CONVERGENCE IN VAN DER WAERDEN AND HINDMAN
SPACES

RAFAL FILIPOW AND JACEK TRYBA

ABSTRACT. We consider four classes of topological spaces which are defined
with the aid of convergence with respect to ideals on N. All these classes are
subclasses of countably compact spaces, and two of them are also subclasses
of sequentially compact spaces. In the first part of the paper (Sections 1 and
2) we prove some properties of these classes. In the second part of the paper
(Sections 3 and 4) we focus on spaces defined by two particular ideals con-
nected with well known theorems in combinatorics, namely van der Waerden’s
theorem and Hindman’s theorem. The main aim of this part of the paper
is to show that two classes of the considered spaces coincide for the van der
Waerden ideal and Hindman ideal respectively.

1. BW-SPACES

Throughout this paper, all topological spaces are assumed to be Hausdorff.

By an ideal on a set X we mean a nonempty family of subsets of X closed under
taking finite unions and subsets of its elements. By Fin(X) we denote the ideal of
all finite subsets of X (for X = N we write Fin = Fin(N)). Moreover, we always
assume that ideals are proper (i.e. X ¢ T) and contains all finite subsets of X (i.e.
Fin(X) C 7). We say that an ideal Z is a P-ideal if for every countable family
{A,, : n € N} C 7 there exists A € Z such that A,, \ A is finite for any n € N.

By Y we denote the set of all functions from X into Y, and in the case of
X C N the set YX is the set of all sequences (y,,)nex with y, € Y for n € X.

Let X be a topological space, Z be an ideal on N and A C N. We say that a
sequence (Zn)nea € X4 is Z-convergent to x € X if

neA:iz,¢U}eZ

for every open neighborhood U C X, z € U. For Z = Fin we obtain the ordinary
convergence.
We say that the pair (X,Z) has
(1) BW property if every sequence (z,)neny € X" has an Z-convergent subse-
quence (Z)nca with A ¢ T;
(2) FinBW property if every sequence (x,)neny € X has a Fin-convergent
subsequence (z,)nca with A ¢ T;
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(3) hBW property if every sequence (z,)nea € X4 with A ¢ T has an Z-
convergent subsequence (z,,)necp with B C A and B ¢ 7;

(4) hFinBW property if every sequence (x,)nca € X? with A ¢ T has a Fin-
convergent subsequence (x,,)n,cp with B C A and B ¢ 7.

We write (X,Z) € BW if the pair (X,Z) has the BW property; we say that
an ideal Z has the BW property (Z € BW, in short) if the pair ([0,1],Z) € BW
(and the same for properties FinBW, hBW and hFinBW). For examples and
properties of ideals with(out) the BW-like properties see [6] where these definitions
were introduced.

Clearly, the following diagram holds. By “A — B” we mean “if (X,Z) € A then
(X,Z) € B”. If there is no arrow in some direction between A and B, then it means
that, in general, (X,Z) € A does not imply (X,Z) € B (see [6] for examples of
ideals showing that no other implications hold).

hFinBW
SN
FinBW hBW

\BW/

The following theorems give us plenty of examples of spaces and ideals with
BW-like properties.

Theorem 1.1 ([7, Corollary 5.7]). Suppose that a topological space X satisfies the
following condition:

(%) the closure of every countable set in X is compact and first countable.

If
(1) Z can be extended to an F, ideal (e.g. T is an analytic P-ideal with the BW
property), or
(2) T can be extended to a maximal P-ideal, or
(3) T is a mazimal ideal,

then (X,Z) € BW (In the case (1) and (2), (X,Z) € FinBW).

Theorem 1.2 ([1, Theorem 3.3], see also [19, Theorem 4.9]). (1) If X is a com-
pact space, then (X,Z) € hBW for every mazimal ideal T.
(2) If X is Ts-space, then (X,Z) € hBW for every mazimal ideal Z if and only
if X is w-bounded (i.e. every countably subset of X has compact closure).

It is known (see e.g. [11]) that the class of spaces which satisfy (x) includes all
compact metric spaces, all compact linearly ordered topological spaces and every
limit ordinal of uncountable cofinality.

It is not dificult to see that if (X,Z) € BW, then X is countably compact (i.e.
every sequence in X has a cluster point). The reverse implication does not hold for

the ideal
A 1,... -1
Id:{AQN:limsup| N{0L,...,n i :0}

n—00 n

of sets of asymptotic density zero does not have the BW property, i.e. ([0,1],Z4) ¢
BW ([9]) . (For more examples of ideals without the BW property see [6].)
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It is obvious that if (X,7Z) € FinBW then X is sequentially compact (i.e. every
sequence in X has a convergent subsequence). The example ([0,1],Z4) ¢ BW
shows that the reverse implication does not hold. Moreover, (X,Z) € hBW does
not imply that X is sequentially compact. Indeed, if we take any compact spaces
that is not sequentially compact and any maximal ideal Z then, by Theorem 1.2,
(X,T) € hBW.

In general, there is no relation between “(X,Z) € BW” and “X is compact”.
The lack of one implication is given by the example ([0, 1],Z;) ¢ BW. On the other
hand, by Example 1.3, if X = w; then (X,Z) € hFinBW for every P-ideal Z and
X is not compact.

Example 1.3. Let X = w; with the order topology.
(1) X is not compact.

(2) (X,7) € hBW for every ideal Z.

(3) X is sequentially compact.

(4) (X,Z) € hFinBW for every P-ideal Z.

Proof. (1) Let Uy = [0, @) for & < wy. Then {U, : & < wy} is a cover of X without
finite subcover.
(2) Let A ¢ 7 and x,, € X for n € A. We have two cases:
e There is ¢ € X such that B={ne€ A:x, =z} ¢ T;
e For every x € X we have {n€ A:x, =z} €T

In the first case (2, )nep is Z-convergent to x. Now we consider the second case.
Let e =inf{fa €wy : {n€ A:z, <a} ¢ T} Itisnot difficult to check that = is a
limit ordinal. Let B ={n € A: x, <x}. Then B ¢ T and (x,,)nrecp is Z-convergent
to x.

(3) Take Z = Fin and apply (2).

(4) Let A ¢ Z and =, € X for n € A. By (2) thereis B C A, B ¢ T such
that (z)nep is Z-convergent to z € wy. Let {a, < x : n € N} be a sequence
such that sup{a, +1 : n € N} = z. Let U, = (ap,x + 1) for n € N. Let
C,={neB:ux, ¢ U,} forn € N. Since C,, € T for every n € Nand Z is a
P-ideal, so there is C € T such that C,, \ C is finite for every n € N. Now it is not
difficult to show that (z,)nep\¢ is Fin-convergent to z. O

The following diagram summarize the relationship between BW-like spaces and
compactness properties (if there is no arrow in some direction, it means that, in
general, there is no implication between those notions).

hFinBW
FinBW
sequentially compact compact

N\ l /

countably compact
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Below we provide some results showing that BW-like properties are closed under
some topological operations.
Proposition 1.4 ([7, Proposition 2.6]). Let A € {BW, FinBW, hBW, hFinBW}.
(1) If (X, Z) e A and Y C X is closed, then (Y,T) € A.
(2) If (X, Z)e Aand f: X =Y is continuous, then (f[X],7) € A.
Proposition 1.5. Let A € {hBW, hFinBW}.

(1) If S is finite and (Xs,Z) € A for s € S, then ([[,cg Xs,T) € A.
(2) Suppose that X5 # () for every s € S. Then (P..o Xs,Z) € A if and only
if (Xs,Z) € A for every s € S and S is finite.

seS

Proof. Straightforward. |

In Proposition 1.7 we show that in Proposition 1.5(1) we cannot take an infinite
S. In Example 1.8 we show that in Proposition 1.5 we cannot take A = BW. On
the other hand, Propositions 1.9, 1.10 and 1.11 show that for some classes of ideals
or spaces we can extend Proposition 1.5(1) for S infinite or A = BW.

Anideal 7 is analytic if it is an analytic subset of P(N) with the product topology
(here we identify P(N) with the Cantor space {0,1}"). A function ¢ : P(N) —
[0, 00] is called submeasure if ¢(@) = 0 and ¢(A) < ¢(B)+ ¢(C) for any A C BUC.
A submeasure ¢ is lower semicontinuous (Isc for short) if ¢(A) = lim, 0 ¢(AN
{0,1,...,n}) for any A C N. For a lsc submeasure ¢ we define || A|| = lim,_,cc #(A\
{0,1,...,n}). It is not difficult to show that || - || is a submeasure. Moreover we
define Exh(¢) = {A C N : ||A4]| = 0}. In [16] the author proved that Z is an analytic
P-ideal if and only if Z = Exh(¢) for some Isc submeasure ¢. In [6] the authors
proved the following characterization of analytic P-ideals with the BW property.

Theorem 1.6 ([6, Theorem 3.6]). Let T = Exh(¢) be an analytic P-ideal. The
following conditions are equivalent.

(1) Z € BW.
(2) There is 6 > 0 such that for any partition Ay, As, ..., Ay of N there exists
i < N with ||4;]| > 6.
Proposition 1.7. Let T = Exh(¢) be an analytic P-ideal without the BW property.
Let X; = wy for every i € N. Then (X;,Z) € hFinBW for every i € N, but
(HieN XivI) ¢ BW.
Proof. Since 7 is a P-ideal, so, by Example 1.3, (X;,Z) € hFinBW for every i € N.

Now we will show that (J],cy Xi,Z) ¢ BW. By Theorem 1.6, for every i € N
there is a partition {A% : k < N;} of N such that

. 1
() 4l < 3
for every k < N;. We define the sequence f,, € [, X: by
fu(i) =k < ne AL,

where n,7 € N and k < NN;.

Let A ¢ Z. We will show that (f,)nea is not Z-convergent.

Let e = ||A|| > 0. Let ip € N be such that 1/iy < e. Since {AL : k < N}
is a partition of N with (%) property, so there are distinct ko, k1 < N;, such that
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AN AR || > 0and [[AN AL > 0. Hence AN AL, ANAP ¢ I. Let Uy = {ko}
and Uy = X, \ {ko}. Then X;, = Uy U Uy, Uy, U; are open in X, and

{nEA:fn(io)er}QAﬂAZ; ¢7

for j = 0,1. Thus (f,,(i0))neca is not Z-convergent, so (fy)nea is not Z-convergent.
O

Remark. The ideal Z; of asymptotic density zero sets is an example of an analytic
P-ideal (see e.g. [3]) without the BW property ([9]).

Example 1.8. There exist spaces X,Y and an ideal Z such that (X,Z) € BW and
(Y,;Z) e BW, but (X xY,7) ¢ BW and (X ¢Y,7Z) ¢ BW.

Proof. Let X be a sequentially compact space and /7 be a maximal ideal such that
(X,J1) ¢ BW (such a space is constructed in [15]). Let ¥ be a compact space
which is not sequentially compact (say Y = SN) and J> = Fin.

Let T =7 & J» be an ideal on N x {0,1} defined by

AeheoJ. <= {neN:(n0) eA}e] and
{neN:(n,1) € A} € Jo.

(Using any bijection between N x {0,1} and N we can see Z as an ideal on N.)
It is not difficult to see that for any space Z we have

(Z, T ®& T) € BW — (Z,71) € BW or (Z,J2) € BW.

Since X is sequentially compact, so (X,Z) € BW. And by Theorem 1.2, (Y,Z) €
BW.

Below we show that (X @ Y,Z) ¢ BW. (It is not difficult to show that if
(X ®Y,T) ¢ BW, then (X x Y,Z) ¢ BW.)

Since (X, J1) ¢ BW, so there is a sequence (zp,)nen, Tn € X, such that (x,)neca
is not Jj-convergent for any A ¢ J;. Since Y is not sequentially compact, so there
is a sequence (Yn)nen, Yn € Y, such that (y,).ep is not Fin-convergent for any
B ¢ Fin = J5. Let 2,0 = x, and 2,1 = y, for every n € N. Then (2,,i)(n,5)ca is
not Z-convergent for any A ¢ 7. O

Question 1. Do there exist topological spaces X,Y and an ideal Z such that
(X,Z) € FinBW and (Y,Z) € FinBW, but (X x Y,Z) ¢ FinBW or (X @Y ,Z) ¢
FinBW?

Proposition 1.9 ([7, Proposition 2.7]). Let A € {BW, FinBW,hBW, hFinBW}.
If ([0,1],Z) € A, then ([],cn Xn,T) € A for any compact metric spaces X,.

Proposition 1.10 ([1, Theorem 4.2], see also [19, Theorem 4.7]). Let Z be a
mazimal ideal. Let A € {BW,hBW}. If (Xs,Z) € A for every s € S, then
([Lies X, T) € A.

If 7 is an ideal, then Zt = P(N) \ Z is called a coideal. We say that Z" is a
P(ZI)-coideal (P-coideal, resp.) if for every sets A,, € Z* such that A4, D A, 4; for
every n € N, there exists A € ZT with A\ A4, € Z (A\ A,, € Fin, resp.) for every
n € N. For examples and properties of P-coideals see e.g. [2, 17]. P(Z)-coideals
are considered in [7]. For instance, if Z is an F, ideal then ZT is a P-coideal (see
[7, Proposition 5.1]).
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Proposition 1.11. (1) If I is a P(ZT)-coideal and (X,,,T) € hBW forn € N,
then (I],en Xn,Z) € hBW.
(2) IfZ% is a P-coideal and (X,,,Z) € hFinBW forn € N, then (]
hFinBW.

nen Xn, L) €

Proof. We show (1) and the proof of (2) is an easy modification of (1). Let f, €
[Lieny Xi for n € B ¢ Z. Since (X;,Z) € hBW for every i € N, so there are sets
A; ¢ Z, 1 € N, such that 49 C B, A; O A;41 for every ¢ and (f,(7))nea, is Z-
convergent to some y; € X; for every i € N. Let f € [],. Xs be given by f(i) = y;.
Since Z7 is a P(Z)-coideal, so there is A ¢ Z such that A\ A; € Z for every i € N.
Without loss of generality we can assume that A C B. Now we claim that (f,)neca
is Z-convergent to f. Let U =[],y Ui €[],y X be an open neighborhood of f.
Let 79 € N such that U; = X; for every ¢ > ig. Then

fned:fugUl=|JineA: f.(i) ¢ U C

1<i0

U ((A\A)U{ne A () ¢ UY) € T.

1<1g

2. SPACES DEFINED BY MAD FAMILIES

We say that sets A, B are almost disjoint if AN B is finite.

Let A be a pairwise almost disjoint family of infinite subsets of N. Define a
topological space ¥(A) as follows: the underlying set of ¥(A) is NU A, the points
of N are isolated and a basic neighborhood of A € A has the form {A} U (A\ F),
with F finite. (The space ¥(A) was introduced in [14].) It is known that the space
U(A) is Hausdorff, regular, locally compact, first countable and separable; if A is
infinite then U(.A) is not compact (see [14] or [18, Section 11]). Moreover, it is easy
to see that

o AU{A} is compact in U(A) for every A € A;
e K N A is finite for every compact K C W (A);
o (K\ UK NA))NN is finite for every compact K C ¥(.A).

Let ®(A) = ¥(A)U{oo} be the one-point compactification of ¥(A). (Recall that
open neighborhoods of co are of the form ®(A) \ K for compact sets K C U(A).)
Thus, ®(A) is Hausdorff and compact. It is not difficult to show that ®(A) is
separable and first countable at every point of ®(A) \ {oo}; if A is infinite then
®(.A) is not first countable at the point co. If A is a mad family on N (i.e. infinite
maximal pairwise almost disjoint family of infinite subsets of N), then ®(A) is
sequentially compact (see [11, Theorem 6]).

The following theorem shows that in [4, Theorem 2.2] one does not have to
assume that A C Z and BW can be replaced by hBW. The proof of this general-
ization is a slight modification of the original one but we provide it for the sake of
completeness.

Theorem 2.1 (Essentially [4, Theorem 2.2]). If A is a mad family on N, then
(®(A),Z) € hBW for every ideal T.

Proof. Let Y = V(A), X = ®(A), (xn)nen € XV, B ¢ Z. We have 3 cases:
(1) C={neB:x, =00} ¢TI;
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(2) C={neB:x,c A} ¢TI;
3) C={neB:x,eN}¢T.

In case (1) the subsequence (x,,)ncc is Z-convergent to oo and C ¢ Z.

In case (2) we have two subcases:

(2a) thereis Ac Awith D={neC:z,=A} ¢7T;

(2b) {ne C:x, = A} €T for every A € A.

In case (2a) the subsequence (2, )nep is Z-convergent to A and D ¢ T.

In case (2b) the sequence (z,,)nec is Z-convergent to co and C' ¢ Z. Indeed, let
K CY be a compact subset of Y. We will show that {n € C : z, ¢ X \ K} € Z.
Let KNA={A,...,An}. Let F; ={neC:xz, =A;} (i =1,...,m). Since
FieZforeveryi=1,....myso{neC:x,¢ X\K}=FU---UF, €T.

In case (3) we have 3 subcases:

(3a) thereisr e Nwith D={neC:z,=r}¢7T;

(Bb) {neC:zp,=r}ecZforeveryre Nand D={neC:x, € A} ¢ T for

some A € A;
(Bc) {neC:z,=r}eTforeveryr € Nand {n e C:z, € A} € T for every
Aec A

In case (3a) the subsequence (2, )nep is Z-convergent to r and D ¢ Z.

In case (3b) the subsequence (z,)nep is Z-convergent to A and D ¢ Z. Indeed,
let F C A be a finite set. We will show that {n € D : z, ¢ {A}U(A\ F)} € Z.
Let F ={ri,...,rm}. Let ; ={neC:z,=mr;} (i=1,...,m). Since F; € T for
everyi=1,...,m,so{neD:x, ¢ {AJUA\F)}C R U---UF,, €.

In case (3c) the subsequence (z,)nec is Z-convergent to oo and C ¢ Z. Indeed,
let K CY be a compact subset of Y. We will show that {n € C:z, ¢ X\ K} €T.
Let KNA={A,....,4A,}. Let F; ={neC:x, € A} (i=1,...,m). Let
F=(K\AU---UA)NN={r,...,rx}. Let G; ={neC:z, =rj}
(j=1,...,k). Since F;,G; € Zforeveryi=1,...,m,j=1,...,k, so

(neC:iay¢ X\K}CFU---UF, UG U---UGy €.
O

An ideal Z on N is dense if for every infinite A C N there is an infinite B C A
such that B € 7.

Proposition 2.2. An ideal T on N is dense if and only if there is a mad family A
on N such that A CT.

Proof. (=) Let A be a maximal element of the family
F ={B:B CZ and B is almost disjoint family consisting of infinite sets}.

(There is one by Zorn’s lemma.) Now it is enough to show that A is also a maximal
element of the family

G = {C : C is almost disjoint family consisting of infinite sets}.

Let C be an infinite subset of N. Since Z is dense, so there is an infinite C' C A
such that C’ € Z. Since A is maximal in F, so there is A € A such that AN C’ is
infinite. Then A N C is infinite as well, hence A is maximal in G.

(<) Let A be a mad family on N such that A C Z. Let B be an infinite
subset of N. Since A is mad, so there is A € A such that AN B is infinite. But
ANBCAc€cACTI, soAnBeT.
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d

Proposition 2.3. Let Z be a dense ideal on N. If A is a mad family on N such
that A CZ, then (®(A),T) ¢ FinBW.

Proof. Let x,, = n for n € N. Suppose that there is B ¢ Z such that (z,)necp is
Fin-convergent to some z € X. It is obvious that « ¢ N. Thus we have two cases:
(1) z = A for some A € Aor (2) z = 0.

Case (1). Since A € Z so C = B\ A is infinite. Since U = {A} U A is an
open neighborhood of A, so {n € B : z, ¢ U} is finite. On the other hand
C C{neB:ux,¢U}, a contradiction.

Case (2). Let A € A be such that C = AN B is infinite. Since U = X\ (AU{A})
is an open neighborhood of oo, so {n € B : x,, ¢ U} is finite. On the other hand,
CC{neB:x, ¢ U}, acontradiction. O

In [8, see the note below the proof of Proposition 2.2] the author claims that for
every F, ideal Z there exists a Hausdorff, compact, sequentially compact, separable
space which is first-countable at all points but one, such that (X,7) ¢ FinBW. In
Proposition 2.4 we show that this is not true for F, ideals which are not dense, and
in Proposition 2.5 we show that this is true for all (not only F,) dense ideals.

Proposition 2.4. Let T be an ideal on N which is not dense. For every X, X is
sequentially compact < (X,T) € FinBW.

Proof. The implication “<” is obvious (and holds even for dense ideals). Now we
show the opposite implication. Let A = {a,, : » € N} C N be an infinite set such
that for every infinite B C A we have B ¢ Z. Let z,, € X (n € N). Define y,, = z,,
(n € N). Since X is sequentially compact, so there is infinite C C N such that
(Yn)nec is convergent to some x € X. Then B = {a, :n € C} ¢ T and (2, )nep is
convergent to x. O

Proposition 2.5. Let Z be a dense ideal on N. There exists a Hausdorff, compact,
sequentially compact, separable space which is first-countable at all points but one,
such that (X,T) ¢ FinBW.

Proof. By Proposition 2.2 there is a mad family A on N such that A C Z. Then
by Proposition 2.3 the space X = ®(.A) is the required one. O

3. THE VAN DER WAERDEN IDEAL

A set A C N is called an AP-set if it contains arbitrarily long finite arithmetic
progressions.

Theorem 3.1 (van der Waerden). If an AP-set is partitioned into finitely many
parts, then one of the parts is an AP-set.

Let W denote the family of all non-AP-sets A C N. Then by van der Waerden’s
theorem W is an ideal, and we call it the van der Waerden ideal. It is not difficult
to see that WV is a dense ideal and it is not a P-ideal.

The BW-like properties with respect to the ideal W were already considered
in the literature [8, 11, 12], where the authors considered spaces X such that
(X,W) € FinBW and called them van der Waerden spaces. For instance, in [11,
Theorem 10] the author proved that (X, W) € FinBW for all compact metric spaces
X. Moreover, in [11, Proposition 4] the author proved the following theorem.
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Theorem 3.2 (Kojman). For every X, (X,V) € FinBW <+<— (X,W) €
hFinBW.

Below we show how to modify the proof of Theorem 3.2 to obtain the following
theorem.

Theorem 3.3. For every X, (X,W) € BW < (X,W) € hBW.

Proof. The implication “<” is obvious, so we only prove “=". Let z,, € X for
n € A ¢ W. By thinning out A we may assume that A = J, .y C, where each Cy,
is an arithmetic progression, 2 - max C,, < min Cy,41 and |Cy41] > (max C,,)%.

Let h : N — A be the increasing enumeration of A. Since (X, W) € BW, there
exists B ¢ W such that (z(n))nep is VW-convergent to some x € X.

We will show that (z,,)nen(p) is W-convergent to x and h[B] ¢ W.

First observe that for each C;, and arithmetic progression C' C B, h[C]| N C,, is
an arithmetic progression and for each arithmetic progression D C C,,, h=![D] is
also an arithmetic progression.

Second note that for each arithmetic progression D = {ag, a9 +d,...,aq+ (m —
1)d} C A of length m, at least m — 1 of its elements belong to a particular C,,.
Indeed, let ag + Id € Cy, for some positive [ < (m — 1) and ag + (I — 1)d € C,
for some n < ng. Then ag + (I — 2)d would be below 0 since d > max C,, in that
situation.

Now we show that (x,),ecnp] is W-convergent to 2. Suppose that there is an
open neighborhood of z, U C X, such that A’ = {i € h[B] : ; ¢ U} ¢ W. Let
D C A’ be an arithmetic progression of length m. Then there exists ng such that
A'NC,, is an arithmetic progression of length at least m — 1. Hence h='[A' N C,,,]
is also an arithmetic progression of length at least m — 1, and h=1[A'NC,,,] C {n €
By €U} Thus {n € B :xp,) € U} ¢ W, a contradiction.

Finally we show that h[B] ¢ W. The argument is the same as in the proof of
Theorem 3.2, so we provide it only for the completeness.

Let k& € N be arbitrary and C = {ag,a0 + d,...,a0 + (k — 1)d} C B be
an arithmetic progression of length k so that £ < ag. Let mg be such that
h(ag+d) € Cy,. Clearly k,ag and d are smaller than max C,,, hence ag+(k—1)d <
max Cp,, + (max Cy,, —1)(max Cp, ) = (max C, )% < |Cpyi1|. Since h is the increas-
ing enumeration of J, .y Cr, it holds that h(ao + (k —1)d) € Cy, U Cpyy1, and
consequently h[C'\ {a,}] C Cp, U Cpys1. Thus either h[C] N Cp, or A[C] N Cpyt1
is an arithmetic progression of length no less than (k — 1)/2. O

Proposition 3.4. There exists a Hausdorff, compact, sequentially compact, sepa-
rable space X which is first-countable at all points but one such that (X, W) € hBW
and (X, W) ¢ FinBW.

Proof. Since W is a dense ideal, so, by Proposition 2.2, there is a mad family on
N such that A C W. Let X = ®(A). By Theorem 2.1 (X, W) € hBW and by [11,
Theorem 6] (X, W) ¢ FinBW. O

Example 3.5. There exists a sequentially compact space X which is not compact
and (X,W) € hFinBW.

Proof. Let X = wy with the order topology. By Example 1.3, X is sequentially
compact and not compact. By [11, Theorem 10 and Proposition 4], (X, W) €
hFinBW. O
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Example 3.6. There exists a compact space X which is not sequentially compact
and (X, W) ¢ BW.

Proof. Let X = [0, 1}[0’1] with the product topology. It is known that X is compact
and not sequentially compact (see e.g. [13, Example 105]).

It is not difficult to see that for any A ¢ W there are disjoint sets B,C ¢ W
such that A = B UC, so, by [5, Proposition 5.2, (X, W) ¢ BW O

Proposition 3.7. Let S be finite. Let A € {BW, FinBW,hBW, hFinBW}. If
(X5, W) € A for every s € S, then (P, Xs, W) € A.

Proof. For A € {hBW,hFinBW} it is Proposition 1.5. For A € {BW,FinBW},
apply Proposition 1.5 and Theorem 3.3 or 3.2, respectively. (I

Proposition 3.8. Let S be countable. Let A € {BW, FinBW, hBW, hFinBW}. If
(X5, W) € A for every s € S, then ([[,cg Xs, W) € A.

Proof. First we show that W is a P-coideal (hence P(W)-coideal, as well). Let

A, € WH, A, D A, for n € N. For every n let F,, C A, be an arithmetic
progression of length n. Then A =J,, F,, ¢ W and A\ A, C |J,_, Fi € Fin.

Now it is enough to apply Proposition 1.11 and Theorem 3.3 or 3.2, respectively.

O

The following diagram summarize the relationship between BW-like spaces with
respect to the van der Waerden ideal W and compactness properties (if there is
no arrow in some direction, it means that there is no implication between those
notions).

FinBW = hFinBW = van der Waerden space
/ ? \
sequentially compact —— BW =hBW compact
\ ! l /

countably compact

Question 2. Does there exist a sequentially compact space X such that (X, W) ¢
BW?

Question 3. Does there exist a space X such that (X, W) € BW, but X is not
sequentially compact?
4. THE HINDMAN IDEAL
For A C N we write

FS(A) = {Z n: F C A is nonempty and ﬁnite} ,
nel

i.e. FS(A) is the set of all finite non-repeating sums of members of A. A set A C N
is called an IP-set if there is an infinite D C A with FS(D) C A.
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Theorem 4.1 (Hindman). If an IP-set is partitioned into finitely many parts, then
one of the parts is an IP-set.

Let ‘H denote the family of all non-IP-sets A C N. Then by Hindman’s theorem
‘H is an ideal, and we call it the Hindman ideal.

Let D C N be an infinite set and X be a topological space. A sequence
(Tn)ners(pys Tn € X, is IP-convergent to x € X if for every open neighborhood
U C X, x €U, there is m € w such that

{zn, :n € FS(D\{0,1,...,m—1})} CU.

A topological space X is called a Hindman space if for every sequence (x,)nen,
r, € X there is an infinite set D C N such that (xn)ner(D) is IP-convergent to
some x € X ([10, Definition 4]). It is easy to see that every Hindman space is
sequentially compact.

The BW-like properties with respect to the ideal H and Hindman spaces were
already considered in the literature [4, 8, 10, 12]. For instance, in [10, Theorem 11]
the author proved that all compact metric spaces are Hindman, whereas in [4,
Proposition 3.5] the author proved that if X is a Hindman space, then (X, H) € BW
(hence (X, H) € BW for all compact metric spaces X ). Moreover in [4, Theorem 3.7]
the author showed that there exists a Hausdorff, compact, sequentially compact,
separable space X which is first-countable at all points but one such that (X, H) €
BW but X is not Hindman. In [10, Theorem 3] the author proved the following
theorem.

Theorem 4.2 (Kojman). For every X, (X,H) € FinBW < (X, H) € hFinBW
<~ X is finite.

An infinite set D C N is called sparse if for every x € FS(D) there is a unique
nonempty finite set ¥ C D with = ) _pn. It is not difficult to show that for
every infinite D there is an infinite sparse £ C D.

When D = {d;,ds, ...} C Nissparse and x € FS(D), there is a unique nonempty
finite set F' for which x =, > d;. We denote that unique F' by ap(z).

Let D be a sparse set. A set D; C FS(D) is called normal in FS(D) if Dy is
sparse and for all z,y € Dy, if « # y, then ap(z) Nap(y) = 0.

Lemma 4.3. If A = {a1,as,...} is sparse such that 2Zi§n a; < apt1 for each
n € N, then for every FS(H) C FS(A), H is normal in FS(A).

Proof. Suppose H is not normal in F\S(A). We could find then such hq,hy € H
that hy = a; + ZieaA(hl)\{k} a;, ho = a + ZieaA(,w)\{k} a;, for some k € N.

Let K = max(aa(hi) Uaa(hs)). Notice that since 2>, a; < ax1, it means
that hy + he < ax+1. Now we have two possible cases: -

(a) Should K € aa(h1) Naa(he) then ag1 > hi +he > Y. ) a;, 50 a contra-
diction with hy + hy € FS(H) C FS(A). -

(b) Should K & aa(hi) N aa(hs) then K € au(hy + he). It is clear that
hi + he —ag € FS(A). Repeat the above reasoning for h; + hy — ax and K' =
max((aa(h1) Uaa(he)) \ {K}). Since k € aa(h1) Naa(ha), after at most K — k
steps case (a) will hold. That gives a contradiction. (I

Lemma 4.4 ([10, Lemma 7]). Let E = {2" : n € N}. If B is sparse, then there
exists By C FS(B) which is normal both in FS(E) and FS(B) (hence FS(B;) C

FS(B)).
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Theorem 4.5. For every X, (X,H) € BW < (X,H) € hBW.

Proof. The implication “<” is obvious, so we only prove “=". Let z,, € X for
n € A’ ¢ H. Without loss of generality we can assume that A’ = FS(A) where
A ={a, :n € N} is a sparse set such that 2% . a; < ap41 for each n € N.

Let E = {2" : n € N}. Note that E is sparse and FS(E) = N. We define
g: N — FS(A) by

gm)=g| > 2= > a
i€ap(n) i€ap(n)
Let yn = wy(p) for n € N. Since (X, H) € BW, so there is an infinite B C N and
y € X such that (y,)ners(p) is H-convergent to y. We can assume that B is sparse
and, by Lemma 4.4, we can also assume that B is normal in FS(E).
Let C' = g[B]. Since B is normal in FS(E), so C is normal in FS(A4). Thus
FS(C) € FS(A). We will show that (z,)ners(c) is H-convergent to y (and that
will finish the proof). First we have to prove two claims.

Claim. g[FS(B)] = FS(g[B));

Proof of Claim. Let b; € B for i = 1,...,n. Since B is normal in FS(F), so
ag(b;) Nag(b;) =0 for i # j. Since E is sparse, so ag (Y i, b)) = Ul ap(b;).
Finally,
g(Zlh)g Z 21 | = Z a; =
=1 jear (i, bi) jeap (X7, bi)
Y -3 X )Y
JeUiz, ap(bs) i=1 \jEap(b;) i=1
(]

Claim. If D C FS(B), D € H, then g[D] € H.

Proof of Claim. Suppose that g[D] ¢ H. Let G C N be an infinite set with FS(G) C
g[D]. Since FS(G) C FS(A), so, by Lemma 4.3, G is normal in FS(A). Let
D' = g7'[G]. Since A is sparse, g is a bijection, thus D' C D. We will show
that FS(D') C D, which would obviously be a contradiction with D € H (and
that will finish the proof of the claim). First note that aa(g(n)) = ag(n) for
every n € N. Suppose di,dy € D’'. Since G is normal in FS(A), we know that

aa(g(dr)) Naa(g(de)) = 0, which means that

g(d1) + g(da) = Z a; + Z a; = Z ai + Z

i€aa(g(dy)) i€aa(g(ds)) icag(d) icag(da)
Z a; = Z ai:g(d1-‘rd2).
ieaE(dl)UOtE(dz) iE()éE(d1+d2)

Therefore, g(d; + dz) € FS(G) C g[D], so di + dz € D. The case of arbitrary
finite sum can be shown in the same manner. O
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Now we are ready to show that (z,)ners(c) is H-convergent to y. Let U C X
be an open neighborhood of y. Since {n € FS(B) : y, ¢ U} € H, so g[{n € FS(B) :
yn & U}] € H. On the other hand, g[{n € FS(B) : y, ¢ U}] = {g9(n) € g[FS(B)] :
Ty UL ={k € FS(g[B]) :2x ¢ U} = {k € FS(C) : 2, ¢ U}. O

Corollary 4.6. If X is a Hindman space then (X, H) € hBW.

Proof. If X is a Hindman space, then by [4, Proposition 3.5] (X,H) € BW. Thus,
by Theorem 4.5 (X,H) € hBW. O

Corollary 4.7. There exists a Hausdorff, compact, sequentially compact, separable
space X which is first-countable at all points but one such that (X, H) € hBW but
X is not Hindman.

Proof. By [4, Theorem 3.7] there exists a Hausdorff, compact, sequentially compact,
separable space X which is first-countable at all points but one such that (X, H) €
BW and X is not Hindman. Thus, by Theorem 4.5 (X, H) € hBW. O

Example 4.8. There exists a sequentially compact, Hindman space X which is
not compact and (X,H) € hBW.

Proof. Let X = w; with the order topology. By Example 1.3, X is sequentially
compact, not compact and (X, H) € hBW. By [10, Theorem 11], X is Hindman. O

Example 4.9. There exists a compact space X which is not sequentially compact
and (X,H) ¢ BW.

Proof. Let X = [0, 1}[0’1] with the product topology. It is known that X is compact
and not sequentially compact (see e.g. [13, Example 105]).

It is not difficult to see that for any A ¢ H there are disjoint sets B, C ¢ H such
that A = BUC, so, by [5, Proposition 5.2], (X, H) ¢ BW O

Proposition 4.10. Let S be finite. Let A € {BW, FinBW, hBW, hFinBW}. If
(X, M) € A for every s € S, then ([],cq X5, H) € A and (P, Xs,H) € A,

Proof. For A € {hBW,hFinBW} it is Proposition 1.5. For A € {BW,FinBW},
apply Proposition 1.5 and Theorem 4.5 or 4.2, respectively. (]

In Proposition 4.10 one cannot take S infinite and A € {FinBW,hFinBW}
for products of spaces (unless all but finitely many spaces consist of one point).
Indeed, if X; = {0,1} for i € N then (X;,H) € hFinBW for every 4, whereas [[, X;
is infinite, so (][, Xi, H) ¢ FinBW.

In Proposition 4.11 we show that in Proposition 4.10 one can take S infinite
and A € {BW,hBW} for products of spaces. However the proof does not use
Proposition 1.11 because we do not know if H is a P(H)-coideal.

Proposition 4.11. Let A € {BW,hBW}. If (X,,H) € A for n € H, then
(IT,en Xn, H) € A.

Proof. By Theorem 4.5 it is enough to consider the case A = hBW. Let f, €
[Licn Xi forn € B' ¢ H. Without loss of generality we can assume that B’ = FS(B)
for some infinite sparse B = {bo, b1, ...} such that 23, . by < bypy1.
First we construct infinite sets A4; = {a}, : k € N} CN, i € N, such that
(1) FS(B) 2 FS(A;) D FS(A 1) for any i,
(2) (fnli))ners(a,) is H-convergent to some y; € Xj,
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(3) A; is normal in FS(B).

Since (Xo,H) € hBW, there is an infinite set Ay, such that FS(Ay) C FS(B)
and (fn(0))ners(a,) is H-convergent to some yo € Xo. By Lemma 4.3 A¢ is normal
in FS(B).

Suppose that sets A; have been constructed for j < 4. Since (X;, H) € hBW,
there is an infinite set A; such that FS(A;) C FS(A4;,-1) and (fn(%))neca, is H-
convergent to some y; € X;. By Lemma 4.3 A; is normal in FS(B) and FS(A4;) for
j < i. That finishes the construction of sets A;. It is obvious that sets A; have the
required properties.

Now we construct an infinite set A = {ag, a1, ...} such that

(1) FS(4) € FS(B),
(2) FS(A)\FS(A;) € H for each i € N.

Let ag = min Ag. Suppose that we have already constructed ay for k < 7. Let

a; = min {m € A; : minag(m) > maxag(a;—1) and 22% < az} )
k<i

First note that the definition of a; is correct. Indeed, since A; is infinite and normal
in FS(B), so the minimum is taken from a nonempty set. Second we show that
the set A has the required properties. Since ap(a,) Nag(ar) = 0 for n # k, so
FS(A) C FS(B). Suppose that there is an infinite set H and ¢ € N such that
FS(H) C FS(A) \ FS(4;). Since

H CFS(A)\ FS(4;) C FS({ar : k < i}) U (FS({ay : k < i}) + FS({ax : k > i})),

FS({ax : k < 4}) is finite and H is infinite, so there are distinct x,y € H and
k < i such that k € aa(z) Naa(y). But, by Lemma 4.3, H is normal in FS(A), a
contradiction.

Let f € J[,cn X be given by f(i) = y;. We claim that (f,)ners(a) is H-
convergent to f. Let U = [[,cy Ui € [];cn Xi be an open neighborhood of f. Let
19 € N such that U; = X; for every ¢ > ig. Then

{n€FS(A): fo g Ut = | J{n € FS(A): foli) ¢ U;} C

1<t0

U ((FS(A) \FS(4;)) U{n € FS(A4;) : fali) ¢ Ui}) € H.

i<ig
d
The following diagram summarize the relationship between BW-like spaces with

respect to the Hindman ideal H and compactness properties (if there is no arrow
in some direction, it means that there is no implication between those notions).
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FinBW = hFinBW = finite space

/

sequentially compact — BW =hBW compact
‘?

N /

countably compact

Hindman space

Question 4. Does there exist a sequentially compact space X such that (X, H) ¢
BW?

Question 5. Does there exist a space X such that (X,H) € BW, but X is not
sequentially compact?

5. THE VAN DER WAERDEN IDEAL VERSUS THE HINDMAN IDEAL

In [12] the authors proved that if we assume the Continuum Hypothesis then
there exists a space X such that (X,) € FinBW but X is not a Hindman space.

Proposition 5.1. There exists a Hausdorff, compact, sequentially compact, separa-
ble space X which is first-countable at all points but one such that (X, W) ¢ FinBW
but (X,H) € hBW and (X, W) € hBW.

Proof. Let A be a mad family on N such that A C W. Then X = ®(A) is as
required (by Theorem 2.1 and Proposition 2.3). O

It seems that other questions about relations between BW-like spaces for these
two ideals are still open.
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