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Filters of countable type
D.H.FREMLIN

University of Essex, Colchester, England

Following MAULDIN PREISS & WEIZSACKER 83, I work through the theory of ‘filters of countable
type’ (1A). Results which may be new are that filters of countable type have the Bolzano-
Weierstrass property (3C), the density filter is not of countable type (3D), there are ¢ isomorphism
classes of filters of countable type (5D), and every filter of countable type has coinitiality at most
0 (6A).

1 Basics

1A Definitions (a) A filter on a set X is of countable type if it belongs to the smallest class of
filters on X containing the principal ultrafilters and closed under the operations of countable intersection
and increasing countable union.

(b) If X is a set, (F;)icr is a non-empty family of filters on X, and F is a filter on I, I will write lim;_, » F;
for the filter {A: AC X, {i:i€l, Ac F;} € F}.
Note that if X = I = N and F, is the principal filter generated by {n} for each n, then lim,, .,z F, = F.

(c) Let F be a filter on a set X. For Y C X, set
FIY ={ANY:A€F}={B:BCY,BU(X\Y) e F};
I will call F[Y the trace of F on Y. If X \'Y € F, then F[Y = PY; otherwise, F[Y is a filter on Y.
(d) I will write Fg, for the Fréchet filter on N, the smallest free filter on N.
1B Proposition Let § be a family of filters on a set X. Then the following are equiveridical:

(i) Nypen Fn € § for every sequence (Fp)nen in §, and |J,,c Fr € § for every non-decreasing sequence

<—7:n>n€N in §;
(ii) limy,— zp, Fr € § whenever (F,)nen is a sequence in §;
(iii) lim,—, # F,, € § whenever (F,,)nen is a sequence in § and F is a filter of countable type on N.

proof (i)=-(iii) Assume (i). Let & be the set of filters G on N such that lim,,_.¢ F, € §.

(a) If G is the principal filter generated by {m}, then lim,, g F,, = F,, € §; s0 G € &.

(B) If (G )men is a sequence in & with intersection G, then

limg}"n:{A:{n:Aefn}Eg}
= ﬂ{A:{n:Aefn}egm}: ﬂ lim F,
n—Gm
meN meN

is the intersection of a sequence in § so belongs to §, and G € &.

() If (Gim)men is a non-decreasing sequence in ® with union G, set F,, = lim,,_.g_, G, € § for each m.
If £ < m then

={A:{n:AeF,}eG}C{A:{n:AcF,} €G.}=F,,
so (F],)men is a non-decreasing sequence in § and its union belongs to §. Now
1ir%fn:{A:{n:A€fn}€g}
= A {n:AeFr}ebn)=J 75,

meN meN
1
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so G € &.
(8) Thus every filter on N of countable type belongs to &, as required by (iii).

(iii)=-(ii) All we have to observe is that Fg, is a filter of countable type. I* For each n € N let G,, be
the principal ultrafilter generated by {n}; then Frr = U, cn (Vs Gn is of countable type. Q

(ii)=-(i) Assume (ii), and let (F,)nen be a sequence in F.

() Let (kn)nen be a sequence running over N with cofinal repetitions. Then § contains

lim Fp, ={A:{n:AcF }eFrn}t={A:ImeN, AcF;, foreveryn>m}

n— Frr

={A:AeF, for every n € N} = ﬂ]:n.
neN

(8) If (Fn)nen is non-decreasing, then § contains

lim F,={A:{n:AeF,} € Frn}

n—Frr

={A:3meN, Ae F, for every n > m} = U]-'n.
neN

So both clauses of (i) are true.

1C Countable-type levels (a) Let X be any non-empty set. Define (F¢)econ as follows. Fo is the
set of principal ultrafilters on X. For ordinals £ > 0, F¢ is the set of filters on X expressible in the form
lim,,_, 7, Fr, where F,, € Un<£ Sy for every n € N. Since §o C §1, (§¢)econ is non-decreasing.

(b) From 1B we see that §u, = ., S¢ is the set of filters on X of countable type. We therefore have
a rank function ct : §,, — w1 defined by saying that ct F = min{{ : F € F¢} for every filter F of countable
type; I will call ct F the countable-type level of F.

(c) Let X be a topological space. For A C X, define <Ag>5€0n as follows: AF" = A; for £ >0, A7 is the
set of limits of sequences in {J, . A}. Thus A7 = .., AF is the sequential closure of A.

1D Lemma If F, G are filters on X, Y respectively, F is of countable type and G <rx F, then G is of
countable type and ct G < ct F.

proof We can induce on ct F, because if (F,,)nen is any sequence of filters on X, F is any filter on N, and
g: X — Y is a function, then

glllim Ful) = {A: {n:g7}(4) € o} € F}
= {A:{n: [A€gl[F]]} € F} = lm g[[F.]]

1E Proposition Let (F;);c; be a non-empty family of filters of countable type on a set X, and F a filter
of countable type on I. Then lim; .,z F; is a filter of countable type.

proof We can induce on ct F, because if (G, )nen is any sequence of filters on I and F = lim,,_, 7., G5, then
_lirrjl__]:i:{A:{i:AEfi}Ef}
={A:{n:{i: AeF}e€G,} € Fr}
={A:{n: A€ ‘lirél Fi} € Fpe} = lim lim F;.

n—Fpr i—Gn

1F Proposition (a) Suppose that (F,)nen is a sequence of filters on a set X, and Y C X is such that
X \'Y does not belong to F = lim,,_, 7., Fn. Let (ni)reny enumerate the infinite set D = {n: X \Y ¢ F,}.
Then F[Y = limg_ 5, Fn,[Y.
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(b) Let F be a filter on a set X and Y a subset of X such that X \ Y ¢ F. If F is of countable type, so
is FIY, and ct(F[Y) < ct F.

proof (a) For BCY,

BeF[Y < BU(X\Y)eF
<= there is an m € N such that BU (X \Y) € F, for every n > m
<= there is an m € N such that BU (X \Y) € F,
whenever n € D and n > m
there is an m € N such that BU (X \Y) € F,, for every k >m
there is an m € N such that B € F,, [Y for every k > m
Be lm 7,[Y.Q

—FFrr

111

(b) The result is now an easy induction on ct F.

1G Proposition Let X be a countably compact topological space, I a non-empty set and F a filter on
I of countable type. Then f[[F]] has a cluster point in X for every f: 1 — X.

proof (a) If f : I — X is a function, (F,)nen is a sequence of filters on I, and z, is a cluster point of
f[Fn]] for every n € N, then any cluster point = of (z,)nen Will also be a cluster point of f[[lim,_, 7., Fn]]-
P If G is an open set containing z and A € f[[lim,_ ., F,]], then there is an m € N such that f~'[4] € F,
for every n > m. Now there is an n > m such that z,, € G, in which case f[f~1[A]] € f[[F.]] and

0#Gn fIf A CGnA.
As G and A are arbitrary, x is a cluster point of f[[lim,—, z. Fnll.

(b) Inducing on ct F we get the result.

1H Theorem Let X be a topological space and A a subset of X.
(a) If £ < wy and & € A7, then there are an f : N — A and a filter F on N, of countable-type level at
most &, such that f[[F]] — x.
(b) If X is sequentially compact, I is a non-empty set, f : I — A is a function, and F is a filter on I of
countable-type level £, then
(i) there is a filter G on I, of countable-type level at most £, such that G O F and f[[G]] has a limit;
(ii) if f[[F]] — 2 and X is Hausdorff then z € A"

proof (a) Induce on £. If £ = 0, then 2 € A and we can take f to be the constant function with value z and
F the principal ultrafilter generated by {0}. For the inductive step to & > 0, let (x,),en be a sequence in
Un<£ A; converging to x. For each n € Nlet f,, : N — A and F,, be such that ct F,, < & and f,[[Fn]] — Zn;
set gn(1) = 2™(2i + 1) — 1 for i € N; set G, = gn[[Fn]], so that ct G, < & Set F = lim,_, 7, Gn, so that
ct F < &; define f: N — A by setting f(g,(2)) = fn(i) for n, i € N.

For each n € N, f[[G,]] = ful[Fu]] — @n. So if H is any open set containing z,

{n:fYHl€ Gy} 2{n:x, € H} € Fp,
and f~1[H] € F. Accordingly f[[F]] — = and the induction proceeds.

(b) Again induce on £. If € = 0 then F is the principal ultrafilter on N generated by {i} for some i;
take G = F. Then f[[F]] is the principal ultrafilter on X generated by f(i), and converges to f(i). If the
topology on X is Ty and f[[F]] — =, then z = f(i) € A = Af. So the induction starts.

For the inductive step to & > 0, express F as lim,_, 5., F,, where ct F,, < £ for every n. For each n € N
we have a filter G,, D F, such that ctG,, < & and f[[G,]] has a limit z,, say. Now (z,,)nen has a convergent
subsequence; suppose that (ng)ren is a strictly increasing sequence in N such that (z,, )ren has a limit z
in X. Set G = limy_, 7, Gp,; then ct G < & If J € F, then there is an m € N such that J € F,, for every

n > m, and now



{k:J€eGn}t2{k:JeF,}2{k:ng>m} e Fp,
so J € G. Thus F C G. If H is an open set including z, then
{k:f Y H) €G24k :2,, € H} € Fr,

so f7Y[H] € G; thus G — 2.
This deals with (i). As for (ii), if f[[F]] — « then f[[G]] — x; as X is Hausdorfl, z = z = limp_00 Tn, ;
also the inductive hypothesis now tells us that

Ln,y, = hmf[[gnk]] € Un<£ A;

for every k, so x € Ag and the induction proceeds.

2 Borel filters and the Fatou property

2A Proposition If I is a non-empty set and F is a filter of countable type on I, then F is a Baire subset
of PI, therefore a Borel subset of PI.

2B Proposition Let F be a filter on N which is a Borel subset of PN, X a set and ¥ a o-algebra of
subsets of X.

(a) If (fn)nen is a sequence of X-measurable functions from X to [—oo, 0], then liminf, 7 f, is -
measurable.

(b) If Y is a Polish space and (f,)nen is a sequence of Y-measurable functions from X to Y, then
lim,_, r f, is X-measurable and has domain in X.

proof (a) Set f = liminf, .z f,. For z € X, @ € R set J(z,a) = {n : z(n) > a}. Then, for given «,
x+— J(z,a) : X — PN is E-measurable, so F,, = {z : J(z,a) € F} belongs to . Now

{z: f(z) > a} = {z: thereis an I € F such that infl fu(z) > a}
ne

= {x: there are an I € F and a rational ¢ > « such that I C J(z,q)}
= {z : there is a rational ¢ > « such that J(z,q) € F}
= |J FRex

q€Q,q>

As « is arbitrary, f is measurable.

(b) Let p be a complete metric on Y inducing the topology of Y. Let (y;);cn run over a dense subset of
Y. (I am passing over the trivial case X =Y = (). For i, j € N, F;; = {z : limsup,,_,  p(fn(2),y:) < 277}
belongs to X, by (a),.inverted. Setting f = lim,—.7 fn, dom f =,y U;en Fij € 2. Moreover, for 4, j € N,
{z:p(f(z),y;) <277} = F;; Ndom f belongs to ¥, so f is measurable.

2B Definition I will say that a filter F on N has the Fatou property if whenever (X,X,u) is a
measure space and {f,)nen 1S a sequence of non-negative functions defined on X, then f liminf,r fdu <

liminf,,_ r Tfnd,u.

2C Lemma If F is a filter on N, the following are equiveridical:

(i) F has the Fatou property;

(ii) whenever (X, X, i) is a probability space, (E,)nen is a sequence in X, and X = (J;c -
lim,_ruk, = 1.

nher En, then

proof (i)=(ii) is elementary. In the reverse direction, suppose that F does not have the Fatou property.
Let (X,X, 1) be a measure space and (f,)nen & sequence of non-negative functions defined on X such that
[liminf, 7 fudu > liminf, .z [ f,dyu. Take o such that [liminf, .z f,dp > o > liminf, 7 [ fodu; set
J={n: Tfnd,u} < «; then J meets every member of F. For n € J, let g, : X — [0, 00[ be a E-measurable
function such that f, <,. g, and fgndu < a. Then G = {z : sup,,c ; gn(z) > 0} is a countable union of sets
of finite measure, and there is a negligible set H € ¥ such that f,,(z) < g,(z) whenever z € X\ H and n € J.
Note that this means that liminf,,_, # f,,(x) = 0 whenever = ¢ G U H, so that TGUH liminf, ., fo,du > a.



Let G be the filter {INJ:I € F} on J. Then
liminf, g fn(z) = sup;ecrinfrerng fu(z) > liminf, 7 f(x)
for every z, so
TcuH liminf, g gndy > TcuH liminf, g fndyp > TGuH liminf,r fndp > a.

Let A be the product measure on (G U H) x R, and consider the ordinate sets W,, = {(z,a) : v € GU H,
0 <a<gn(z)} forne J. Set

W =UjcgMnerWn ={(z,0) ;2 € GUH, a>0,{n:necJ, a<gyz)} €g};
setting g = liminf,, ,g gn,

{(z,0) :2€e GUH,0<a<g(z)} CWC{(z,0): 2 € GUH, 0 < a < g(x)}.
So

NW = TGUH liminf, g gndy >
(FREMLIN 01, 252Yh).
There is therefore a set V' C (GU H) x R such that AV < oo and A*(VNW) > «. Let v be the subspace
measure on V NW. Set
Vo=VnWnW,ifnelJ
—VAWifneN\J

Then
liminf vV,, = sup inf vV,, < supvV,
n—% 1eFnel neJ
< sup A\W,, = sup/gndu <.
neJ neJ

On the other hand,

Urer Mner Vo = Urer Nnerns VOW AW, = VAW O U g Nner W =V O W
and v(VNW) = (VNW) > a. Moving to a normalization of v, we see that (ii) is false.

2D Proposition Let (F,,)nen be a sequence of filters on N with the Fatou property, and F a filter with
the Fatou property. Then G = lim,,_, # F,, has the Fatou property.
proof (a) The point is that if (¢, )nen is any sequence in [0, 0o] then
liminf,,_.gt, = liminf,,_ rliminf, .~ t;.

P For any « € [0, 00],
1imiélftn>oz — Ip>a,{n:t,>pteg

— JAp>a, AcF {i:t; >0} eF,VneA
<~ d0>a, Ac F, liminft, > VneA

1—Jn

<= liminfliminft; > a. Q

n—F i—Fn

(b) So if we have a measure space (X, 3, u) and a sequence (fy,)nen of non-negative functions defined on
X

3

/ lim i(Ijlf fn = / lim 1nf liminf f; < hm inf / liminf f;

Z—>n Z—>n

< hm 1;1f liminf [ f; = hm 1nf /fn

i—Fn



2E Corollary A filter on N of countable type has the Fatou property.
proof Principal ultrafilters on N, and the Fréchet filter, have the Fatou property; use 1B(ii).

2E Example There is a filter F on N, an F, subset of PN, which does not have the Fatou property.

construction Let y be the usual measure on X = {0,1}". Let (E,),en enumerate the family of sets of the
form {x : 2 € X, 2|k € J} where k € N and J C {0,1}* has k + 1 members. Then lim,,_,o #E, = 0. For
x € X set ¢p(x) ={n:z € E,}; then ¢ : X — PN is continuous so K = ¢[X] is compact. Set

F=UpendaUbon...Nb \k):a €N, b,... b € K};

then F is an F, set. If zg,... ,x; € X, there is an n > k such that xg, ...,z all belong to E,; accordingly
0 ¢ F and F is a filter on N.
Since F contains all cofinite subsets of N,

lim, r puE, =lim,_,, uE, = 0.
If x € X, then ¢(z) € F and

x € nneqb(z) En S Urer Nner En-
So 2C(ii) is false and F does not have the Fatou property.

3 The Bolzano-Weierstrass property

3A Definition (FiLIPOW MROZEK RECLAW & Szuca 07) A filter F on a set X has the Bolzano-
Weierstrass property if for every g : X — [0, 1] there is an I C X, meeting every member of F, such that
(g1 D)[[F[1]] is convergent.

3B Basic facts (a) Any filter which is not free has the Bolzano-Weierstrass property. Fg has the
Bolzano-Weierstrass property. If F is a filter on X with the Bolzano-Weierstrass property, Z is a compact
metrizable space and g : X — Z is a function, there is an I C X, meeting every member of F, such that
(g1 D)[[F[I]] is convergent (FILIPOW MROZEK RECLAW & Szuca 07, §2.3).

(b) (FrRIDY 93, or FILIPOW MROZEK RECLAW & SzucA 07, §3) Let Fy be the filter of subsets of N with
asymptotic density 1. Then F; does not have the Bolzano-Weierstrass property. P Let g = (g(n))nen be a
sequence in [0, 1] which is equidistributed for Lebesgue measure pu. Then d*(I) < pg[I] for every I C N. If

I C N meets every member of Fy, then d*(I) > 0. Let m > 1 be such that % < d*(I), and for k < m set

— . k-1 k+1
Je={n:nel, — <g(n) < 1

Then

(1IN Jy) < pgll N k] < = < d*(I)

2
m
so I'NJy, ¢ Fy[I for every k. But this means that (g|I)[[F4[I]] cannot contain any interval of the form
[0,1] N [EL, EEL] and cannot be convergent. @

(c) For I C N write d%(I) for its Banach upper density, that is,
d3(I) = infin1 supery —# (1 O [k, b+ m[) = im0 SuDey = #(1 0 [k, +m])

(FREMLIN NO5). Let Fy be the Banach density filter, that is, the filter of sets I C N such that d%(N\N) =
0. Then F; does not have the Bolzano-Weierstrass property. B Argue as in (b), but with a well-distributed
sequence. Q

3C Theorem Let G be a filter on a set X, and suppose that there is a filter F on X, of countable type,
such that G C F. Then G has the Bolzano-Weierstrass property.

proof Induce on the countable-type level ct F of F.
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(a) If F is the principal filter generated by {z}, then G is not free, so has the Bolzano-Weierstrass
property.

(b) If ct F = € > 0, there is a sequence (Fy,)nen of filters on X, all of countable-type level less than &,
such that F = lim,_, 7, Fp. Let g: X — [0,1] be any function.

(i) Suppose that there are a set I C X and an n € N such that I meets every member of F,, and
G[I C F,[1I. In this case, G[I # PI, so G[I is a filter, while ct(F,[I) < ct F,, < € (1Fb). So G[I has the
Bolzano-Weierstrass property, by the inductive hypothesis. Applying this to the function g[I, we see that
there is a J C I, meeting every member of G[I, such that (g[J)[[(G[I)[J]] converges; but in this case .J
meets every member of G, G[J = (G[I)[J and (g[J)[[G[J]] converges.

(ii) Otherwise, choose (Ii)ren, (Jk)ken and (nk)ren inductively, as follows. Iy = N. Given that Iy
meets every set in F, there must be an ny, greater than n; for any ¢ < k, such that I meets every member
of Fy,. In this case, since (i) is false, there is a J, € (G[Ix) \ (Fn,[Ir). As Jy U (X \Iy) € G C F,
Ji = I N (J U (X \ I)) meets every member of F; let I11 C Ji be a set meeting every member of F such
that diam g[Ix 1] < 27%~1. Continue.

At the end of the induction, set I = (J, oy Ie\Jr- As Ixy1 C Jy C I, for every k, INIy 11 = (INIx)\ (Ix\Jx)
for every k. Now, for each k, Ji ¢ Fn, [Ir, so I \ Jr meets every member of F,, [I; and I meets every
member of F,,. Consequently I meets every member of F O G. On the other hand, N\ (I \ Ji) € G for
every k, so (inducing on k) I NI € G[I for every k. Since diam g[Ix] < 27F for every k, (g[I)[[G[I]] is
Cauchy, therefore convergent.

(iii) Thus in either case the condition of Definition 3A is satisfied. As ¢ is arbitrary, G has the
Bolzano-Weierstrass property, and the induction continues.

3D Corollary Neither the density filter nor the Banach density filter is of countable type.

3E Proposition F; has the Fatou property.

proof (a) Let (X, %, u) be a probability space and (E,)nen a sequence in 3 such that .z, N,e; En = X;

set a = liminf, .z, pFE,. Take any ¢ > 0. Set I = {n : pE, < a+ €}; then d*(I) > 0. Take any

n € 10,3d*(I)]. Set M = {m:m >0, #(I Nm) > m(d*(I) —n)}; then M C N is infinite. For k € N set
Hy = MNpemplz iz € X, #({n:nelnm, z € Ey}) = m(d* (1) — 2n)}.

Then (Hy)ren is a non-decreasing sequence in ¥ and UkeN H,=X. PlIfz e X, thereis a J € F4 such

that € E, for every n € J. Now d*(N\ J) = 0 so there is a k € N such that #(m \ J) < nm for every
m>k. If me M and m > k, then

4({n:neTnm ze B) > #mnInJ) > £mn 1) —gm > m(d* (1) - 2n)},
sox € H,. Q
(b) There is therefore an m € M such that uH,, > 1 — e and #(I Nm) < m(d*(I) + n). In this case

m(l —e€)(d"(I) —2n) <m(d*(I) — 2n)uH,, < /#({n :nelnm,xze E,})u(dr)

= Y WEL< (0t O#Nm) < mla+ ) (D) + ).
nelnm
So (1 —e€)(d*(I) — 2n) < (a+€)(d*(I) +n). As n and € are arbitrary, and d*(I) > 0, « = 1. By 2C, F has
the Fatou property.

3F Proposition F; has the Fatou property.

proof (a) Let (X, 3, u) be a probability space and (E,,)nen a sequence in ¥ such that ;e ,e; En = X;
set a = liminf, .7 pkE,. Take any € > 0. Set I = {n : pE, < a + €}; then d%(I) > 0. Take any
n e }O, %d;‘ (I)} Then there is a sequence (k,)men such that k,, + m < k11 and #(I N [k, ke + m]) >
m(d:(I) —n) for every m € N; set Ky, = [k, km + m[ for each m. For | € N set



H =N, slz:ze X, #{n:neln Ky, z € E,})>m(d;(I) —2n)}.

Then (H;)en is a non-decreasing sequence in ¥ and UleN H =X. PIfze X, thereis a J € F; such that
x € B, for every n € J. Now d(N\ J) = 0 so there is an [ € N such that #(K,, \ J) < nm for every m > I.
If m > [, then

#{n:nelINK,,z€ E,}) >#INJNKy) > #INK,) —ngm >m(di(I) —2n)},
sox € H. Q

(b) There is therefore an m > 1 such that pH,, > 1 — € and #(I N K,,) < m(d%(I) +n). In this case

m(l —e€)(di(I) — 2n) <m(d*(I) — 2n)uH,, < /#({n :nelINKy, z € E,})u(dr)

= Y uB, < (a+Q#INKy) <mla+e)(di (1) +n).
nelNkK,,
So (1 —e)(d*(I) —2n) < (a+¢€)(d*(I) +n). As n and € are arbitrary, and d*(I) > 0, « = 1. By 2C, F; has
the Fatou property.

4 Medial limits

4A Recall that a medial limit is a non-negative additive functional # on PN such that [wdf =
limn_,oo w( ) whenever w € RY is a convergent sequence and [[ f,,(z)0(dn)u(dz) is defined and equal to
If falx )0(dn) whenever (X, 3, i) is a probability space and (fy,)nen is a uniformly bounded sequence
of mtegrable real valued functions on X; here f ...df is defined as in FREMLIN 02, 363L. See FREMLIN N0O2
or HOFFMAN-J@RGENSEN 78 for the basic theory of medial limits, in particular, for the proof that if p = ¢
then there is a medial limit.

If  is a filter on N a medial limit 6 refines F if liminf,,_,r w(n) < [wdf for every w € £>°.

4B Proposition Let § be the set of filters F on N such that there is an additive functional 6 : PN — [0, 1]
such that

) [] fulz Ju(dz) is defined and equal to [[ f,(z)u(dx)f(dn) whenever (X,%, u) is a
probablhty space and {fn)nen is a uniformly bounded sequence of integrable real-valued functions
on X,
() liminf,, . w(n) < [wdf for every w € £>°.
Then lim,,_,x F,, € § whenever (F,,)nen is a sequence in § and F € §.

proof (a) Write g for hmnﬁff For each n € N let 8,, witness that F,, € §, and let # witness that F € §.
Set 0*(a) = [ On( ) for a C N; then 6* : PN — [0, 1] is an additive functional.

(b) 6* has the property (). P If (X,X, ) is a probability space and (f;)ien is a uniformly bounded
sequence of integrable real-valued functions on X,

/fZ *(di)p(dx) // Ji(2)0,,(di)0(dn)p(dx) // filz Yp(dz)f(dn)
// fi(@)p(dz)0y, (di)0(dn) // fi(@)p(de)6* (di). Q

(c) For any w € £,
liminf; g w(i) < liminf, 7 liminf, .z w(i).

P Suppose that v > liminf, 7 liminf; .7, w(i), and that A € G. Then B = {n : A € F,,} belongs to F,
so there is an n € B such that liminf; .z, w(i) <. Now A € F,,, so

infieqa w(i) <liminf;, 7, w(i) < 7.

As A is arbitrary, liminf;, g w(i) <. Q



Accordingly,

liminf w(i) < hmlnf hmlnfw( ) < /hmlnfw( )6(dn)

i—G i—Fn i—Fn

//wd9 6(dn) /wd@*.

So 6* has property (1), and witnesses that G € §.

4C Corollary If there is any medial limit, and F is a free filter on N of countable type, then there is a
medial limit refining F.

proof In 4B, it is easy to check that § contains all principal ultrafilters on N; if F is generated by {k}, set
Ba = xa(k) for a C N; then 0 witnesses that F € §. By definition, a medial limit is a witness that Fg, € §.
So an induction on the countable-type level of F shows that every filter on N of countable type belongs to
$. If F is a free filter and belongs to §, then a witness that F € § is a medial limit refining F.

4D Proposition Suppose that F is a filter on N such that whenever I C N meets every member of F
there is a medial limit refining

FVv{I}={A: ACN, AU(N\I) € F},
the filter generated by F U {I}. Then F has the Fatou property.

proof Let J be any set meeting every member of F, and 6 a medial limit refining FV{J}. Let (X, 3, u) be a
probability space and (E,)nen a sequence in ¥ such that X = ;¢ »(,.c; En, that is, liminf, 7 xE,(z) = 1
for every z € X. Then

/hm inf xE,, (z)u(dx) // XEn( )p(dx)

(since 6 also refines F)

// XEn( x)0(dn) = /uEnH(dn) < limsup pE, < sup ukE,.
n—FV{J} neJ

nel

As J is arbitrary, liminf,, 7 uE, = 1. As (X, %, u) and (E,)nen are arbitrary, F has the Fatou property.

4E Remark The filter F of Example 2E is a Borel subset of PN but is not refined by any medial limit.
P? Otherwise, follow the argument of 4D with J = N; we should get 1 < limsup,,_, r uF, = 0. XQ

4F Proposition If there is a medial limit, there is a medial limit refining the density filter.

proof Let 8 be a medial limit, and define 8* by setting
. 1
0*(a) = fn—H#(aﬂ (n+1))0(dn)
for a € N. Then
I S
fwd@ = fn+1zi:0 w(2)0(dn)

for w € £>°. So if (X, X, u) is a probability space and (f,,)nen is a uniformly bounded sequence of real-valued
functions on X,

[ tatwrr @mutan) = [ [ Z_Zj;fm)o(dn)mdx) - [[ 5 Z_Zj;fxxm(dx)o(dn)
-/ %; [ stowtaoan = [[ wmtaoan),
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Thus 6* is a medial limit. Now 6*(a) < d*(a) for every a C N; in particular, §*(a) = 0 whenever d*(a) =0
and 0*(a) = 1 for every a € Fyg; it follows that liminf, 7, w(n) < [wdf* for every w € £>°, and 6* refines
Fa.

5 Isomorphism classes of filters of countable type

5A Homogeneous and critical filters (a) I will say that a filter 7 on a set X is homogeneous if F
is isomorphic to its trace F[Y whenever Y C X and X \ Y ¢ F. Observe that in this case F must contain
every set A C X such that #(X \ A) < #(X); in particular, F must be free, unless X is a singleton. An
ultrafilter on X is homogeneous iff it is uniform.

(b) I will say that a filter F of countable type on a set I is critical if there are a sequentially compact
Hausdorff space X and a function f: I — X such that f[[F]] converges to a point of X \ U, ., » fII]7-

5B Lemma (a) Let X be a discrete space. Then there is a locally countable sequentially compact
Hausdorff space Y with an open set homeomorphic to X.
(b) Let (X, %) be a Hausdorff space, and suppose that whenever (A;);cs is a countable family of countably
infinite subsets of X and =z € X then
either there are an 7 € I and a sequence of distinct points in A; convergent to a point of X
or there are distinct ¢, j € I such that A; N A; is infinite
or there is a disjoint family (G;);cs; of open sets such that A; \ G; is finite for every ¢ and
T ¢ Uie] Gl
Suppose that we are also given a sequence (2, )nen in X with no convergent subsequence in X. Then X can
be embedded as an open set in a sequentially compact Hausdorff space Z such that (2, )nen is convergent
in Z to a point z* such that no sequence in Z \ ({z*} U {z, : n € N}) converges to z*.

proof (a)(i) We can suppose that X is a cardinal x; let A > &k be a cardinal of uncountable cofinality such
that the cardinal power A is equal to A, and let (A¢).<e<n enumerate [A]“. Define (Bg)e<n inductively by
setting

Be = A if K <& < Xand Ae N By, is finite for every n < &
= () otherwise.

Observe that Be N By, is finite for all distinct &, 7 < A, and that if C' € [A]“ there is a £ < A such that C'N B
is infinite.

On Y = ), let ¥ be the topology
{G:G CY, B¢\ G is finite for every £ € G}.

(ii) Since Be = () for £ < k, every subset of X is an open subset of Y, and X, with its discrete topology,
is a subspace of Y.

(iii) If (€, )nen is a sequence in Y, then either it has a constant subsequence, which is surely convergent,
or C = {&, : n € N} is infinite. In this case, let £ < X be such that Be N C' is infinite; then (£,)nen has a
subsequence converging to £.
Thus Y is sequentially compact.

(iv) If a, 0 are distinct points of YV, enumerate N X N as ((in, jn))nen in such a way that i, < n
for every n, and define (U, V,,))nen as follows. Uy = {a}, Vo = {8}. Given that U, and V,, are disjoint
countable sets such that B N U, is finite for every { € A\ U, while Be N'V,, is finite for every £ € A\ V,,,
let (€,,;)jen run over Uy, and (n,;)jen run over V,,. Set

Un+1 =UpU (Béin,jn \Vn)a Vn+1 =VoU (an,jn \UnJrl)

and continue. At the end of the induction, set G = |, ey Un and H = |J,,cy Va; then G = {&;; : 4, j € N}
and H = {n;; : i, j € N} are disjoint and open, o € G and 3 € H.
Thus Y is Hausdorff.

(v) Note that in the construction of (iv), both G and H are necessarily countable; it follows at once
that Y is locally countable.
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(b)(i) Let C be the family of all infinite subsets C' of X such that there is no convergent sequence of
distinct points of C. Note that A* = {z,, : n € N} belongs to C. Let A C C be a maximal set, containing
A*, such that AN B is finite for all distinct A, B in A. Let (z4)aca be a family of distinct points not in
X, and set Zgp = {z4: A € A}.

(ii) By (a), we can construct a locally countable sequentially compact Hausdorff space (Z7, 1), disjoint
from X, such that Zy C Z; and the subspace topology on Zj is discrete. Set Z = Z; U X, and give Z the
topology

6={G:GCZ,GNZ1e€%,GNX €¥g,
A\ G is finite whenever A € A and z4 € G}.

(iii) X is an open subset of Z and ¥ is the subspace topology induced by & on X.

(iv) If (tn)nen is a sequence in Z, then

either it has a constant subsequence, which is surely convergent;

or it has a subsequence in Z;, which must in turn have a subsequence converging in Z; and
in Z;

or it has a convergent subsequence in X, which will converge in Z;

or C = {t, : n € N} N X belongs to C, and there is an A € A such that C' N A is infinite, in
which case (t,)nen has a subsequence convergent to z4.

So Z is sequentially compact.

(v) Z is Hausdorff. P Suppose that w, z are distinct points of Z.

(@) If w, z both belong to X, they are separated by disjoint open sets in X, which are still open in
Z.

(B) If w € X and z € Z1, let V be a countable neighbourhood of z in Z;, and consider the countable
set D={A: A€ A, z4 € V}. By the hypothesis on X, there is a family (Ha)acp of open sets in X such
that A\ H, is finite for every A € D and w ¢ |Jcp Ha. Set G = X \ U ep Ha, H=V U cp Ha; then
G and H are open subsets of Z separating w from z.

() Similarly, w and z can be separated if w € Z; and z € X.

(8) Suppose that w, z both belong to Z;. Let U, V C Z; be disjoint countable sets, both open in
Z7, containing w, z respectively. Set D = {A: A€ A, z4 € UUV}; let (Ga)aep be a disjoint family
of open subsets in X such that A\ G4 is finite for every A € D; set G = UU{G4 : A € D, z4 € U},
H=VU{Ga:A€D,zy €V} Then G and H are open sets in Z separating w from z. Q

(vi) Setting z* = za«, we see that A* \ G is finite for every neighbourhood G of z*, so that z* =
lim,, oo . The construction ensured that {z*} is an open set in Zi, so that X U {z*} is an open set in Z,
as required. If (z,)nen is a sequence in Z \ ({2*} U{z, : n € N}), then

either it has a subsequence in Z;, which cannot converge to z* because z* is isolated in Z,
or it has a subsequence which is a convergent sequence in X, and does not converge to z*,
or C ={z, : n € N} N X belongs to C, so meets some A € A in an infinite set; as A # A*,
(zn)nen has a subsequence converging to some z4 # z*.
In any case, we see that (z,)nen does not converge to z*, which is what we needed to know.

5C Lemma Suppose that (F,)nen is a sequence of critical filters of countable type on N such that
(ct Fr)nen is non-decreasing. Let (I,,),en be a partition of N into infinite sets, and g, : N — I, a bijection
for each n; let F be lim,,— x;, gn[[Fn]]. Then F is a critical filter, and ct F = sup,,en(ct Fp, + 1).

proof (a) Setting & = sup,,cn(ct F,, + 1), then of course
ct F < supen(ct gn[Fnl] +1) <€
by 1D.
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(b) For each n € N, let X,, be a sequentially compact Hausdorff space and f, : N — X,, a function
such that lim f,[[F5]] is defined and does not belong to U, .., 7, f[N];. Set Z, = Xy, x {n} for each n,
X = U,en Xn with the disjoint union topology. Then X satisfies the conditions of 5Bb. I Let (A;);cr be
a countable family of countably infinite subsets of X such that A; N A; is finite for all ¢ # j and there is no
non-trivial convergent sequence made up of points from any single A;. As every X, is sequentially compact,
this means that A; N Z,, is finite for every i. Take any (z, k) € X.

If I is finite, there is an m > k such that A; N A; does not meet Z,, for any m > n and any i # j.
In this case, for m > n, Uiel A; N Z,, is finite, so we can find disjoint open sets G;,, C X,, such that
Ai N Zy C Gy x {m} for each i; setting G; = ,,,>,, Gim X {m}, we have a disjoint family (G;)icr of open
sets in X such that A; \ G; is finite for every i, and (z,k) & U,c; Gi-

If T is infinite, we may take it that I = N. In this case, let (n;);eny be a strictly increasing sequence,
starting with ng > k, such that 4,NA; N Z,, is empty whenever ¢ < j and m > n;; set A, = Ai\Um<m D
Then A; \ A is finite and A} N A} is empty whenever i < j in N. This time, {J;cy 4i N Zp, is finite for every
m € N, so we can use the same method as before to find G;;,, for ¢, m € N, and G,,, for m € N, such that
Al C G, for every i and (G;)ien is a disjoint family of open sets. If we take the elementary precaution of

setting G = () for every i, then (z,k) ¢ U;cny Gi- Q

(¢) By Lemma 5Bb, we can embed X in a sequentially compact Hausdorff space Z such that {(x,,n))nen
converges to a point z* of Z and no sequence in Z\ ({z*}U{(zn,n) : n € N}) converges to z*. Let f : N — Z
be such that f(g, (7)) = (fn(¢),n) for all i, n € N. Then f[[F]] — z*. P If G is any neighbourhood of z*,
then

{n:{j: f() € G} € gul[Full} = {n:{i: f(9n(i)) € G} € Fyu}
={n:{i: (fn(i),n) € G} € F,}
2 {n: (xn,i) € G} € Fp,

so f7HGl e F. Q
If n € N and n < ct F, then (z,,n) ¢ fIN];7. P Because Z, is open in X and Z,

Zn N FINY = (Zo N fINDG = flInly
= (falN] x {n})7 = fulNJ; x {n}

(calculating f,[N]y in X, of course); as z, ¢ fu[N];, (zn,n) ¢ fIN]. Q
7 If ¢ < ¢ and 2* € f[N|, then (as 2* surely does not belong to f[N]) there is a sequence (z;)ien in
Un<< f[N]; converging to z*, with no z; equal to z*. Now (z;);ey must have a subsequence in common
with ((zn,n))nen, so there must be infinitely many n such that (2,,,n) € U, . fIN];. However, there is an
m € N such that ¢ < ct F, for every n > m, in which case (z,n) & U, . fn[N]}; which is impossible. X
Thus we know that ¢t F < &, that f[[F]] — 2%, and that z* ¢ (J._, fN]Z"; we conclude that ct F = &
and that f: N — Z witnesses that F is critical.

5D Theorem For every £ < w; there is a critical filter on N with countable-type level &.

proof Induce on &. For £ = 0, take a principal ultrafilter. For the step to & > 0, let (£,)nen be a non-
decreasing sequence such that £ = sup,, (&, + 1). For each n € N, there is a critical filter F,, on N such
that ct F,, = &,; now the construction of Lemma 5C gives a critical filter with countable-type level &.

5E Lemma For every n € N there is a homogeneous critical filter H,, on N such that ct H,, =n + 1.

proof Induce on n.

(a) Start with Ho = Fpy. To see that Fp, is critical, take X = NU {00} to be the one-point compactifi-
cation of N, and f : N — X the identity function.

(b) For the inductive step to n + 1, let (Ix)ren be a partition of N into infinite sets, and let g be the
increasing enumeration of Iy for each k; set H, 11 = limg— 7, gx[[Hn]]- By 5C, Hp41 is a critical filter and
ctHpr1 =n+ 2.
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(c)(i) For each k € N, set G, = g [[Hn]][ Ik, so that G, is isomorphic to H,, and is homogeneous; observe
that

Hpni1 ={A: ACN, ANI; € G} for all but finitely many k}.

(ii) Suppose that A C N is infinite, and that Y C (J,,c 4 Ik is such that I \ Y ¢ Gy, for every k € A. Of
course N\'Y ¢ H,, 1. For k € A, G;, is isomorphic to its trace G, = Gp[(Y N I); let hy : [y, — I NY be a
corresponding isomorphism. Enumerate A in ascending order as (k;);en, and let h : N — Y be the bijection
defined by setting

h(j) = hi,gr,9; *(j) if i € Nand j € I.
For BCN,

BeH,11 < BnNI; €g, for all but finitely many

g; '[BN ;] € H, for all but finitely many i

gr.[9; ' [B N L]] € Gy, for all but finitely many i

b [gr;l9; (BN L]]] € Gy, for all but finitely many i

h[B]N I}, € G, for all but finitely many i

h[B] NI}, € G, for all but finitely many k € A

<~ JCCNWB=YNC, CNI € Gy for all but finitely many k € A
< 3JCCN, KB =YNC, CNI; € Gy for all but finitely many k € N
<~ 3C € Hps1, K[B] =Y NC

< BeH,1]Y.

rreey

So h is an isomorphism between H,,11 and its trace on Y.

(iii) Now let Y be any subset of N such that N\Y ¢ H, 1 1;8et A= {k: YNl ¢ Ge}, Y =Y NUpca Ix
and Y =Y Ny s \ {min(Ilx NY)}). By (ii), Hyn1 is isomorphic to its trace on Y. But observe that
J =Y \Y” is an infinite set such that N\ J belongs to Hy+1, and that the same is true of J' =Y’ \Y”. So
the traces of Hy4+1 on Y and Y’ are isomorphic, since one is mapped to the other by any bijection between
J and J’; and the trace of H, 11 on Y is therefore isomorphic to H, 1.

Thus Hyp+1 is homogeneous.

5F Lemma Suppose that K C N. Then there is a filter 7 on N such that ¢t F = w and

K ={n:n € N and there is an A C N such that
F[A is a homogeneous filter and ct(F[A) = n + 2}.

proof (a) Let (n(k))ren be an unbounded sequence in N such that
K={n:neN,{k:keN, n(k)=n} is infinite}.

Let (It)ren be a partition of N into infinite sets, and gi : N — I a bijection for each k; let (H,)nen be the
sequence of filters constructed in Lemma 5E, and set F = limy . 7, gr[[Hn(x)]. Since

ct g [[Hnwl] < et Hpgy <w
for every k, ct F < w.

(b) Suppose that (k;);en is a strictly increasing sequence in N such that (n(k;));en is non-decreasing. Set
V = U;en Ik;- Then
FIV = Timi 7, g [Hawo IV

(1Fa), so ct(F[V) = sup;ey n(k;) + 1 (Lemma 5C, transferred to the partition (Ix,)ien of A). In particular,
since (n(k))ken is unbounded, we can find a strictly increasing sequence (k;);en such that (n(k;)):en is also
strictly increasing, in which case ct F > ct(F[V) > w, and ct F must be exactly w.
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(c) If n € K, there is a strictly increasing sequence (k;);en such that n(k;) = n for every i € N. In this
case, setting V' =, cx Ik, »

FIV =Timiz, g, [[Hall[V = Hna
by the construction in the proof of 5E. By 5E, F[V is homogeneous with countable-type level n + 2.

(d) Now suppose that A C N is such that N\ A ¢ F and F[A is homogeneous with finite countable-type
level. Set

so that J is infinite; let (k;);en be a strictly increasing sequence in J such that (n(k;))ien is either strictly
increasing or constant. For each i € N, set G; = gx, [[Hn(k,)]][ Ik, so that G; = H,,(1,) is homogeneous and
I, \A ¢ G;; let h; : I, — Iy, N A be an isomorphism between (Iy;,G;) and (I, N A,G;[Ir, N A). Set
V' = U,en Ix:» and define b : V. — V N A by setting h(j) = h;(j) if ¢ € Nand j € Iy,. Just as in part (c-ii)
of the proof of 5E, h is an isomorphism between F[V and F[(V N A). But F[(V N A) must be isomorphic
to F[A, so F[V also is.

(e) Looking back at (b), we see that because F[V has finite countable-type level, (n(k;));eny must be
bounded, and therefore constant, with value belonging to K. In the latter case, (c) tells us that

ct(F[A) =ct(F[V)=n+2.

(f) So

K C{n:n €N and there is an A C N such that
F[A is a homogeneous filter and ct(F[A) =n + 2}

(by (c))
CK

by (e), and we’re done.

5G Theorem There are ¢ non-isomorphic filters of countable-type level w.

proof For every K C N we have a corresponding filter Fx as constructed in 5F. But the formula

K ={n:n € N and there is an A C N such that
Fi[A is a homogeneous filter and ct(Fx[A) =n + 2}

tells us that the Fx are all non-isomorphic, so there are at least ¢ isomorphism classes of these filters. In
the other direction, of course, PN has only ¢ Borel sets, so there can be at most ¢ filters on N of countable

type.

6 The coinitiality of filters of countable type
6A Theorem If F is a filter on N of countable type, ci F < cf NV,
proof (a) Let § be the set of filters F on N such that there are a function f : F — NN and a family
(AaB)a,peny in F such that
Aqy € Anp whenever a, 3, v € NN and 3 < v,
whenever A € F and f(A) < a in N¥| there is a 3 € N¥ such that 4,5 C A.

(b) Principal ultrafilters belong to §. P If F is generated by {n}, set f(A) = 0 for every A € F and
Auap = {n} for a, 3 e NV. Q

(c) If (Fp)nen is a non-decreasing sequence in §, then F = J,, o Fn belongs to §. P For each n € N,
let fn, (Agg>aﬁ€NN witness that F,, € §. If A € F, set f(4) = fn(A) where n = min{i : A € F;}. If o,
B € NN and n € N, define <n>"3 € NV by setting
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(<n>"0)(i) =nifi=0
=p>G—1)ifi >0,
and set
k
Agcnsg = Nien AY) € 3.
If m, n € N and 3, v € NY are such that <m>"ﬁ < <n>“77 then m <n and 5 <, so

_ AR _
Aa,<n>”"y - ﬂkgn Ot’Y = nk<n aﬁ - ﬂk<m afB — AOc ,<m>"f3"

If A€ F and o € NN are such that f(A) < a, then there is an n € N such that A € F,, and f,,(A) < . Let
B € N be such that A((lnﬁ) C A; then
Aa,<n>”ﬁ < At(xnﬁ) C A
So f and (Aag)a, geny Witness that F € §. Q
(d) If (Fu)nen is any sequence in §, then F =
that F,, € §. Define f : F — NN by setting
f(A) (i) = maxpn<i fn(A) ()

for A€ Fand i€ N. For o« € NY and k € N set (o V k)(i) = max(a(i), k) for every i € N. For o, v € NV
and sequences (3,)nen in NV, set

O(OZ, FY’ <6n>n€N) = UnEN mkg'y(n) AO‘Vkaﬁn € ‘7:

If o, v, 7 € NY and two sequences (B,)nen, (), )nen in NY are such that v < 4/ and 8, < 3/, for every n,
then

nen Fn belongs to §. P Let fp, (A aﬁ)>a Beny Witness

C(a, 7, (B )nen) U m Aavk,p, C U m Aavk,gr

neN k<+’(n) neN k<vy(n)
- U ﬂ Aa\/k,ﬁn = C(Oé,’}/, <6n>n€N)
neN k<vy(n)

If A€ F and a € N are such that f(A) < «, then for each n € N we have a y(n) € N such that
fa(A) < aVy(n), and now there is a 3, € NY such that A D Aavy(n),p,; 50 that

A D UnEN avy(n),Bn 2 UnEN mkgv(n) AO‘Vkﬁn = O(avva <6n>n€N)

Since NV x (NY)N is isomorphic, as partially ordered set, to NY, this means that f and C, suitably re-coded,
witness that F € §.

(e) Thus every filter on N of countable type belongs to §. On the other hand, every filter in § has
coinitiality at most @ = ¢cfNY. PP Let D C N be a cofinal set of cardinal 2. If F € §, let f and (Aap)a,pent
witness this. If A € F, there is an o € D such that f(A) < a; now there are a 8 € N such that A D A,
and a y € D such that 3 < v, in which case A D A,. So {Aqay : o, v € D} is coinitial with F and witnesses
that ciF <0. Q

Accordingly every filter on N of countable type has coinitiality at most 0, as claimed.

6B Remark In the notation of FREMLIN 087, §522, the sequential composition (NV, <, NV)x (NN, < NN)
is the supported relation (NN x (NV)N' R NN x NN), where R is the relation
{((0.).(8.7)) s, B,y €N e (N), o < 5 and h(B) < 7}.
Suppose that F is a filter in the family § of the proof of 6A, and 7 is the corresponding ideal {N\ A : A € F}.
Let f, (Agy)p,~env witness that F € §. For E € 7, choose h € (NM)N" such that N\ E D Ag b (3) Whenever
f(N\ E) < 3 € NN, Define ¢ : T — NN x (NN)NN and ¢ : NN x N¥ — 7 by setting
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for E € Z and 3, v € NY. Now suppose that E € T and 3, v € N are such that (¢(E), (3,7)) € R. Then
J(N\ E) < B and hp(B) <7, so

N\E 2 Agnpp) 2 Apy

and E C 9(8,v). But this means that (¢,%) is a Galois-Tukey connection from (Z,C,Z) to (NY, < NV) x
(NN, <, NN). This implies in particular that

ciF =cfT = cov(Z,C,7) < cov((NV, <, NY) x (NN, < NN))
= cov(NY, <, NV} . cov(NN, <, NV)
(the cardinal product)
= cf NN . ¢f NN = ¢f NV,

Acknowledgements Conversations with R.D.Mauldin, I.Rectaw and members of the Oxford Analytic
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