0
T T
5.2. b) F(w W(s)ds = D,F(w) = Xps(t)ds = [ ds =T —1t,
1= [ e Do = [ V0= [t |
which gives
T T
E[F] +/ [DFIFJAW () = [ (T = t)aw (1
0
T
/ W (s
0
using integration by parts. O
5.2. ¢) F(w)=WXT) = D,F(w) = 2W(T) - D;W(T) = 2W(T). Hence
T T
E[F] + /E[DtF|]-"t]dW(t) _ T+/E[2W(T)|ft]dW(z€)
0 0
T
—T+ Q/W(t)dW(t) — T+ WT)—T = WT) = F.
0

5.2. d) F(w)=W?3T)= DF(w)=2W?*T). Hence

T T
EIF|+ [ EIDF\F|aW (@) = [ EBWT)|FdW (1)
0 0
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=3 [ B{(W(T) = W(t))* + 2W ()W(T) — W (t)|F]dW (¢)
(T — )dW (t) + 6 / W2()dW (1) — 3 / W2(1)dW (1)

I
w

Il
w
O\ﬂo\ﬂw\ﬂ

by Ito’s formula. a

52. e) F(w)=expW(T)= D,F(w)=-expW(T). Hence

RHS = E[F]+ / E[D,F|F)dW (1)
= exp(%T) —I—/E[exp W(T)|F;)dW (t)

= exp(7) + [ Blexp(W(T) — LT) - exp(C )| FJW (1)
(6.6) _ exp(%T)—l—exp(%T) / exp(W(t)—%t)dW(t).

Here we have used that

M(t): = exp(W(t) — %t)

is a martingale. In fact, by Ito’s formula we have dM (t) = M (t)dW (t). Combined with
(6.6) this gives
1 1
RHS = exp(iT) + exp(QT)(M(T) — M(0)) =expW(T) = F.

5.2. f) F(w) = (W(T)+T)exp(-W(T) — iT)
= DyF = exp(—W(T) — iT)[1— W(T) — T]. Note that

1
Y(t):= (W(t)+t)N(t), with N(t)=exp(—W(t) — 52&)
is a martingale, since

dY (t) = (W(t) + )N (1) (=dW (1)) + N () (dW (£) +dt) — N (t)dt = N(£)[1 —t — W (£)]dW (1)
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Therefore

5.3. a) G(t,w) = Eg[D,F — F/DtQ(s,w)dW(S)lﬂ]

t
If 6(s,w) = 0(s) is deterministic, then D0 = 0 and hence

P(t,w) = Eg[D,F|F] = Eq[2W(T)|F]
— Eo[2W (T) -2 / 0(s)ds|F] = 2W (1) — 2 / 8(s)ds = 2W (1) — 2 / 0(s)ds.

t

5.3. b) P(t,w) = Eg|D:F|F]
T

= EQ[exp(/ A(8)dW (s))A(t)]F]

0

U SV N

= A(t) expl / (5X2(5) — M(s)8(s))ds) Eqlex / M)W (s) 3 / \¥(s)ds) | ]
= A(t) exp( / M) (5 A(5) — B(s))ds) ex / M) (s) — 3 / \2(s)ds)

— () exp(o/t A(s)dW (s) + t/T)\(s)(%/\(s) — 0(s))ds).

5.3. c) P(t,w) = Eg[D,F — F/Dte(s,w)dW(S)lft]

= Eg|\(t)F|F)] — Eg[F / dW (s)| 7]

t
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Now W (t) = W(t) + /H(S,uj)ds =W(t) + /W(s)ds or

0 0
AW (t) + W (t)dt = dW (t).
We solve this equation for W (¢) by multiplying by the “integrating factor” e and get
d(e'W (1)) = eldW (t)

Hence
(6.8) Wi(u) = e’“/ede(s).
(6.9) AW (u) = —e™® /u e*dW (s)du + dW (u)

0

Using (6.9) we may rewrite F'(w) as follows:

Flw) = exp([ As)dW(s))

where
(6.10) £(s) = A(s) — ¢* /T Au)e"du
and . st
(6.11) K(t) = exp( [ €(s)d(s) 5 [ €(s)ds);  0<t<T
Hence : 0

A = BgM1)FIF] = A exp(s / €(s)ds) E[K (T)|7]
(6.12) — )\(t)exp(% O/T £2(s)ds) K (1).



Moreover, if we put

(6.13) H:exp(% / €2(s)ds),
we get
B = Eo[F(W(T)—W(t))|F]
= H-Eo[K(T) W(T) W( )| F]
= H - BlK(D) - expl [ ()W (s) — L [ €s W(0)\
— H-K(t)Eg[exp /g )dW (s —%/ W (t))]
(6.14) = Elexp( [ &)W (s) — 3 [ (s W)

This last expectation can be evaluated by using Ito’s formula: Put

t

X(0) = o [ €)W (s) — 5 [ €(s)ds)

to to

and
Y(t)=X(t) (W(t) — W(to))
Then
dY (t) = XE)dW(t) + (W(t) — W(te))dX () + dX ()dW (¢)
= X@O[1+ (W(t) — W(t))E@)]dW (t) + ()X (¢)dt

and hence

EIY(T)] = BIY (to) + B[ £()X(s)ds]
(6.15) — /f(s)E[X(s)}ds - /g(s)ds

Combining (6.7), (6.10)—(6.15) we conclude that
P(t,w) = ANt)HK(t) — H K(t)

T
/¢
t

T t

/52 exp/

0

l\DI»—t

= exp(




5.4. a) Since = #>£ is constant we get by (5.57)
n(t) = epta_ls_l(t)EQ[e_pTDtW(T)|.7-"t] = ep(t_T)U_IS_I(t).

5.4. b) Here p =0, o(s,w) =cS(s) and hence

O(s,w) = L —P = —25(3) = —p(W(s) + S(0)).

o
Hence

Therefore
T

(6.16) B:= EQ[F/DtQ(s)dW(s)]}"t] = pEole PTW(T)(W (t) — W(T))|F].
t

To proceed further, we need to express W(t) in terms of W (t): Since

W(t) = W(t) + / 0(s,w)ds = W (t) — pS(0)t — p / W (s)ds

we have

AW (t) = dW (t) — pW (t)dt — pS(0)dt
" e PLAW (t) — e P pW ()dt = e P (dW (t) + pS(0)dt)
" d(e "W (1)) = e Pt dW () + pe " S(0)dt
Hence .
(6.17) W(t) = S(0)[e” — 1] + e / e~PS AWV (s).

Substituting this into (6.16) we get
T
B = pEl[ e dW(s)- (W(t) = W(T))|F]

0
t

- pEQ[/ e~ dW (s) - (W (t) — W(T))|F]

0
T

+pEo] / e~ dW (s) - (W (t) — W(T))|F

= ,OEQ[/ eipsdﬁj/«S) . (W(t) - W<T))]

t

T
= p/e_ps(—l)ds =T — et
¢
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Hence

n(t) = e (Bo[Dy(e™ " W(T))|F] — B)
elete —e T te )y =" (as expected).

5.4. ¢) Here 0 = ¢S™!(t) and hence

O(s,w) = L —L5(s) = L= Lers5(0) + ¢ / =W (1)]

c c
So
Dyf(s,w) = (1 — p)e"* " Xjg 4 (t)
Hence
T
n(t,w) = e Eg[(Dile W (T)) — e_pTW(T)/Dtﬁ(s,w)dW(sM}}]
t
T
(6.18) = DN (L (4= ) EW(T) [ el (s)| 7).
t

Again we try to express W(t) in terms of W (t): Since
AW (t) = dW(t)+0(t,w)dt

C

= AW (t) + E=Llerts(0) + ¢ / =) gV ()] dt

we have
t

(6.19) AWV (8) = e dW () + [L—LS(0) + (1 — p) / =1 AW ()] dt

C
0

If we put
X(1) = / AW (), X(1) = / 1AW (1),

(6.19) can be written

f=p
C

dX(t) = dX(t) + S(0)dt + (u — p) X (t)dt

or

d(e(“_p)tX(t)) - e(“_p)td,;(/(t) + K= pS(O)e["_p)tdt
c

or
t

t
X(t) — B(P—N)t/e—pde(S) + n—= pS(O)e(p—u)t/e(M_p)st
0




From this we get

¢

P AW (t) = PP (1) + (p — u)e(p*“)t(/ e~ dW (s))dt
0

_@QO _ u)e(f’*u)tdt

or
t

dW(t) =dW(t)+ (p — ,u)ept(/ e P> dW (s))dt — @(p — p)eltdt
In particular,

(620) W) =W (D) + (o= ) [ ([ eaifr)as = 24— (e - )

Substituted in (6.18) this gives

1t w) = D 1 = (= p) EQIW(T) - [ ee=0ail ()| 7]

T S T

= pPEol [ ([ e diW(r)ds - [ er=0dW (s) ]}

0 0 t
T

- ep(t—T)C—l{l —(u — p)/e“(s_t)ds

t
s T

(=) [ Bql( [ e (r)) - ([ e=0aWV (r))| Flds)
p(t—T) —1 B=P, wr—t 2 r or / —pr _p(r—t
=t 1e {1—7(6( )= 1)+ (- p) t/e (/e e dr)ds)

t

= ePt=De=1{] — B P o™=t _ 1)y,
p
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