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The talk is based on a joint work with Adam Kwela.
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Quasinormal convergence of sequences of functions

ff,:X >R n=12,...

Pointwise convergence

(f) 5 F < Ve >0Vx e X3kVn > k (|f,(x) — F(x)] < &)

V.
Quasinormal convergence

() % f o 3(en) = 0¥x € X 3kVn > k (|[fa(x) — £(x)| < £n)

Relationship between pointwise and quasinormal convergence

o (f) UL N (2) L [always “yes’]
o (fn) 5f =4 (f,) QN [in general “no”

E.g. if X =R, there are even continuous functions f, and f such

P e
that (f,) — f but (f,) -~ f
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QN-spaces

Definition (Bukovsky-Rectaw-Repicky, 1991)
X is a QN-space if

() D = (£) L

for any continuous functions f, f, : X =& R
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Definition (Bukovsky-Rectaw-Repicky, 1991)

X is a QN-space if
)2 = (£) L f

for any continuous functions f, f, : X =& R

Theorem (Bukovsky-Rectaw-Repicky, 1991)

e continuous image of a QN-space is a QN-space
e QN-spaces are not hereditary,
e ... many properties of QN-spaces
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Minimal size of non-QN-spaces

X is a QN-space if

(f) 2 f = () L f

for any continuous functions f, f, : X — R
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Minimal size of non-QN-spaces

X is a QN-space if

(f) 2 f = () L f

for any continuous functions f, f, : X — R

Definition (Bukovsky-Rectaw-Repicky, 1991)

non(QN-space) = min{|X]| : X in not a QN-space}
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Minimal size of non-QN-spaces

X is a QN-space if

(f) 2 f = () L f

for any continuous functions f, f, : X — R

Definition (Bukovsky-Rectaw-Repicky, 1991)

non(QN-space) = min{|X]| : X in not a QN-space} )

No < non(QN-space) < ¢

v
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Purely combinatorial characterization of non(QN-space)

non(QN-space) = min{|X]| : X in not a QN-space} J
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Purely combinatorial characterization of non(QN-space)

non(QN-space) = min{|X]| : X in not a QN-space} J

Theorem (Bukovska (>); Bukovsky-Rectaw-Repicky (<); 1991)

non(QN-space) = b
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Purely combinatorial characterization of non(QN-space)

non(QN-space) = min{|X]| : X in not a QN-space} J

Theorem (Bukovska (>); Bukovsky-Rectaw-Repicky (<); 1991)

non(QN-space) = b

Definition (The bounding number)

b = min  FC A F is unbounded from above
F|: F C NV A Fis unbounded f b

with respect to the ordering <*}

= min { 17| : = (3(bs) € N"V(a1) € F ((an) <* (5n))) }
<*

where (a,) <* (by) <= 3kVn > k (a, < by).

v
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|deals on N

Definition
A family Z C P(N) is an ideal on N if
Q@ 0cZandN¢T,
Q@ ACBel — Ae,
Q@ ABel — AUBET,
@ 7 contains all finite subsets of N.

.
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Ideals on N

A family Z C P(N) is an ideal on N if
Q@ 0cZandN¢T,
Q@ ACBel — Ae,
Q@ ABel — AUBET,
@ 7 contains all finite subsets of N.

@ Fin = {ACN: Ais finite}

eIl/,,:{AgN: Z},<oo}

neA

@ Zy={ACN: lim A0l _ o}

n—oo
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Ideal convergence

A sequence (x,) of reals is convergent to a € R if

Ve > 03kVn > k (|x, — a] < ¢)

In symbols: (x,) La J

— = = = =
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Ideal convergence

A sequence (x,) of reals is convergent to a € R if

Ve > 03kVn > k (|x, — a] < ¢)
equivalently:

Ve >03A € FinVne N\ A (|x, — a| < ¢).

In symbols: (x,) La J
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Ideal convergence

A sequence (x,) of reals is convergent to a € R if
Ve > 03kVn > k (|x, — a] < ¢)
equivalently:
Ve >03A € FinVne N\ A (|x, — a| < ¢).

Let 7 be an ideal on N.
A sequence (x,) of reals is Z-convergent to a € R if

Ve >03dA€IVne N\ A (|x,—a| <e¢).

In symbols: (x,) La

Mo

= — = - -
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Ideal pointwise and quasinormal convergence

Let Z, 7, K be ideals on N.
Let f,f, : X =R, n=1,2,...
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Ideal pointwise and quasinormal convergence

Let Z, 7, K be ideals on N.
Let f,f, : X =R, n=1,2,...

Ideal pointwise convergence

(f) 5 F = Wx R ((f(x) 5 f(x))

A
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Ideal pointwise and quasinormal convergence
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A
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Ideal pointwise and quasinormal convergence

Let Z, 7, K be ideals on N.
Let f,f, : X =R, n=1,2,...

Ideal pointwise convergence

()5 f < vxeR ((f,,(x)) K, f(x)) —
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(fn) QN(Z,T)

f <—
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Ideal pointwise and quasinormal convergence

Let Z, 7, K be ideals on N.
Let f,f, : X =R, n=1,2,...

Ideal pointwise convergence

()5 f < vxeR ((f,,(x)) K, f(x)) —

VxGX(Ve>OHA6/CVn€N\A (If(x) = F(x)) <s))

Ideal quasinormal convergence

(fn) QN(Z,T)

f <—
J(en) T 0¥x € XTA € IVn € N\ A (/fo(x) — £(x)| < £n)

In general there are no reIations

o (f) D o (1) S
o ()5S F = (f) —>Q”(”’ f
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When does ideal quasinormal convergence imply poinwise?

Theorem (Staniszewski, 2017)
The following conditions are equivalent:
0 () LD — (£) 5 f
@ ZCKand J CK.

.

A
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When does ideal quasinormal convergence imply poinwise?

Theorem (Staniszewski, 2017)
The following conditions are equivalent:
0 () LD — (£) 5 f
@ ZCKand J CK.

e The above characterization is expressed without mentioning the
cardinality of X.
e A characterization of the reversed implication:
N(Z,T
()5 = () 22D, ¢
will depend on the cardinality of X as it was in the ordinary case.
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Minimal size of non ideal-QN-space

Definition
X is a QN(Z,J,K)-space if

QN(Z,7)
L

(f) 5 f = (f) f

for any continuous functions f, f, : X = R

.

™ = = =
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Minimal size of non ideal-QN-space

X is a QN(Z,J,K)-space if

QN(Z,7)
L

(f) 5 f = (f) f

for any continuous functions f, f, : X = R )
non(QN(Z,J,K)-space) =
min ({|X| : X in not a QN(Z,J,K)-space} U {o0})
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Minimal size of non ideal-QN-space

X is a QN(Z,J,K)-space if

QN(Z,7)
L

()5 f = (f) f

for any continuous functions f, f, : X = R
non(QN(Z,J,K)-space) =
min ({|X| : X in not a QN(Z,J,K)-space} U {o0})

Theorem (Staniszewski, 2017)

There are ideals for Z, 7, KC with non(QN(Z,7,K)-space) = oo
i.e. for any space X every K-pointwise convergent sequence

fn 1 X — R is automatically QN(Z,J)-convergent.

= —_ —_ =
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Combinatorial characterization of non(QN(Z,7,K)-space)

Theorem (Staniszewski, 2017)

o If £ CZ, then
non(QN(Z,J,K)-space) = bs(Z, J, K),

where bs(Z, 7, K) is a cardinal defined in a purely combinatorial
manner (we'll see the definition in a moment).
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Combinatorial characterization of non(QN(Z,7,K)-space)

Theorem (Staniszewski, 2017)

o If £ CZ, then
non(QN(Z,J,K)-space) = bs(Z, J, K),

where bs(Z, 7, K) is a cardinal defined in a purely combinatorial
manner (we'll see the definition in a moment).

o If K & Z, there are some partial results about non(QN(Z,7,K))
but mainly for ideals with the hereditary Baire property (thus:
there is still something to explore).

Rafat Filipéw (University of Gdansk) Two b or not two b?



The cardinal bs(Z, 7, K)

Pz is the family of all partitions {A, : n € N} of N such that
A, € T for each n € w.
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The cardinal bs(Z, 7, K)

Pz is the family of all partitions {A, : n € N} of N such that
A, € T for each n € w.

Definition (Staniszewski, 2017)

bs(Z,7,K) = min{|€] : £ C Pc AV{An} € Py HE,} €€

U [AmanJE ] ¢Z

neN i<n

At the next slide we have a picture that can help us to grasp the
definition . ..
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The cardinal bs(Z, 7, K)

bs(Z,T,K) = min{|E] : £ C Px AV{A,} € Py 3IH{E,} €E

U AanJE ] ¢2

neN i<n

1N U (An+1ﬁUEi>:

E.,, neN i<n
Ep—1 A1 N Eyg U

Efz aE AN (Eo U Ep) U

E;

Eo ArN(EgU---UE,_1)U

Ao A1 Ao -+ AnAnir -
A1 N(EgU---UE,_1UE,) U...
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Is bs(Z, 7, K) a bounding number, anyway?

Theorem (Bukovska (>); Bukovsky-Rectaw-Repicky (<); 1991)

non(QN-space) = b,

where
b = min{|F| : F € NN A F is unbounded from above wrt <*}.

Theorem (Staniszewski, 2017)
o If £ CZ, then

non(QN(Z,J,K)-space) = bs(Z, J, K),
where

bs(Z,T,K) = min{|E] : £ C Pxc AV{A,} € Py HE,} €€

U (An+1 N U E,') ¢I} .
neN i<n
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Yes, bs(Z, T, K) is, indeed, a bounding number!

Theorem (F.-Kwela)

bs(Z,J,K) =b(>z N(Dx x Dy))

v

= = =
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Yes, bs(Z, T, K) is, indeed, a bounding number!

Theorem (F.-Kwela)

bs(Z,J,K) =b(>z N(Dx x Dy))

.

Definition (Vojtas, 1993)
For a relation R C X x Y,

b(R) = min ({|B] : B C dom(R) A B is R-unbounded} U {oc0})},
where B C dom(R) is R-unbounded if

- (Jy eran(R)Vx € B((x,y) € R))

v

= = =
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Yes, bs(Z, T, K) is, indeed, a bounding number!

Theorem (F.-Kwela)

bs(Z,J,K) =b(>z N(Dx x Dy))

Definition (Vojtas, 1993)

For a relation R C X x Y,

b(R) = min ({|B] : B C dom(R) A B is R-unbounded} U {oc0})},
where B C dom(R) is R-unbounded if

- (Jy eran(R)Vx € B((x,y) € R))

b(<*) = b,
where <*= {((an), (bn)) € N¥ x NN : (a,) <* (bn)} € NN x NN,

™7 = =

v
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b(<%) and b(>7)

For an ideal Z and sequences (a,), (b,) € NV,

(a,) <F (by) <= JAE€IVneN\A (a, <by,).

v

— = = = =
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b(<%) and b(>7)

Definition

For an ideal Z and sequences (a,), (b,) € NV,

(a,) <F (by) <= JAE€IVneN\A (a, <by,).

Theorem (Farkas-Soukup, 2009)

If Z has the Baire property, b(<%) = b.

v
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b(<%) and b(>7)

Definition
For an ideal Z and sequences (a,), (b,) € NV,

(a,) <F (by) <= JAE€IVneN\A (a, <by,).

Theorem (Farkas-Soukup, 2009)

If Z has the Baire property, b(<%) = b.

Definition
For an ideal Z and sequences (a,), (b,) € NV,

(an) > (by) <= JAE€IVne N\ A (a,> by).

v
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b(<%) and b(>7)

Definition
For an ideal Z and sequences (a,), (b,) € NV,

(a,) <F (by) <= JAE€IVneN\A (a, <by,).

Theorem (Farkas-Soukup, 2009)

If Z has the Baire property, b(<%) = b.

Definition
For an ideal Z and sequences (a,), (b,) € NV,

(an) > (by) <= JAE€IVne N\ A (a,> by).

v

Then b(>%) =00, as every set is >Z-bounded by the
sequence (b,) = (0,0,0,...)
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The relation >7 N(Dx x D7)

Theorem (F.-Kwela)

bs(Z,J,K) =b(>7z N(Dx x Dy))

A
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The relation >7 N(Dx x D7)

Theorem (F.-Kwela)

bs(Z,J,K) =b(>7z N(Dx x Dy))

Definition
For an ideal Z,

D7 = {(a,) € N : (a,) is constant only on sets from Z}
={(an) eNN:VceN({neN:a,=c} )}
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The relation >7 N(Dx x D7)

Theorem (F.-Kwela)

bs(Z,J,K) =b(>7z N(Dx x Dy))

Definition
For an ideal Z,

D7 = {(a,) € N : (a,) is constant only on sets from Z}
={(an) eNN:VceN({neN:a,=c} )}

Definition
>7 N(Dx % Dg) = {((an), (bn)) € D x D7 : (an) 2% (bn)}

Rafat Filipéw (University of Gdansk) Two b or not two b?



non(QN(Z,J,K)-space) = b(>7 N(Dx x D7))

Dr = {(an) € NV : (a,) is constant only on sets from Z} )

>1 (D x Dg) = {((an), (bn)) € Dic x D7 : (an) >* (bn)} J

Theorem (Staniszewski)
If L CZ, non(QN(Z,J,K)-space) = bs(Z, T, K)

Theorem (F.-Kwela)
bS(Zv j?’C) = b(ZZ O(D’C X DJ))

Dr—
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non(QN(Z,J,K)-space) = b(>7 N(Dx x D7))

Dr = {(an) € NV : (a,) is constant only on sets from Z}

M

>1 N(Dk x Dg) = {((an), (bn)) € Dk x Dy : (an) =* (bn)}

D

Theorem (Staniszewski)
If L CZ, non(QN(Z,J,K)-space) = bs(Z, T, K)

Theorem (F.-Kwela)
bS(Zv j?’C) = b(ZZ O(D’C X DJ))

Corollary (independently, Repicky)
If £ CZ, non(QN(Z,J,K)-space) = b(>1 N(Dx x D))

Rafat Filipéw (University of Gdansk) Two b or not two b?



Let's examin bs(Z, 7, K)

What are the possible values of bs(Z, J,K)?

What are relationships between bs(Z, J, K) for various triples
(Z,7,K)?
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Let's examin bs(Z, 7, K)

What are the possible values of bs(Z, J,K)?

What are relationships between bs(Z, J, K) for various triples
(Z,T7,K)?

To make life easier we considered only triples such that at most
one ideal is not equal Fin i.e. we have 8 triples:

(F,F,F), (F,F,7),(F,Z,F),(Z,F,F),

(F,.Z,7),(Z,F,7),(Z,Z,F), (Z,Z,1),

where F = Fin.

Rafat Filipéw (University of Gdansk) Two b or not two b?



bs(Z, J, K) is piecewise monotone

e If Z C T, then bs(Z,T7,K) < bs(Z', T, K).
o If 7 C J', then bs(Z,J,K) < bs(Z,J', K).
o If K C K/, then bs(Z,7,K)>bs(Z,T,K").

bS(Faza F) E— bS(Ivza F)

T -

bS(F7IvI) —_— bS(IaIvI)

bS(F7F7F) *>b5(IvF7F)

e "

bS(Fa FaI) — bs(I,F,I)

Rafat Filipéw (University of Gdansk) Two b or not two b?



bs(Z, J, K) is piecewise monotone

e If Z C T, then bs(Z,T7,K) < bs(Z', T, K).
o If 7 C J', then bs(Z,J,K) < bs(Z,J', K).
o If K C K/, then bs(Z,7,K)>bs(Z,T,K").

e ——

bS(Faza F) E— bS(IvIa F)

T -

bS(F7IvI) —_— bS(IaIvI)

bS(F7F7F) HBS(IN’:”E)

e "

bS(Fa FaI) — bs(I,F,I)
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Known values in the diagram: bs(F, F,7)

bs(F,Z,F) ———— > bs(Z,Z, F)

— 7 /T

bs(F.Z,7) bs(Z,7,7)

|
1\ bs(F,F,F) I*} bs(Z,F,F)
/ /

1=bs(F,F,7) ———— bs(Z,F,T)

Rafat Filipéw (University of Gdansk) Two b or not two b?



Known values in the diagram: bg(F, F, F)
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Known values in the diagram: bs(F,Z, F)
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Known values in the diagram: bs(F,Z,7)

Theorem (F.-Kwela)

min{b,add"(Z)} = bs(F,Z,T) ‘ s bs(Z,7,7)
T b=bs(F,F,F) T*) bs(I,F,F)
P o
1=1bs(F,F,T) bs(Z, F,I)

add"(Z) = min({|F| : F CITA-[3A€IVF € F(F\ A€ Fin)]} |

Rafat Filipéw (University of Gdansk) Two b or not two b?



Known values in the diagram: bs(F,Z,7)

b=bs(F,Z,F) ——— > bs(Z,Z,F)

7 T T I
min{b,add"(Z)} = bs(F,Z,7) ‘ y bs(Z,Z,T)
b=bs(F,F,F) W—> bs(Z,F,F)
1=bs(F,F,T) bs(Z, F,T)

add™(Z) = min({|F| : F CTA-[3A€ IVF € F(F\ AeFin)]} |

bs(F,Z,T) = Ny for non P-ideals.

T is a P-ideal if VA1, A, --- € T3B € IZVn (A, \ B € Fin). |

Rafat Filipéw (University of Gdansk) Two b or not two b?




Known values in the diagram: bs(F,Z,7)

b=bs(F,Z,F) ——— > bs(Z,Z,F)

_— T T W
min{b, add"(Z)} = bs(F,Z,T) ‘ bs(Z,Z,7)
b="bs(F,F,F) T—> bs(Z,F,F)
1=1bs(F,F,T) bs(Z, F,T)

add"(Z) = min({|F| : F CTA-[FA€ IVF € F(F\ A€ Fin)]} |

bs(F,Z,T) = Ny for non P-ideals.

T is a P-ideal if VA1, A, --- € T3B € IZVn (A, \ B € Fin). |

Proof: For non-P-ideals, add™(Z) = R < b. J

Rafat Filipéw (University of Gdansk) Two b or not two b?



Known values in the diagram: bs(F,Z,7)

b=bs(F,Z,F) ——— > bs(Z,Z,F)

7 T T I
min{b,add"(Z)} = bs(F,Z,7) ‘ y bs(Z,Z,T)
b=bs(F,F,F) W—> bs(Z,F,F)
1=bs(F,F,T) bs(Z, F,T)

add"(Z) = min({|F| : F CTA-[FA€ IVF € F(IF \ Al < No)]} |

bs(F,Z1/n T1/n) = bs(F,Zg,Zq) = add(N)

add(/\) = the smallest number of Lebesgue null sets with non-null union. J

J

Rafat Filipéw (University of Gdansk) Two b or not two b?




Known values in the diagram: bs(F,Z,7)

b=bs(F,Z,F) ——— > bs(Z,Z,F)

_— T T W
min{b, add"(Z)} = bs(F,Z,T) ‘ bs(Z,Z,7)
b="bs(F,F,F) T—> bs(Z,F,F)
1=1bs(F,F,T) bs(Z, F,T)

add"(Z) = min({|F| : F CTA-[FA€ IVF € F(IF \ Al < No)]} |

bs(F,Z1/n T1/n) = bs(F,Zg,Zq) = add(N)

add(/\) = the smallest number of Lebesgue null sets with non-null union. J

Proof: It's known that add*(Il/,,) = add"(Zy) = add(N) < b. J

Rafat Filipéw (University of Gdansk) Two b or not two b?



Known values in the diagram: bs(F,Z,7)

b=bs(F,Z,F) ——— > bs(Z,Z,F)

7 T T I
min{b,add"(Z)} = bs(F,Z,7) ‘ y bs(Z,Z,T)
b=bs(F,F,F) W—> bs(Z,F,F)
1=bs(F,F,T) bs(Z, F,T)

add"(Z) = min({|F| : F CTA=[BA€ IVF € F(IF\ A < No)]} |
bs(Fin, ) ® Fin, ) ® Fin) = b
) @Fin={ACNxXxN:Vn{k:(n k) € A} € Fin}. |

Rafat Filipéw (University of Gdansk) Two b or not two b?




Known values in the diagram: bs(F,Z,7)

b=bs(F,Z,F) ——— > bs(Z,Z,F)

_— T T W
min{b, add"(Z)} = bs(F,Z,T) ‘ bs(Z,Z,7)
b="bs(F,F,F) T—> bs(Z,F,F)
1=1bs(F,F,T) bs(Z, F,T)

add"(Z) = min({|F| : F CTA-[FA€ IVF € F(IF \ Al < No)]} |

bs(Fin, ) ® Fin, ) ® Fin) = b

) @Fin={ACNxXxN:Vn{k:(n k) € A} € Fin}. |

Proof: It's known that add™(() ® Fin) = b. J

Rafat Filipéw (University of Gdansk) Two b or not two b?




Known values in the diagram: bs(Z, F,7)

b= bS(F71-7 F) —_— bS(Ivzv F)

min{b, add"(Z)} = bs(F,Z,T) ‘ » bs(Z,Z,T)
T b=bs(F,F,F) — bs(Z,F, F)
T P-ideal T
1=1bs(F,F,I) bs(Z, F,T)
T is a P-ideal if VA1, Az, --- € T3IB € ZV¥n(A, \ B € Fin). J

Rafat Filipéw (University of Gdansk) Two b or not two b?



Known values in the diagram: bs(Z, F,7)

b=bs(F,I7F) _ bs(I,I,F)
_— T T I

min{b, add"(Z)} = bs(F,Z,T) » bs(Z,Z,T)

|
T b=bs(F,F,F) — bs(Z,F, F)
T P-ideal T

1=bs(F,F,T) non-Fridea| bs(Z, F,T)

T is a P-ideal if VA1, A, --- € 3B € IVn (A, \ B € Fin). J

Rafat Filipéw (University of Gdansk) Two b or not two b?



Difficult to get to know values in the diagram

b =bs(F,Z,F) s bs(Z,Z,F) =?
min{b,add"(Z)} = bs(F,Z,T) ‘ bs(Z,Z,7) =7
b=bs(F,F,F) bs(Z,F,F) =?
/ el P-ideal
= bs(F,F,T) non-P-idea bs(Z, F,T)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals in the diagram

Theorem (F.-Kwela-Staniszewski)

v

bs(Z,Z,7) —— bs(Z,Z, F)

Nl > b

2 = min {yf\ . F C NV A Fis cofinal in (N, g*)}
{171+ ¥(b) € N 3(a,) € F ((b) <" (an)) } -

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for P-ideals

Z is a P-ideal if VA1, Ay,--- € Z3B € ZVn (A, \ B € Fin)

Theorem (F.-Kwela)
(1) If Z is a P-ideal,

b < bs(Z,F,F)=bs(Z,Z,7) = bs(Z,Z,F) <d

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for P-ideals

Z is a P-ideal if VA1, Ay,--- € Z3B € ZVn (A, \ B € Fin)

Theorem (F.-Kwela)
(1) If Z is a P-ideal,

b<bs(Z,F,F)=bs(Z,Z,7) = bs(Z,Z,F) <0
(2) If T is a P-ideal with the Baire property (e.g. Z = Z;,,Z4),

b="0bs(Z,F,F)=0bs(Z,Z,7) =bs(Z,Z,F) <o

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for P-ideals

Z is a P-ideal if VA1, Ay,--- € Z3B € ZVn (A, \ B € Fin)

Theorem (F.-Kwela)
(1) If Z is a P-ideal,

b<bs(Z,F,F)=bs(Z,Z,7) = bs(Z,Z,F) <0
(2) If Z is a P-ideal with the Baire property (e.g. Z = Z;/,,Z4),
b=bs(Z,F,F)=bs(Z,Z,7) = bs(Z,Z,F) <

(3) If b < cf(d) and © = ¢, then there exists a P-ideal Z such that

b <bs(Z,F,F)=05(Z,Z,Z) = bs(Z,Z,F) = cf(2) <?

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Definition

Z is a P-ideal if VA1, Ap,--- € Z3B € ZVn (A, \ B € Fin)

Equivalently (taking C =N\ B): Z is a P-ideal if
VA1, Ag,--- € Z3C € Z°Vn (A, N C € Fin)

where 7* = {ACN: N\ A¢ 7T}

Note: Z* C 7. )

= =

Rafat Filipéw (University of Gdansk) Two b or not two b?




The remaining three cardinals for weak P-ideals

Definition

Z is a P-ideal if VA1, Ay,--- € Z3B € ZVn (A, \ B € Fin)

Equivalently (taking C =N\ B): Z is a P-ideal if
VA1, Ag,--- € Z3C € Z°Vn (A, N C € Fin)

where 7* = {ACN: N\ A¢ 7T}

Definition
7 is a weak P-ideal if

VA1, Az, --- €Z3C€T7Vn(A,N C € Fin),

where 7t = {ACN:A¢ T}

Note: Z* C 7. )

= =

Rafat Filipéw (University of Gdansk) Two b or not two b?




The remaining three cardinals for weak P-ideals

Diagram for an arbitrary ideal Z

Ny — b
bSIFF;X<ii:/” ////

bs(Z,7,7) —— bg(Z, T, F)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals
Diagram for an arbitrary ideal Z

Ng >b\ /D c > 00
bS(ZaF7F) /
F)

bs(Z,7,7) —— bs(Z, T,

v

Theorem (F.-Kwela)

If Z is a weak P-ideal,
Ny —— b —— bs(Z,F,F) —— bs(Z,Z,F) —— 0
/

\>

bs(I,I,I)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Theorem (F.-Kwela)

If Z is a weak P-ideal,
Ny —— b —— bs(Z,F,F) —— bs(Z,Z,F) —>
/

\

bS(:Z'-aIaI)

.

.

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Theorem (F.-Kwela)

If Z is a weak P-ideal,
Ny —— b —— bs(Z,F,F) —— bs(Z,Z,F) —>
/

\

bS(:Z'-aIaI)

(1) T =ED={ACNxN:IMv<n(|{k: (n k) € A} < M)},

N; =bs(Z,Z,7) <b=10bs(Z,F,F) =bs(Z,Z,F)

.

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Theorem (F.-Kwela)

If Z is a weak P-ideal,
Ny —— b —— bs(Z,F,F) —— bs(Z,Z,F) —>
/

\

bS(I,I,I)

(1) T =ED={ACNxN:IMv<n(|{k: (n k) € A} < M)},

N; =bs(Z,Z,7) <b=10bs(Z,F,F) =bs(Z,Z,F)

(2) f Z=nwd = {A C Q: Ais nowhere dense in R},

Ny < bs(Z,Z,T) = add(M) < b = bs(Z, F, F) = bs(Z,Z, F)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Theorem (F.-Kwela)

If Z is a weak P-ideal,
Ny —— b —— bs(Z,F,F) —— bs(Z,Z,F) —>
/

\

bS(I,I,I)

(1) T =ED={ACNxN:IMv<n(|{k: (n k) € A} < M)},

N; =bs(Z,Z,7) <b=10bs(Z,F,F) =bs(Z,Z,F)

(2) f Z=nwd = {A C Q: Ais nowhere dense in R},

Ny < bs(Z,Z,T) = add(M) < b = bs(Z, F, F) = bs(Z,Z, F)

(3) If b < cf(D), there exists Z with

Ny < bs(I,I,I) <b= bS(Ia F, F) < bS(Iaza F):Cf(b)

Rafat Filipéw (University of Gdansk) Two b or not two b?



Question for weak P-ideals

If Z is a weak P-ideal,
Ny —— b —— bs(I, F, F) — bs(I,I, F) % 0
/

bS(Iazal—)

Is it consistent that there is a weak P-ideal Z such that

bs(I,I,I) < bs(I, F, F) < bs(I,I, F)?

Is it consistent that there is a weak P-ideal Z such that

bS(I? F7 F) < bs(I,I,I) < bS(I7I> F)?

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Diagram for an arbitrary ideal Z

N]_ /b
bSIFFLX<ii:/ﬁ ////

bs(Z,7,7) — bg(Z, T, F)

A

.

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals
Diagram for an arbitrary ideal Z

Ny > b - — 0 c > 00
bS(Ia Fa F) /
bS(Ivl.7I) — 65(1-71-7 F)

Theorem (F.-Kwela)

If Z is not a weak P-ideal,
Ny —> b — bs(Z,F,F) — 0 ¢« — bs(Z,Z,F) =

bS(Ial—aI)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Theorem (F.-Kwela)

If Z is not a weak P-ideal,
Ny —> b — bs(Z,F,F) — 0 ¢ — bs(Z,Z,F) =

/

b5(17:2'—71-)

A

.

e

Rafat Filipéw (University of Gdansk) Two b or not two b?




The remaining three cardinals for weak P-ideals

Theorem (F.-Kwela)

If Z is not a weak P-ideal,
Ny —> b — bs(Z,F,F) — 0 ¢ — bs(Z,Z,F) =

/

bS(Ial—aI)

(1) f Z = Fin? = {ACN x N:V*®n{k : (n, k) € A} € Fin},

b="0bs(Z,Z,7) = bs(Z,F,F)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Theorem (F.-Kwela)

If Z is not a weak P-ideal,
Ny —> b — bs(Z,F,F) — 0 ¢ — bs(Z,Z,F) =

/

bS(Ial—aI)

(1) f Z = Fin? = {ACN x N:V*®n{k : (n, k) € A} € Fin},

b="0bs(Z,Z,7) = bs(Z,F,F)

(2) If b < cf(D), there exists a non-weak P ideal Z with
Ny < bs(Z,Z,7) = b < bs(Z,E,E ) = cf(2)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for weak P-ideals

Theorem (F.-Kwela)

If Z is not a weak P-ideal,
Ny —> b — bs(Z,F,F) — 0 ¢ — bs(Z,Z,F) =

/

bS(Ial—aI)

(1) f Z = Fin? = {ACN x N:V*®n{k : (n, k) € A} € Fin},

b="0bs(Z,Z,7) = bs(Z,F,F)

(2) If b < cf(D), there exists a non-weak P ideal Z with
Ny <bs(Z,Z,7)=b < bs(Z,F,F )= cf(d)

(3) If b < cf(d) and d = ¢, there exists a non-weak P ideal Z with

NlébS(IaFaF):b<bS(I717I):Cf(D)




Can bs(Z,Z,7) be bigger than 07

If Z is a weak P-ideal,
Ny —— b —— bs(Z,F,F) —— bs(Z,Z,F) —— 0
/
bS(IaIvz)

If Z is not a weak P-ideal,

=2t s EA) T o e b F) =
bs(I,I,I)

In all previous examples we had bs(Z,Z,7Z) <. J

Rafat Filipéw (University of Gdansk) Two b or not two b?



Can bs(Z,Z,7) be bigger than 07

If Z is a weak P-ideal,
Ny —— b —— bs(Z,F,F) —— bs(Z,Z,F) —— 0
/
65(171’71)

If Z is not a weak P-ideal,

=2t s EA) T o e b F) =
bs(I,I,I)

In all previous examples we had bs(Z,Z,7Z) <. J

Theorem (F.-Kwela)

If Z is an analytic ideal, then bs(Z,Z,7) <.

Rafat Filipéw (University of Gdansk) Two b or not two b?



Can bs(Z,Z,7) be bigger than 07

If Z is a weak P-ideal,
Ny —— b —— bs(Z,F,F) —— bs(Z,Z,F) —— 0
/
bS(Ial'aI)

If Z is not a weak P-ideal,

Ny * bs(Z, F,F) y ¢ — bs(Z,Z,F) = 0
bs(I,I,I)

v

Theorem (F.-Kwela)
If 0 < cf(c) <u=c=c then there exists an ideal Z with

bs(Z,Z,7) > 0.

v

Rafat Filipéw (University of Gdansk) Two b or not two b?




The remaining three cardinals for nice ideals: Baire

v

s(Z,Z,T) —— b5(Z,T,F)

Nl > b

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for nice ideals: Baire

v

s(Z,Z,T) —— b5(Z,T,F)

Theorem (F.-Kwela)
If Z has the Baire property,

b =bs(Z,F,F)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for nice ideals: Baire

v

s(Z,Z,T) —— b5(Z,T,F)

Theorem (F.-Kwela)
If Z has the Baire property,

b =bs(Z,F,F)

(1) If T =174, bs(Z,Z,Z) = bs(Z,F,F) = bs(Z,Z,F) = b
(2) f T =ED, bs(Z,Z,Z) =Xy < bs(Z,F,F)=bs(Z,Z,F)=b

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for nice ideals: Borel

e

bs(Z,7,7) —— bs(Z,Z,F)

Theorem (F.-Kwela)
If Zis N9 (e.g. F, or F,s ideal),

bS(I7I7I) < b= bS(Ia F7 F) - bS(:ZuI’ F)

Rafat Filipéw (University of Gdansk) Two b or not two b?



The remaining three cardinals for nice ideals: Borel

e

bs(Z,Z,7) ——  bs(Z,Z, F)

Theorem (F.-Kwela)
If Zis N9 (e.g. F, or F,s ideal),

bS(I7I7I) < b= bS(Ia F7 F) - bS(Iaza F)

(1) f T =Ty, bs(Z,Z,T) = bs(Z, F, F) = bs(Z,Z,F) = b
(2) If T = D, bs(Z,T,7) =Ry < bs(Z,F,F) = bs(Z,Z,F) = b

Rafat Filipéw (University of Gdansk) Two b or not two b?



Gaps

(A, k) gap in a poset (P, <) is a pair of sequences

{pa taa< A} and {lgg : 5 <k}

of elements of P such that

Rafat Filipéw (University of Gdansk) Two b or not two b?



Gaps

(A, k) gap in a poset (P, <) is a pair of sequences

{pa taa< A} and {lgg : 5 <k}

of elements of P such that

po < p < <lpa < <fll< - <<

v

Rafat Filipéw (University of Gdarsk) Two b or not two b?




Gaps

(A, k) gap in a poset (P, <) is a pair of sequences

{pa taa< A} and {lgg : 5 <k}

of elements of P such that
po < p1 < o< P <o <igqg <--- < q1 <|qo
and there is no element [r| with

P < [Fl < |qp for all a and (.

v

Rafat Filipéw (University of Gdarsk) Two b or not two b?




Gaps

(A, k) gap in a poset (P, <) is a pair of sequences

{pa taa< A} and {lgg : 5 <k}

of elements of P such that
po < p1 < o< P <o <igqg <--- < q1 <|qo
and there is no element [r| with

P < [Fl < |qp for all a and (.

Example of (w,w) gap in (Q, <)

pn — increasing sequence of rationals with limit v/2
gn — decreasing sequence of rationals with limit v/2

Rafat Filipéw (University of Gdarsk) Two b or not two b?



Gaps in (P(N), C*)

Theorem (Hadamard, 1894)
There is no (w,w) gap in (P(N), C*), where

AC*B < A\ B € Fin.

A

.,

Rafat Filipéw (University of Gdansk) Two b or not two b?



Gaps in (P(N), C*)

Theorem (Hadamard, 1894)

There is no (w,w) gap in (P(N), C*), where

AC*B < A\ B € Fin.

Theorem (Hausdorff, 1909)

There exists (w1, w1) gap in (P(N), C*).

Rafat Filipéw (University of Gdansk) Two b or not two b?



Gaps in (P(N), C*)

Theorem (Hadamard, 1894)

There is no (w,w) gap in (P(N), C*), where

AC*B < A\ B € Fin.

Theorem (Hausdorff, 1909)

There exists (w1, w1) gap in (P(N), C*).

Theorem (Rothberger, 1941)

There exists (w, b) gap in (P(N), C*)

Rafat Filipéw (University of Gdansk) Two b or not two b?



Gaps in (P(N), C*)

Theorem (Hadamard, 1894)

There is no (w,w) gap in (P(N), C*), where

AC*B < A\ B € Fin.

Theorem (Hausdorff, 1909)

There exists (w1, w1) gap in (P(N), C*).

Theorem (Rothberger, 1941)

There exists (w, b) gap in (P(N), C*) and there is no (w, A) gap
for A < b.

Rafat Filipéw (University of Gdansk) Two b or not two b?



Gaps in (P(N), C*)

Theorem (Hadamard, 1894)

There is no (w,w) gap in (P(N), C*), where

AC*B < A\ B € Fin.

Theorem (Hausdorff, 1909)

There exists (w1, w1) gap in (P(N), C*).

Theorem (Rothberger, 1941)

There exists (w, b) gap in (P(N), C*) and there is no (w, A) gap
for A < b.

b = min{\: 3(w, ) gap in (P(N),C")} J

Rafat Filipéw (University of Gdansk) Two b or not two b?



The Rothberger numbers

b = min{\: 3(w, ) gap in (P(N),C*)} J

Rafat Filipéw (University of Gdansk) Two b or not two b?



The Rothberger numbers

b = min{\: 3(w, ) gap in (P(N),C*)} J

Definition (Brendle-Mejia, 2014)

bR(Z) = min ({/\ : 3w, Ngap in (P(N), £5)} U {oo}),

where

ACTB «— A\BeT

Rafat Filipéw (University of Gdansk) Two b or not two b?



The Rothberger numbers

b = min{\: 3(w, ) gap in (P(N),C*)} J

Definition (Brendle-Mejia, 2014)

bR(Z) = min ({/\ : 3w, Ngap in (P(N), £5)} U {oo}),

where
ACTB «— A\BeT

If Z is a maximal ideal, br(Z) = co.

|

Rafat Filipéw (University of Gdansk) Two b or not two b?




The Rothberger numbers

b = min{\: 3(w, ) gap in (P(N),C*)} J

Definition (Brendle-Mejia, 2014)

bR(Z) = min ({/\ : 3w, Ngap in (P(N), £5)} U {oo}),

where
ACTB «— A\BeT

If Z is a maximal ideal, br(Z) = co.

Theorem (Todor&evi¢, 1998)

If Z is an F, ideal, then bgr(Z) < b.

Rafat Filipéw (University of Gdansk) Two b or not two b?



Characterization of Rothberger numbers a la Staniszewski

Pz is the family of all partitions {A, : n € N} of N such that A, € Z for each n. |

Definition (Staniszewski, 2017)

bs(Z,Z,Z) = min{|€| : £ C Pz AV{A,} € Pz HE} € €

U (AnﬂﬂUEi) ¢I}

v,

Rafat Filipéw (University of Gdansk) Two b or not two b?




Characterization of Rothberger numbers a la Staniszewski

Pz is the family of all partitions {A, : n € N} of N such that A, € Z for each n. |

Definition (Staniszewski, 2017)

bs(Z,Z,Z) = min{|€| : £ C Pz AV{A,} € Pz HE} € €

U (AnﬂﬂUEi) ¢I}

Theorem (F.-Kwela)

br(Z) = min{|€| : £ C PT AV{A,} e PzHE,} € E

U (AnﬂerE) ¢I}.

where P7 is somehow defined subfamily of Pz,

Rafat Filipéw (University of Gdansk) Two b or not two b?



Characterization of Rothberger numbers a la Staniszewski

Pz is the family of all partitions {A, : n € N} of N such that A, € Z for each n. |

Definition (Staniszewski, 2017)

bs(Z,Z,Z) = min{|€| : £ C Pz AV{A,} € Pz HE} € €

U (AnﬂﬂUEi) ¢I}

Theorem (F.-Kwela)

br(Z) = min{|€| : £ C PT AV{A,} e PzHE,} € E

U (AnﬂerE) ¢I}.

where P7 is somehow defined subfamily of Pz, and consequently:

bs(Z,Z,7) < br(Z)

Rafat Filipéw (University of Gdansk) Two b or not two b?



Two b or not two b?

Question: Two b or not two b?

bs(Z,Z,T) = br(Z)

Rafat Filipéw (University of Gdansk) Two b or not two b?



Two b or not two b?

Question: Two b or not two b?

bs(Z,Z,T) = br(Z)

In general, two b.

v

Rafat Filipéw (University of Gdansk) Two b or not two b?



Two b or not two b?
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bs(Z,Z,T) = br(Z)

In general, two b.

If Z is a maximal ideal,

bs(Z,Z,T) < ¢ < 0o = br(Z).

Theorem (F.-Kwela)

It is consistent that there exists Z with

bs(Z,Z,7) < br(Z) < ¢
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Theorem (Brendle-Mejia, 2014)

If Z is an analytic P-ideal, then bg(Z) = b.

Consequently, bs(Z,Z,7) = br(Z) for analytic P-ideals. J

Consequently, bs(EDrin, EDFin, EDFin) = bRr(EDFin).

Rafat Filipéw (University of Gdansk) Two b or not two b?



Two b or not two b in Borel realm?

Question: Two b or not two b ?

bs(Z,T,T) = br(Z) for Borel ideals

We do not know, but examples suggest: not two b.

Theorem (Brendle-Mejia, 2014)

If Z is an analytic P-ideal, then bg(Z) = b.

Consequently, bs(Z,Z,7) = br(Z) for analytic P-ideals. J

Theorem (Brendle-Mejia, 2014)

If T = EDpi = {AC A : IMYn(|{k : (n, k) € A}| < M)}, then
br(Z) = Ry.

Consequently, bs(EDrin, EDFin, EDFin) = bRr(EDFin).
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