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New results in my talk are from a join work with Adam Kwela:
“Spaces not distinguishing ideal pointwise and o-uniform convergence’

which is available at arXiv (2308.09557).
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Redefinition

e Topological space = nonempty normal (a.k.a. T,) space

e Function = continuous real-valued function defined on X (f : X — R)
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Four kinds of convergence of sequences of functions

Pointwise convergence

(£,) —2 0 if Voo Viex Ik Yask (|fa(x)] < €)

Equal convergence (1979 — Csaszar-Laczkovich)
Quasi-normal convergence (1991 — Bukovsk3)

(£) 2 0/if Fey 0 Veex I Vask ([Fa(X)] < €n)

\,

Uniform convergence

(£,) 5 0 if Voo T Visk Vex (fo(X)] < €)

€

o-uniform convergence

() 7Y, 0 if there is a partition X1, X, ... of X such that
Vien (fa I Xe) 20

A
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Four kinds of convergence of sequences of functions

Relationships

Theorem (Easy)

f) Lo = () Z%o and ) Lo = (£) Do

f) Lo <= (r) %o and (F) 50 <= (£,) 50
Theorem (Easy)

Viexom (F) 20 — (f,) <% 0) — X is finite
Definition (Bukovsky-Rectaw-Repicky, 1991)

X is a QN-space — V(£ x—r) ((f2) AN, - (2) LN 0)
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Four kinds of convergence of sequences of functions
Diagram of relationships

X is finite

X is QN-space X is finite
() 50 = (f,) =50, ]
Visexom () 20 < (f) == 0) — X is finite |
i QN P
X is a QN-spaces = Y x-r) (f1) — 0 = (i) — O)J
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|deals on N

Definition
A family Z C P(N) is an ideal on N if
Q@ ACBeZT = A€,
Q@ ABel — AUBEeT,
@ Z contains all finite subsets of N and N ¢ Z.

Q Fin = {ACN: Ais finite}

ell/n_{AgN: 2,17<oo}

neA

@ Zy={ACN: lim AlLenll _ o}

n— oo

.
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Ideal convergence of sequences of reals

Definition

A sequence (x,) of reals is convergent to zero if
Veso Ik Vi« (Ixa] <€)

equivalently:

Ve>0 JacFin Vaema (|xa| <€)

Definition
Let Z be an ideal on N.
A sequence (x,) of reals is Z-convergent to zero if

Veso Jaez Voema (|xa] <é).

In symbols: (x,) %0
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Ideal convergence of sequences of reals

Examples

A sequence (x,) of reals is Z-convergent to zero ((xj) EN 0) if
Veso Jaez Voema (|| <e).

v

Since Fin C Z,

if (x,) — 0, then (x,) 0.

v

1 ifn=1,4,9,....k* ...,
0 otherwise.

Let x, =
Then (x,) is a divergent sequence, but

Li/n
(xn) =25 0,

because 337, & < o0, s0 A={1,4,9,...,k? ...} € Iy,
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Ideal convergence of sequences of functions

Let Z be an ideal on N. Let f, : X = R, n=1,2,...

Ideal pointwise convergence

(£) 55 0if Veso Veex Tacz Vnema (If(x)] < &)

A

Ideal quasi-normal convergence

—QN .
(f) 2= £ if 3920 Trex Faez Vnema (1fa(x)] < en)

Ideal uniform convergence

| \.

(£) 2% 0if Veno TFacz Voema Yaex(|H(X)] < &)

.

Ideal o-uniform convergence

() L277Y 0 if there is a partition X1, Xo,... of X such that

Vien (fa [ X)) 2250

A
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Ideal convergence of sequences of functions
Diagram of relationships

X is finite

X is QN-space X is finite

X is finite

X is Z-QN-space X is finite

Rafat Filipéw (University of Gdarisk) Spaces not distinguishing various kinds of convergence



Minimal size of a space which distinguishes convergence

X is finite

~

I-P Z-U

(X< ... X is finite

Z-QN B . Z-o-U
V4

IX| < ...
. I-P I-QN

e non(Z-P, Z-QN) = min{|X|: Jg.xor (fh — 0 A f, -/~ 0)}
I—-0o-U

@ non(Z-QN, Z-0-U) = min{|X]| : I, x=r (f =N o, —+ 0)}

I—0o—-U
min{|X] : Ir.xor (fy 20 A f, —» 0)}

@ non(Z-P, Z-0-U) =
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Minimal size of a space which distinguishes convergence

Relationship

I-P Z-U

A
|X| < non(Z-P, Z-QN) N ho
TR

T-QN £ — Z-0-U

|X| < non(Z-QN, Z-o-U) ©

Theorem (Easy)

non(Z-P, Z-0-U) = min{non(Z-P, Z-QN), non(Z-QN, Z-0-U)}

o If | X| < non(Z-P, Z-0-U), then ..., so [X| <min{..., ...}
o If [ X| <min{..., ...}, then ..., so |[X| < non(Z-P, I—a U)
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Combinatorial characterizations of non(P, QN)

Theorem (Bukovsky-Rectaw-Repicky, 1991)

non(P, QN) = non(Fin-P, Fin-QN) = b,

where b is the bounding number i.e. the minimal size of an unbounded
family of sequences of natural numbers ordered by the relation <*
defined by

(an) <* (bn) <= FuVi>k (an < bn).

Definition

Let bz is the minimal size of an unbounded family of sequences of
natural numbers ordered by the relation <7 defined by

(a”) SI (b") = ElAEIvneN\A (an < bn)

In general,

non(Z-P, Z-QN) # bz!

.
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Combinatorial characterization of non(Z-P, Z-QN)

Theorem (F.-Staniszewski, 2015)

non(Z-P, Z-QN) = bs(7),

where
bs(Z) =min< |E]: € C Pz /\V{AH}G’PI E{En}es U (Apr1 N U E)¢T
neN i=n

and Pz is the family of all partitions {A, : n € N} of N such that A, € Z
for each n € N.

v
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Combinatorial characterization of non(Z-P, Z-0-U)

Theorem (F.-Kwela, 2023)

non(Z-P, Z-o-U) = b,(Z),

where
b5 (Z) = min{|€] : € C Mz AV(a)erz F(E)ee Vi Tnsk (En € An)}

and Mz is the family of all increasing sequences (A, : n € N) such that
A, € T for each n € N.
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Combinatorial characterization of non(Z-QN, Z-0-U)

Theorem (F.-Kwela, 2023)

non(Z-QN, Z-0-U) = add,,(Z),

where

addw(I) = min{|A| A C I/\V(BH)EIW JacaVn (A g Bn))}

and Z% is the family of all sequences (A, : n € N) such that A, € Z for
each ne N.

e add"(Z) = min{|A| : A C I AVpez Inca (A Z* B))}
o If Z is a P-ideal, then add,,(Z) = add" (Z).
e There are non-P-ideals Z with add,,(Z) # add"(Z) = w.
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by (Z) = min{bs(Z),add.,(Z)}

non(Z-P, Z-o-U) = min{non(Z-P, Z-QN), non(Z-QN, Z-o-U)}

bs(Fin)
0 b,(T) = addu(Zy) = addN)<b =  b.(Z)]
0 b,(Fn®Fin) = by(Fin®Fin) = add,(Fin®Fin) = b
e b,(Zap) = bs(Zap) = add,,(Zap) = W1J
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Is distinguishing convergence a topological notion?

Sometimes no!

T-P < X is finite N Z-U
X is finite
Z-QN Z-0-U

Z-QN
° v(f”:X—)R) (fn —

Z-0-U
° Vit xmr) (fa ——

® Y£.x—r) (fr 20 = f, ﬁ>O) — | X|<w

0 <— fnﬂo) — |X|<w

0 — fnﬂo) — |X|<w
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Is distinguishing convergence a topological notion?

Sometimes yes!

I-P Z-U
IX| < bs(Z) /*/Tb
o(z)
ON < § T
I-QN < |X| < add,,(T) 7 T-o-U
Theorem (F.-Kwela, 2023)
S
o |X| < bs(Z) e Virxor) (fr 2 0 — £, 23, )
i Z-P Z-0-U
o [X|<b,(T) = Y xoRr) (fr =— 0 <= f, ——0)
= Z-0-U

o [X| <add,(I) <  Vixom (220 — f, 2% 0)
In fact, there exists a Hausdorff compact (hence normal) space X of

arbitrary cardinality such that
Virxor) (fr 220 — £, 22 0)
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Is distinguishing convergence a topological notion?

Separable spaces

Theorem (F.-Kwela, 2023)

There exists a Hausdorff compact (hence normal) space X of arbitrary

cardinality such that

Viexom) (f 22 0 < f, 22 0)

The above X is a one-point compactification of a discrete topological
space of a given cardinality. This space is not separable (unless it is
countable) and all but one points are isolated.

Theorem (F.-Kwela, 2023)

There exists a Hausdorff separable, sequentially compact, compact
(hence normal) space X of arbitrary cardinality up to ¢ such that only

countably many points of X are isolated and

U

V(fn:X_HR) (fn E_—P—) 0 <— fn I_L) 0)
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Subsets of reals distinguishing convergence

@ Since

non(Z-P, Z-0-U) = b,(Z),
there exists a topological space X such that

IX| = b,(Z) and Fprxomy (fo 22 0 <= f, 225 0)

@ The space X that is constructed in the proof of the equality
non(Z-P, Z-0-U) = b,(7)

is an uncountable discrete space. In particular, X is not a subspace
of reals.

@ To obtain X as a subset of reals we need one more characterization
of non(Z-P, Z-0-U)
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Subsets of reals distinguishing convergence

Bounding number of a binary relation

o The set Dy C NN is defined by

x € D <= x'[{n}] €T for every n € N
@ The binary relation <7 on Dz is defined by
x=2zy <= {mecw:3k ew(x(k) <m<y(k))} is finite
@ The bounding number of the relation <:
b(=7) = min{|B| : B is <z-unbounded}

= min{|B| : Vxep; Iyen (¥ Az X)}

Theorem (F.-Kwela, 2023)

non(Z-P, Z-0-U) = b(x)

.
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Subsets of reals distinguishing convergence
Unbounded sets in <

b,(Z) = non(Z-P, Z-0-U) = b(=71)

Theorem (F.-Kwela, 2023)
If X € NV is <z-unbounded, then

Jrxom) (200 < £ T2 )

There exists a subset X of reals such that |X| = b,(Z) and

- -o-U
Jhx—r) (fa R0 o £, 2 0)
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Distinguishing spaces not distinguishing convergence

It is consistent that there exists X such that
Fin-P Fin-o-U
] v(fn:XaR) (fn —— 0 <<= f, 0)
Zy-0-U
° Jir.x=r) (fa Lo <& f, 275 0)

v

e non(Zy-P, Zy-0-U) = b,(Zy) = add(N) < b = b,(Fin) = non(P,o-U)
e Consistently: add(N) < b
e Taking X such that |X| = add(J\/) and

Id a-U

Jxor) (fh =0 <& £, =——0),

we are done.

.
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Distinguishing spaces not distinguishing convergence

Question

It is consistent that there exists X such that
Fin-P Fin-o-U
(] v(fn:X—ﬂR) (fn — 0 —= f,-, E— 0)

- Z4-0-U
° H(1‘,,:X—>]R) (fa ﬂ 0 <& 1, —_— 0)

Do there exist a space X and an ideal Z such that

® Jrxom) (00 5 £ 275 0)

(-] v(f,,:X%]R) (fn ﬂ 0 — fn ﬂ) O)

e For every ideal Z,

non(Z-P, Z-0-U) = b,(Z) < b = b,(Fin) = non(P,o-U)

e Hence, the cardinality argument does not work in this case.
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