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@ Woodin's axiom (%) is a forcing axiom over a model of determinacy.
@ Aspero-Schindler proved that M M™*" implies (x).
@ Woodin forced MM**(c) over a model of ADg +O is regular.

@ Larson-Sargsyan forced MM ™" (¢) + —(ws) + =0, over some Chang-type
model over p(R).
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Is it possible to construct strong models of determinacy just from large
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@ Generic absoluteness

@ The uB-powerset

Main results: Determinacy and generic absoluteness (“Sealing”) for the
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Universally Baire sets

Universally Baire sets: the definition

Definition (Schilling-Vaught, Feng-Magidor-Woodin)

A subset A of a topological space Y is universally Baire if for every
topological space X and continuous f: X — Y,

f~17 A has the property of Baire in X.
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Universally Baire sets

Universally Baire sets: the definition

Definition (Schilling-Vaught, Feng-Magidor-Woodin)

A subset A of a topological space Y is universally Baire if for every
topological space X and continuous f: X — Y,

f~17 A has the property of Baire in X.

Examples:
@ Every open set A C “w is universally Baire.
@ Every Borel set A C “w is universally Baire.

@ Every analytic set A C “w is universally Baire.

But this is not the definition we want to use.
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Universally Baire sets: the set-theoretic picture

@ Being universally Baire is a strengthening of being Suslin.

)\mﬂ
A, ‘(p CT. ])vrs] cﬂ

N\ \

R —¢
el e

’ﬂ/\ee (Sa comamcag Jo
angwr fA s (veu \IC6) b&vo m;A

b3 a vice pq‘\r \_/ in \ICQ?

o = = E E DaAx
Sandra Miiller (TU Wien)



Universally Baire sets

Universally Baire sets: the useful definition (in set theory)

Definition

Let (S,T) be trees on w X k for some ordinal x and let Z be any set. We
say (S,T) is Z-absolutely complementing iff

plS] = “w\ p[T]

in every Col(w, Z)-generic extension of V.
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Universally Baire sets

Universally Baire sets: the useful definition (in set theory)

Definition
Let (S,T) be trees on w X k for some ordinal x and let Z be any set. We
say (S,T) is Z-absolutely complementing iff

plS] = “w\ p[T]

in every Col(w, Z)-generic extension of V.

Definition (Feng-Magidor-Woodin)

A set of reals A is universally Baire (uB) if for every Z, there are
Z-absolutely complementing trees (S,T") with

plS] = A.
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Universally Baire sets in inner model theory

@ We study canonical inner models (“mice”) and their iteration
strategies.
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Universally Baire sets in inner model theory

We study canonical inner models ( “mice”) and their iteration
strategies.

The complexity of the model (in terms of large cardinals) determines
the complexity of the iteration strategy.

Getting iteration strategies for arbitrarily long trees (or just branches
through trees of height wy) is very difficult.

We need nice iteration strategies where the uncountable branches are
determined by the countable fragments.

Universally Baire iteration strategies have this property.
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Main results: Determinacy and generic absoluteness (“Sealing”) for the
uB-powerset of the universally Baire sets.
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Generic absoluteness

Some things that can be proven

Shoenfield's Absoluteness Theorem implies that the truth of %}-facts
cannot be changed by forcing.

Question

Can this be generalized to the theory of canonical models of determinacy?

Theorem (Steel, Woodin)

Suppose there is a proper class of Woodin cardinals. Let V[g] C V[g * h]
be set generic extensions of V. Then
O L(R) = AD and there is an elementary embedding
ji L(Rg) = L(Rgun),
@ for any universally Baire set A, L(A,R) = AD and there is an
elementary embedding
Jj: L(Ag,Rg) = L(Agun, Ryn).
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Generic absoluteness

How about all uB sets?

For any g generic over V, write R, = RV19! and

['J° = set of universally Baire sets of reals in Vg].

o Is L(I';°,Ry) a model of determinacy?

@ Is it a strong model of determinacy, e.g., does it satisfy ADg or
“ADgr 40O is regular’?

@ Is there a generic absoluteness theorem for the theory of L(F;’O,Rg)?
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Generic absoluteness

Sealing

For any g generic over V, write R, = RV19! and
[';° = set of universally Baire sets of reals in V[g].

Definition (Woodin)
Sealing is the conjunction of the following statements.
© For every set generic g over V, L(I';°, Ry) = AD™ and
P(R,) N LT, Ry) = I'®.
@ For every set generic g over V' and set generic h over V]g], there is an
elementary embedding

i LIS, Ry) — L(I2%,, Ryup)

such that for every A € I'g°, j(A) = Ay,
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Generic absoluteness

Woodin's Sealing Theorem

Theorem (Woodin's Sealing Theorem)

Let r be a supercompact cardinal and let g be Col(w, 22" )-generic over V.

Suppose that there is a proper class of Woodin cardinals. Then Sealing
holds in V[g].
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All known canonical inner models have a
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Theorem (Woodin's Sealing Theorem)

Let r be a supercompact cardinal and let g be Col(w, 22" )-generic over V.
Suppose that there is a proper class of Woodin cardinals. Then Sealing
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All known canonical inner models have a
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Theorem (Woodin's Sealing Theorem)

Let r be a supercompact cardinal and let g be Col(w, 22" )-generic over V.
Suppose that there is a proper class of Woodin cardinals. Then Sealing
holds in V'[g].

Sealing has a dramatic effect on the Inner Model Problem:
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Theorem (Sargsyan, Trang)

Sealing is consistent from a Woodin limit of Woodin cardinals.
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Woodin's Sealing Theorem

Theorem (Woodin's Sealing Theorem)

Let r be a supercompact cardinal and let g be Col(w, 22" )-generic over V.
Suppose that there is a proper class of Woodin cardinals. Then Sealing
holds in V'[g].

Sealing has a dramatic effect on the Inner Model Problem:

All known canonical inner models have a
well-ordering of their reals in L(I'*°, R). J

Theorem (Sargsyan, Trang)

Sealing is consistent from a Woodin limit of Woodin cardinals.

Question

Is there a large cardinal that implies Sealing?
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Question

What sort of canonical, generically absolute subsets of I'>° can be added
to the model L(I'*°, R)?

@ This is related to the study the union of all inner model theoretic
operators over some X, e.g., X7, M{#(X)

@ We would like to add the stack of all of these.
@ In the presence of Mouse Capturing and letting
Jg : LT, R) — L(T'°, Ry)

be the canonical embedding with j,(A) = A, for every A € I'™°, this
can be represented as Lp’s '™ (X).
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Generic absoluteness

Extensions of Sealing

Question

What sort of canonical, generically absolute subsets of I'>° can be added
to the model L(I'*°, R)?

@ This is related to the study the union of all inner model theoretic
operators over some X, e.g., X7, Ml#(X)

@ We would like to add the stack of all of these.
@ In the presence of Mouse Capturing and letting
Jg : LT, R) — L(T'°, Ry)
be the canonical embedding with j,(A) = A, for every A € I'™°, this
can be represented as Lp’s '™ (X).

This motivates the definition of the uB-powerset.
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@ The uB-powerset

Main results: Determinacy and generic absoluteness (“Sealing”) for the
uB-powerset of the universally Baire sets.
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The uB-powerset

Definition of the uB-powerset

Definition

Suppose X is a set and let tx = max(|X|,|T'*°|). Then we define p,5(X)
to be the set of those Y such that whenever g C Col(w,tx) is V-generic,

Y is ordinal definable in L(I';°, Ry)
from parameters in {X, j,"I'>°} U j,”T'*,

where j, @ L(I'™°,R) — L(T'5°, Ry) is the canonical embedding with the
property that j,(A) = A, for every A € I'*°.
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The uB-powerset

Definition of the uB-powerset

Definition

Suppose X is a set and let tx = max(|X|,|T'*°|). Then we define p,5(X)
to be the set of those Y such that whenever g C Col(w, tx) is V-generic,

Y is ordinal definable in L(I';°, Ry)
from parameters in {X, j,"I'>°} U j,”T'*,

where j, @ L(I'™°,R) — L(T'5°, Ry) is the canonical embedding with the
property that j,(A) = A, for every A € I'*°.

Sealing implies that instead of g C Col(w,tx) above we can consider any
V-generic h with the property that there is k € V[h] which is V-generic
for Col(w, tx).
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The uB-powerset

Determinacy for the uB-powerset: the statement

Write A% = (p,5(T°°))VIM,

Theorem

Suppose k is a supercompact cardinal, there is a proper class of
inaccessible limits of Woodin cardinals and X\ is an inaccessibe limit of
Woodin cardinals above k. Suppose h C Col(w, <) is V-generic.
Then L(A$°) = AD™.
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The uB-powerset

Determinacy for the uB-powerset: the statement

Write A% = (p,5(T°°))VIM,
Theorem

Suppose k is a supercompact cardinal, there is a proper class of
inaccessible limits of Woodin cardinals and X\ is an inaccessibe limit of

Woodin cardinals above k. Suppose h C Col(w, <) is V-generic.
Then L(A$°) = AD™.

The proof uses Sealing and ideas from Steel's stationary-tower-free proof
of Woodin's Derived Model Theorem.
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The uB-powerset
Weak Sealing for the uB-powerset: the statement
Write A = 0,p(I'*°) and, if g is V-generic, A° = (A®)VI9! If Sealing
holds, let
jg,g’ : L(F;O,Rg) — L(F;g/,Rg*g/)
be the canonical Sealing embedding.
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The uB-powerset

Weak Sealing for the uB-powerset: the statement

Write A = 0,p(I'*°) and, if g is V-generic, A° = (A>®)V19 | If Sealing
holds, let
Jog + LT, Ry) — L(I‘;jg,,Rg*g,)
be the canonical Sealing embedding.
Definition
We say Weak Sealing holds for the uB-powerset if
@ Sealing holds,
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The uB-powerset

Weak Sealing for the uB-powerset: the statement

Write A = 0,p(I'*°) and, if g is V-generic, A° = (A>®)V19 | If Sealing
holds, let
jg,g’ : L(F?,Rg) — L(F;g/,Rg*g/)

be the canonical Sealing embedding.
Definition
We say Weak Sealing holds for the uB-powerset if

@ Sealing holds,

Q@ L(A®) = ADT,
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The uB-powerset

Weak Sealing for the uB-powerset: the statement

Write A = 0,p(I'*°) and, if g is V-generic, A° = (A>®)V19 | If Sealing
holds, let

jgvgl : L(F;;O?Rg) - L(Fﬁg/aRg*g’)

be the canonical Sealing embedding.
Definition
We say Weak Sealing holds for the uB-powerset if
@ Sealing holds,
Q@ L(A®) = ADT,
© whenever g, ¢’ are two consecutive generics such that

Vig*d'] = [(2%7)V9)] = Ry, there is an elementary embedding

7 L(AF) — L(A%,,) such that 7 | LT, Ry) = jg.q.
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The uB-powerset
Weak Sealing for the uB-powerset: the statement

Write A = 0,p(I'*°) and, if g is V-generic, A° = (A>®)V19 | If Sealing
holds, let

jgvgl : L(F;O7Rg) - L(Fﬁg/aRg*g’)

be the canonical Sealing embedding.
Definition
We say Weak Sealing holds for the uB-powerset if
@ Sealing holds,
Q@ L(A®) = ADT,
© whenever g, ¢’ are two consecutive generics such that

Vig*d'] = [(2%7)V9)] = Ry, there is an elementary embedding

7 L(AF) — L(A%,,) such that 7 | LT, Ry) = jg.q.

This implies that the theory of the model L(.A*°) cannot be changed by
forcing.
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The uB-powerset

Weak Sealing for the uB-powerset: the statement

Definition
We say Weak Sealing holds for the uB-powerset if
@ Sealing holds,
@ L(A%) | AD,
© whenever g, ¢’ are two consecutive generics such that

Vg *d'] = [(22°)Vl9)| = X, there is an elementary embedding

™1 L(AZ) — L(AZ,/) such that m | L(I'(°, Ry) = jg .

Theorem (M-Sargsyan)

Suppose k is a supercompact cardinal and there is a proper class of
inaccessible limits of Woodin cardinals. Suppose g C Col(w,2%") is
V-generic. Then Weak Sealing for the uB-powerset holds in V[g].
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We, in fact, use a slightly more general version of this.
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that sup(Ord N .A*) has cofinality w.

o Formally: Let ©x be the supremum of all ordinals « such that there
is an ODx-surjection f: R — a.

@ Set 7™ = (Orew ) LI™R) and B> = L((n™)%, A®).

Conjecture
Suppose k is a supercompact cardinal and there is a proper class of
inaccessible limits of Woodin cardinals. Suppose g C Col(w, 2%7) is
V-generic. Let n;° = (@rgo)L(Fgo’Rg). Then

Q cf(n®) = w.

@ The Sealing Theorem holds for B> in Vg].

Sandra Miiller (TU Wien)



