REPRESENTATION OF IDEAL CONVERGENCE AS A UNION
AND INTERSECTION OF MATRIX SUMMABILITY METHODS

RAFAL FILIPOW AND JACEK TRYBA

ABSTRACT. We characterize ideals on N for which the ideal limit function is
representable as an intersection (union resp.) of matrix summability methods.
More specifically, we characterize ideals Z for which there is a family M of
matrices such that a sequence z is Z-convergent to . <= xz is A-summable
to L for every (some resp.) A € M. We consider separately cases of all
sequences and bounded sequences. We also consider Z*-convergence.

1. INTRODUCTION

All the notions and notations used in the introduction are defined in Section 2.

The following theorem of Mazur (see [1, p. 71-72] or [2, p. 44-45]) is a represen-
tation theorem of continuous linear functionals defined on separable subspaces of
£°°,

Theorem 1.1 (Mazur). Let V C £ be a separable linear subspace of €>° with sup
norm. For every continuous linear functional ¢ : V — R there is an infinite matriz
A = (aik)iken such that

(1) air =0 for all but finitely many k and every i,
(2) 225y laik| < 1| for every i,
(3) limioo 252y laskl =[],
(4) for everyx €V,
o0
o(x) = zliglo Zamxk = lim?z.
k=1
The above theorem means that every continuous linear functional on a separable
subspace of £*° is equal to some matrix summability method on that subspace.
Let Z be an ideal on N which contains an infinite set. Let ¢ be the set of all Z-

convergent sequences. It is not difficult to show that V' = ¢Z N¢* is a nonseparable
subspace of £*° with sup norm'. Now we can define a continuous linear functional

lim?:V - R
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Hndeed, take an infinite set A € Z and notice that balls B(13;1/2) of the radius 1/2 and the
center 1p are pairwise disjoint for distinct B C A, there is uncountable many distinct subsets of
A, and for each B C A we have B(1p;1/2)NV #0
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mapping a sequence x to the Z-limit of x. In general, this functional does not have
a matrix representation similar to one given by Mazur. Indeed, if Z is a maximal
ideal, then it is known that every bounded sequence is Z-convergent (see e.g. [19,
Lemma 5.2]). On the other hand, Steinhaus [30, p. 122] proved that for every
regular matrix A there is a sequence x € ¢*° which is not A-summable. Thus,
lim? # lim? for every A.

For the ideal Z; of all sets of the asymptotic density zero, the question whether
the functional lim” has a representation in terms of matrix summability methods
was posed by Mazur as Problem 5 in “The Scottish Book” ([25, Problem 5, p. 55]
or [24, Problem 5, p. 69]). This problem was solved by Khan and Orhan [18,
Theorem 2.2] (see also Theorem 4.3 in this paper, and see [10] for more information
on the problem). They proved that for every matrix ideal Z (in particularly for Z,)
there is a matrix A such that

lim? = lim*
in the realm of bounded sequences.

In Sections 3 and 4 we summarize what is known about representation of ideal
convergence as a matrix summability method. We do it (there and in the farther
sections) both in the realm of bounded sequences and unbounded sequences. More-
over, beside ideal convergence, we also consider Z*-convergence. The reason for
considering this additional kind of convergence follows from the fact that Mazur
defined Z4-convergence as Zjj-convergence (we know that they are the same), but
in general Z-convergence and Z*-convergence are distinct.

Before Khan and Orhan proved the above-mentioned result, Fridy and Miller
[12, Theorem 4] proved that the ideal limit function generated by a matrix ideal Z
is equal to an intersection of some matrix summability methods in the realm of all

bounded sequences, more specifically they showed that there is a family of matrices
M such that

Vi € > (limzx =L < VYA€ M (lim*z = L))
or putting it in other words
lim® [ = (Y{lim? [ £ : A € M}.

Later, Gogola, Macaj and Visnyai [14, Theorem 4.4] proved that the similar result
holds for another family of ideals and they asked ([14, Problem 4.6]) whether the
same holds for every ideal Z. In [10], we showed that the answer is negative.

In Section 5 we characterize ideals for which ideal limits can be represented
as an intersections of matrix summability methods. Next, using these character-
izations, we show in Subsection 5.1 that ideal limit functions generated by ideals
defined with the aid of nonpathological submeasures always have representations
as intersections of matrix summability methods, and in Subsection 5.2 we answer
a question of Visnyai about representations of ideal limit functions generated by
ideals of logarithmic and exponential density zero sets.

Fridy and Miller [12, Theorem 3] also proved that the Z-limit function is equal
to a union of some matrix summability methods in the realm of all sequences, more
specifically there exists a family of matrices VW such that

Vz € RY (hmfdx =L < JAecW(lim?s = L))
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or putting it in other words
lim%e = U{limA : A e Wl

In Section 6 we characterize ideals for which ideal limits can be represented as a
unions of matrix summability methods.

2. PRELIMINARIES

We denote by N the set of positive natural numbers, and by RY the family of
all real sequences © = (7, )nen. Let £° = {x € RN : z is bounded} and ¢ = {z €
RY : 7 is convergent}. We denote by 14 the characteristic function of a set A. Let
[A® = {B C A:|B| =g}

2.1. Summability methods.

Definition 2.1. Let D C RY. Any function A : D — R is called a summability
method.

Example 2.2. The ordinary limit function lim : ¢ — R is a summability method.

Definition 2.3. A summability method A is regular if A [ ¢ = lim (i.e. ¢ C dom(A)
and A(x) =limz for every x € ¢).

Definition 2.4. Let A; and Ay be two summability methods. We say that
e A; and As are equal if dom(A;1) = dom(Ay) and A;(x) = Ax(z) for every
x € dom(A7) (i.e. Ay = As as relations);
e A; is contained in Ay (or As contains Ay) if dom(A;) € dom(As) and
Ay (z) = Aa(z) for every x € dom(A;) (i.e. Ay C Az as relations).

2.2. Matrix summability methods.

Definition 2.5. Let A = (a; )i ken be an infinite matrix of reals. We say that
x € RY is A-summable if

(1) the series A;(w) = >, oy aixTx is convergent for every i € N, and

(2) the sequence (A;(x));en is convergent.
The real lim; o, A;(z) is called the A-limit of x. We denote by ¢ the family of
all A-summable sequences. Finally, the matriz summability generated by A (for
short, A-summability method) is the function lim? : ¢4 — R given by lim*(z) =
lim;_, 0 A;(2). We write lim” z instead of lim* (z).

Example 2.6. For the identity matrix I = (a; ) where a,; = 1 and a; = 0 for
i # k, the matrix summability method is equal to the ordinary limit i.e. lim’ = lim
(ie. ¢! = ¢ and lim’ z = lim z for every z € ¢).

Example 2.7. For the Cesaro matrix C' = (a;) where a;, = 1/i for k < ¢
and a;r = 0 for & > 4, the matrix summability method is regular, and lim® z =
lim % for every 2 € ¢©. In this case, C-summability method is called the
Cesdro summability method.

Definition 2.8. We say that a matrix A = (a, ) is regular if the matrix summa-
bility method generated by A is regular. The matrix A is nonnegative if a; , > 0 for
every i,k € N. We denote by N’RM the family of all nonnegative regular matrices.

All regular matrices are characterized by the following theorem.
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Theorem 2.9 (Silverman [28], Toeplitz [32]). The matriz summability method
generated by a matriz A is regular if and only if

(1) lim; oo a;x =0 for every k € N,

(2) sup; 3 e laik] < oo,

(3) hIIll_>Oo ZkEN Qi = 1.
2.3. Ideals.

Definition 2.10. A family Z C P(X) is called an ideal on X if
(1) ABeI = AUBEeTI,
(2) ACBABeI = A€,
(3) Z contains all finite subsets of X,
(4) X ¢ 1.
For an ideal Z on X, we write Z* = {X \ A: A € I} and call it the filter dual to T.

Example 2.11. The ideal of all finite subsets of an infinite set X is denoted by
Fin(X) (or just Fin if X is clear from the context).

Definition 2.12. Ideals Z and J on X and Y respectively are isomorphic (in short
T =~ J) if there exists a bijection ¢ : X — Y such that A € T <= ¢[A] € J for
every A C X.

Definition 2.13. An ideal Z on X is a P-ideal if for every countable family A C 7
there is B € 7 such that A\ B is finite for every A € A.

Remark. While considering an ideal on an infinite countable set we can always see
it as an ideal on N by identifying this set with N via a fixed bijection.

Definition 2.14. For ideals Z, 7 and A ¢ T we define the following new ideals:
(1) I|A={BCA:BeI}={BNnA:BeT},
2)ZaoJ={ACNx{0,1}:{n:(n,0) € A} eZA{n:(n,1) € A} € T}},
3) ZoP(N)={ACNx{0,1}: {n:(n,0) € A} € T},

1) I TJ={ACNxN:{n:{k:(n,k) e A} ¢ T} €T},
5) VT ={ACNxN:YneN{k: (nk)e A} € 7)},
(6) IO ={ACNXxN:{n:{k:(nk) € A} £0} € T}.

2.3.1. F, ideals and analytic P-ideals. By identifying sets of natural numbers with

their characteristic functions, we equip P(N) with the topology of the Cantor space

{0,1}" and therefore we can assign topological complexity to ideals on N. In

particular, an ideal Z is F, (Fys, analytic resp.) if it is an F, (Fys, analytic

resp.) subset of the Cantor space.

Example 2.15. The family Fin = {A C N: A is finite} is an F,, P-ideal.
Definition 2.16. For a set A C N we define the asymptotic density of A by
d(A) = lim d;(A),
71— 00
where d;(A) = |AN{1,2,...,n}|/n, provided that the limit exists.

Definition 2.17. The family 7, = {A C N:d(A) = 0} of all sets of asymptotic
density zero is an F,5 P-ideal (see e.g. [9, Example 1.2.3(d)]).
Definition 2.18. A map ¢ : P(N) — [0, 00] is a submeasure on N if

(1) @) =0,
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(2) if A C B then ®(A) < ®(B),
(3) (AUB) < ®(A) + ¢(B).
A submeasure @ is
o lower semicontinuous if ®(A) = lim,,_,co P(AN{L,...,n}) for every A C N;
o nonpathological if
®(A) = sup{p(A) : p < ®, pu is a measure on P(N)}
for each A.

Definition 2.19. For a submeasure ® we define Fin(®) = {A C N : &(4) < co}.
If ®(N) = 00 and ®({n}) < oo for every n € N, then Fin(®) is an ideal.

All F, ideals are characterized by the following theorem.

Theorem 2.20 (Mazur [26]). Z is an F, ideal <= T = Fin(®) for some lower
semicontinuous submeasure ® on N such that ®(N) = oo and ®({n}) < co for every
n € N.

Definition 2.21. For a submeasure ¢ we define ||A||; = lim, 00 P(A\{1,...,n})
and Exh(®) = {A C N: ||A| s = 0}. If |N||4 # 0, then Exh(®) is an ideal (see e.g.
[9D)-

All F, P-ideals are characterized by the following theorem.
Theorem 2.22 (e.g. [9]). Z is an F, P-ideal <= 7T = Fin(®) = Exh(®) for
some lower semicontinuous submeasure ® on N such that ||N||4 # 0, ®(N) = oo
and ®({n}) < oo for every n € N.

All F,s5 P-ideals are characterized by the following theorem.

Theorem 2.23 (Solecki [29]). The following conditions are equivalent.
(1) Z is an analytic P-ideal.
(2) T is an F,s P-ideal.
(3) Z = Exh(®) for some lower semicontinuous submeasure ® on N such that
INllg # O
2.3.2. Tall and nowhere tall ideals.

Definition 2.24. An ideal 7 is tall if for every infinite B C N there is an infinite
C € T such that C' C B. It is easy to see that Z is tall <= VB € [N|* (Z | B #
Fin).

Remark. The name “tall ideal” was introduced by Mathias [22, 23], but later
Todorcevié¢ [31] and Farah [9] used the name dense ideal as a tall ideal is dense
in the poset ([N]*°, C), and now the two names are used in the literature.

Definition 2.25. We say that an ideal Z is nowhere tall if Z | A is not tall for
every A ¢ T. Tt is easy to see that Z is nowhere tall <= VA ¢ T3B € [A]™ (T |
B = Fin).

Remark. The name “nowhere tall ideal” was introduced by Matet and Pawlikowski

[21], but there are also other names used in the literature: a nowhere dense ideal
[8], and a locally fin ideal [17].

It is obvious that Fin is nowhere tall and it is not difficult to see that ) ® Fin
and Fin @ P(N) are nowhere tall as well. It is known that in the realm of analytic
P-ideals they are the only three nowhere tall ideals.
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Theorem 2.26 (see e.g. [9, Corollary 1.2.11]). Let Z be an analytic P-ideal. Then
7 is nowhere tall <= T is isomorphic to one of the three ideals: Fin, Fin & P(N)
or ) ® Fin.

In Proposition 2.27 we show how to produce more examples of nowhere tall
ideals. Moreover, by [21, Proposition 2.1], every ideal generated by less than p sets
is nowhere tall (where p is the pseudo-intersection number).

Proposition 2.27. If T and J are nowhere tall ideals, then 0@ J, TR0, T ® J
and T & P(N) are nowhere tall as well.

Proof. 0@ J: If A ¢ 0® T then there is n € N such that B = {k: (n,k) € A} ¢ J.
Then we have C C B such that J | C = Fin and for the set D = {(n,k) : k €
C} C A we have (0 ® J) | D = Fin.

ITo0: fAZZR0then B={ne N: AN ({n} xN) #£ 0} € Z. Then we
find C C B such that Z | C = Fin. If we denote by k, any number such that
(n,ky) € AN ({n} x N) for each n € C then for the set D = {(n,k,) :ne€C} C A
we have (Z® () | D = Fin.

I®oJ: f AZZT® J then either Ag={n:(n,0)€ A} ¢Zor Ay ={n:(n,1)¢€
A} ¢ J. In either case we find B C A; such that (Z& J) | (B x {i}) = Fin.

ZToP(N): If A¢ZP(N) then A4g = {n: (n,0) € A} ¢ Z Therefore, we can
find B C Ay such that (Z® P(N)) | (B x {0}) = Fin.

]

2.3.3. Ideals generated by matrices.

Definition 2.28 (Freedman-Sember [11], see also Drewnowski-Paul [7]). Let A be
a nonnegative regular matrix. For a set B C N we define the upper A-density of B
by
dA(B) = limsup d{*(B),

1—00

where d!(B) = 3", ai,x- Moreover, we define the A-density of B by
d4(B) = lim d(B)

1—> 00
provided that the limit exists. Note that d2(B) = A;(15) and d*(B) = lim* 1,
where 1p is the characteristic function of B.

Definition 2.29. For a nonnegative regular matrix A we define the family
Z(A) = {B CN:d*B) =0}.

It is easy to see that Z(A) is an ideal, and we call it the matriz ideal generated by

A.

Definition 2.30. For an ideal Z on N we define
M@IZ)={Ae NRM :Z CI(A)}.

(Families M(Z) will be frequently used in Section 5.)

Example 2.31. For the identity matrix I, d/(B) = 0 if B is finite, d/(B) = 1 if
N\ B is finite and d!(B) is undefined in other cases. The matrix ideal Z(I) equals
Fin.

Example 2.32. For the Cesaro matrix C', the C-density is just the asymptotic
density and the matrix ideal Z(C) is Zg.



REPRESENTATION OF IDEAL CONVERGENCE 7

Lemma 2.33 (Folklore, see e.g. [10]). If A is a regular matriz, then there is a
regular matriz B such that

(1) B has only finitely many nonzero elements in each row,
(2) each row ofB sums to 1,
(3) hm z =lm® z for every x € 1,

)1

(4) Z(A) = Z(B).

Remark. In general, Lemma 2.33(3) cannot be extended for unbounded sequences
x (see [10] for an appropriate example).

Proposition 2.34 ([11, Propositions 3.1 and 3.2], [3, Proposition 13], [7, Proposi-
tion 7.2]). Let A = (a; 1) be a nonnegative regular matric.
(1) Z(A) is an Fy5 P-ideal.
(2) Z(A) is a tall ideal if and only if im; oo a;x; = 0 (i.e. for every e > 0
there is m € N such that a; 1, < e for all i,k > n).

2.4. Ideal convergence.

Definition 2.35. Let Z be an ideal on N. A sequence z € RY is Z-convergent if
there exists L € R such that {n € N: |z,, — L| > ¢} € T for every € > 0. The real L
is called the Z-limit of . We denote by ¢ the family of all Z-convergent sequences.
Finally, the ideal limit function generated by an ideal T (in short Z-limit) is the
function lim? : ¢Z — R mapping z to the Z-limit of z.

Remark. In [5, Definition 1], Connor introduced the notion of p-statistical conver-
gence, where i is a finitely additive complete measure vanishing on finite sets. It
is not difficult to see that u-statistical convergence is equivalent to Z-convergence,
where Z = {A C N: uy(A4) = 0}.

Example 2.36. The ideal limit function generated by the ideal Z = Fin is equal
to the ordinary limit function (lim™™ = lim) i.e. ¢ = ¢ and lim"™ z = lim z for
every r € c.

Example 2.37. The ideal limit function generated by the ideal Z = Z; is regular
and strictly contains the ordinary limit function i.e. lim C lim?. Z -convergence is
also called statistical convergence. In “The Scottish Book” (e.g. [25, p. 55]), Mazur
used the name asymptotic convergence in this case. (In fact, Mazur defined it in a
different manner, but by Theorem 2.39(2) both notions coincide).

Remark. In [4, Definition 7], Connor introduced the notion of A-statistical con-
vergence, where A is a nonnegative regular matrix. It is not difficult to see that
A-statistical convergence is equivalent to Z(A)-convergence, where Z(A) is the ma-
trix ideal generated by A.

2.5. I*-convergence.

Definition 2.38. Let Z be an ideal on N. A sequence z € RN is T*-convergent
if there exists L € R and a set F' € Z* such that the subsequence (x,)necr is
ordinarily convergent (i.e. {n € F : |z, — L| > €} is finite for every ¢ > 0). The
real L is called the Z*-limit of . We denote by ¢Z the family of all Z*-convergent
sequences. Finally, the Z*-limit function generated by an ideal Z (in short Z*-limit)
is the function lim? : ¢Z” — R mapping = to the Z*-limit of x.
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Remark. In [5, Definition 1], Connor introduced the notion of convergence in -
density, where p is a finitely additive complete measure vanishing on finite sets. It
is not difficult to see that u-density convergence is equivalent to Z*-convergence,
where Z = {A C N: u(A4) = 0}.

The following theorem shows the basic relationships between Z-convergence and
T*-convergence.

Theorem 2.39 ([19, Proposition 3.2 and Theorem 3.2], see also [5, Proposition 2
and Theorem 6]). Let Z be an ideal on N.

(1) lim?" C lim®.

(2) IfT is a P-ideal, then lim* = lim®.

Remark. In [6, p. 320], Connor introduced the notion of convergence in A-density,
where A is a nonnegative regular matrix. It is not difficult to see that convergence
in A-density is equivalent to Z(A)*-convergence, where Z(A) is the matrix ideal
generated by A.

3. MATRIX SUMMABILITY VERSUS MATRIX IDEAL CONVERGENCE

The following theorem reveals relationship between matrix summability method
generated by a matrix A and the ideal limit function generated by the matrix ideal
Z(A).

Theorem 3.1 (Essentially [10, Proposition 4.4]). Let A = (a; ) be a nonnegative
and reqular matriz.

(1) GmZW | g C lim? | ¢,

(2) If there exist an infinite set B = {b, : n € N} and an increasing sequence

(in) such that d4(B) =0 and a;, , # 0 for each n € N, then

limZ ) Z lim*.

(3) If there exists B C N such that d*(B) exists and is not equal to 0 nor 1
then
LmZ ¢ 2 1im? | ¢,
and hence, also lim**) 2 lim™.
Proof. (1) and (3) is proved in [10, Proposition 4.4].
(2) Let * = (xy,) be given by z,, = 1/a;, s, and z, = 0 otherwise. Since
B € I(A), we get that x is Z(A)-convergent to 0. On the other hand, A; (z) =
> hey @iy kTR > G, b, Tp, = 1, hence z is not A-summable to 0. g

Remark. By Proposition 2.34, Z(A) is a P-ideal, so by Theorem 2.39(2)) we have
lim? = 1im?™". Thus, Theorem 3.1 remains true if we replace Z(A)-limit by
Z(A)*-limit.
Example 3.2. Let I be the identity matrix.

(1) Z(I) = Fin.

2) Em® ™ =lim’ and Lim®") | ¢ = lim! | ¢
Example 3.3. Let C' = (¢; 1) be the Cesaro matrix.

(1) Z(C) = Za.
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(2) HmZ(@ | ¢ 2 1im® | £>°, and hence, also lim*(©) 2 1im®.
(3) lim* @ ¢ lim®.
(4) HmZ @ | g C Lim® | .

Proof. These properties follows from Proposition 3.1 (however (4) was already
proved by Schoenberg [27, Lemma 4]). Indeed, to show (2) take B = {1,3,5,...}
and note that d“(B) = 1/2; to show (3) take B = {2" : n € N} and note that
d°(B) =0 and cgn g0 = 1/2™. O

4. ONE MATRIX SUMMABILITY METHOD

In Proposition 4.1 we provide a necessary condition for an ideal limit function
to be equal to some matrix summability method. This condition will be later used
to characterize ideals for which an ideal limit function is equal to some matrix
summability method (see Theorems 4.2 and 4.3).

Proposition 4.1. Let Z be an ideal on N and A € NRM. If lim?" | 0°° = lim? |
02 or lim® | £%° = lim® | £, then T = Z(A).

Proof. (C) Let B € Z. Then lim? 15 = lim* 15 = 0, so lim? 15 = 0. Thus,
d4(B) = 0, and consequently B € Z(A).

(D) Let B € Z(A). Then lim? 15 = 0, hence lim* 15 = 0 or lim”? 15 = 0. In
the first case we immediately obtain B € Z. In the second case there is C' € Z*
such that 15 | C' is ordinarily convergent to 0. Hence BNC' is finite and B\ C € Z,
so B=(BNCY)U(B\C)eT. O

Theorem 4.2 (Essentially [10, Theorem 3.2]). Let Z be an ideal on N. The fol-
lowing conditions are equivalent.

(1) 34 € NRM(lim® = lim™).

(2) 34 e NRM(lim®~ = lim?).

(3) Z="Fin or T =~ Fin® P(N).

Proof. (2) = (1) By Proposition 4.1, Z = Z(A). By Theorem 2.34, T is a P-ideal,
and consequently, by Theorem 2.39(2), lim”? = lim? . Thus, lim? = lim? for some
A e NRM.

(1) = (3) It was proved in [10, Theorem 3.2].

(3) = (2) It is not difficult to define an appropriate matrix A (in the first
case it is just the identity matrix) such that lim? = lim* (for details see [10,
Theorem 3.2]). O

Theorem 4.3 (Essentially Khan and Orhan [18, Theorem 2.2]). Let Z be an ideal
on N. The following conditions are equivalent.

(1) 34 € NRM(lim® | £2° = 1lim? | £).

(2) A e NRM(im®™ | ¢°° = Lim? | ).

(3) Z=1Z(B) for some B € NRM.

Proof. (1) = (2) By Proposition 4.1, Z = Z(A). By Theorem 2.34, 7 is a P-ideal,
and consequently, by Theorem 2.39(2), lim? = lim? . Thus, lim” ) [ > = lim“ I
£ for some A € N'RM.

(2) = (3) Follows from Proposition 4.1.

(3) = (1) It was proved in [18, Theorem 2.2]. O
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5. INTERSECTIONS OF MATRIX SUMMABILITY METHODS

Fridy and Miller [12, Theorems 1 and 4] proved that the ideal limit function
generated by a matrix ideal Z (in particular Z;) is equal to an intersection of
some matrix summability methods in the realm of all bounded sequences, more
specifically

lim® [ ¢ = ({lim” [ £ : A € M(T)}.

Later, Gogola, Macaj and Visnyai [14, Theorem 4.4] proved that the similar result
holds for the ideals Z; /,« with o € (0; 1], and they asked ([14, Problem 4.6]) whether
the same holds for every ideal Z. In [10], we showed that the answer is negative (see
also Theorem 5.5 below). In this section we study a similar problem in the realm of
all sequences and also for Z*-convergence. In Proposition 5.1 we provide a necessary
condition for an ideal limit function to be equal to an intersection of some matrix
summability methods, and in Proposition 5.2 we add one more necessary condition
for Z*-convergence. Next we use these conditions to characterized ideals for which
the ideal limit function is equal to an intersection of some matrix summability
methods (see Theorems 5.3, 5.4, 5.5 and 5.6).

Proposition 5.1. Let Z be an ideal on N and M C NRM. If lim? | (> =
N{lim? | £ : A e M} orlim®™ | £2° = N{lim™ | £ : A€ M}, then

(1) MC M),
(2) T={Z(A): A e M}.

Proof. (1) Let A € M. We have to show that Z C Z(A). Let B € Z. Then
lim? 15 = 0 and lim? 15 =0, so lim” 15 = 0. Thus B € Z(A).

(2,C) Follows from (1) and the definition of M(Z).

(2,0) Let B € ({Z(4) : A € M} and = 1p. Then z is bounded and A-
summable to 0 for every A € M, so x is Z-convergent to 0 or Z*-convergent to 0.
In the first case B = {n € N : |z, — 0| > 1/2} € Z. In the second case there is
FeT* withC={neF:|z,—0>1/2} € Fin. Then BC (N\ F)UC € 7, so
Bel O

Proposition 5.2. Let T be an ideal on N and M C NRM. If lim? [ £ =
N{lim? | £ : A e M}, then T is a P-ideal.

Proof. Let Py, Py,--- € I be pairwise disjoint sets such that |J, .y P = N. If we
find P € Z such that P, \ P is finite for every n € N, the proof will be finished.

Let us define x € £ by x;, = 1/n? < k € P,.

We show that lim” z = 0 for every 4 € M.

Let A € M. By Lemma 2.33, we can assume that d(N) = 1 for every i €
N. Let € > 0. Let ng € N be such that )3 . 1/n* < ¢/2. Since T C Z(A),
Py U---UP,, € Z(A), hence d*(P,U---UP,,) = 0. Let iy € N be such that
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dA(P,U---UP,,) < ¢/2 for every i > ig. Then

A=Y =3 Y nae =3 Y =3 (; 5 )
n=1

n=1keP, n=1keP, kePy,

El

—

=1 1 1
= Z ﬁd?(Pn) = Z ﬁdf(Pn) + Z ﬁdf(Pn)
n=1 n<ng n>ngo
1 1
< 1~df‘(Pn)+Zﬁ-lzdf(P1U-~-UPn0)+Z$§5
n<ng n>ngo n>ng

for every i > ig. Since ¢ is arbitrary, lim? z = 0.

Since lim? z = 0 for every A € M and lim? | £~ = N{lim? | £~ : A € M},
we obtain lim? z = 0. Consequently there is F' € Z* such that = | F' is ordinarily
convergent to 0.

If we take P = N\ F, then P € 7 and for every n € N we have P,\P = P,NF C
{k € F:|zx — 0] > 1/n?} and the latter set is finite. O

Theorem 5.3. Let Z be an ideal on N. The following conditions are equivalent.

(1) AIM C NRM(lim® = ON{lim* : 4 € M}).
(2) T is nowhere tall.

Proof. (1) = (2) Suppose to the contrary that there is B ¢ Z such that Z | B
is tall. By Proposition 5.1(2), there is A € M such that B ¢ Z(A). Then it is
not difficult to see that for every n € N there are i,k > n such that £ € B and
a;, 7 0. Consequently we can construct two increasing sequences iy, k, such that
kn € B and a;, i, # 0 for every n € N. Since Z [ B is dense, we can assume that
C={k,:neN}el

Now we define a sequence z € RN by 2, = nfai, r, for k =k, and z = 0
otherwise. Then z is Z-convergent to 0 (as C' € Z). On the other hand, A; (z) >
Xk, * @i, k, =N, S0 x is not A-summable to 0, a contradiction.

(2) = (1) For every B ¢ T we take C € [B]™ such that Z | Cp = Fin (note
that then Cp ¢ 7) and a matrix Ag = (a; ) such that a;., = 1 for every i € N
and a; , = 0 otherwise, where (¢;) is the increasing enumeration of Cp (note that
then Agp € NRM).

Let M ={Ap: B ¢ T}.

We claim that lim* = ({lim* : A € M}.

(C) Let € RN be Z-convergent to L and B ¢ Z. Then z | Cp is Z | Cp-
convergent to L. But Z [ C'z = Fin, hence z | Cp is ordinarily convergent to L.
Then it is not difficult to see that x is Ap-summable to L.

(2) Let z € RY be Ap-summable to L for every B ¢ Z. Suppose to the contrary
that z is not Z-convergent to L. Let € > 0 be such that B. = {n € N : |2,, — L| >
et ¢ 1.

Since x is Ap_-summable to L, so x [ Cp,_ is ordinarily convergent to L. Then
{n € Cp, : |x,—L| > £} is finite. On the other hand Cp_. C B, a contradiction. [

Theorem 5.4. Let T be an ideal on N. The following conditions are equivalent.

(1) IM C NRM(lim?" = N{lim” : A € M}).
(2) Z is a nowhere tall P-ideal.
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Proof. (1) = (2) By Proposition 5.2, 7 is a P-ideal. Then, by Theorem 2.39(2),
lim? = lim? , hence, by Theorem 5.3, Z is nowhere tall.
(2) = (1) By Theorem 5.3, there is M C NRM with lim* = {lim* : A €

M}, and then, by Theorem 2.39(2), lim? = lim”. O

Theorem 5.5 (Essentially [10, Theorem 6.9])). Let Z be an ideal on N. The
following conditions are equivalent.

(1) IM C NRM(lim” | £ = O{lim™? | ¢ : A € M}).

2) ZT={Z(A4): Ae M2D)}.

(3) lim® | ¢ = N{lim? [ ¢>°: A € M(T)}.
Proof. (1) = (2) It follows from Proposition 5.1(2).

(2) = (3) The proof is heavily based on Khan-Orhan theorem (Theorem 4.3),
and it is included in [10, Theorem 6.9]. We provide the proof for the readers
convenience.

(C) Let = be a bounded sequence with lim*z = L. Let A € M(Z). Then
T C Z(A), so lim*™ 2 = L. By Theorem 3.1(1) we obtain that lim” z = L.

(D) Let # be a bounded sequence such that lim?z = L for every A € M(Z).
Suppose to the contrary that x is not Z-convergent. Let € > 0 be such that
C={neN:|z,— Ll >c} ¢ Z Then there is A € M(Z) with C ¢ Z(A). By
Theorem 4.3 there is a nonnegative regular matrix B such that Z(A) = Z(B) and
lim?™) = 1im?. Then B € M(Z), so lim® z = L. Thus im*“ 2z = L as well. But
C ¢ Z(A), a contradiction.

(3) = (1) The family M = M(Z) works. O
Theorem 5.6. Let Z be an ideal on N. The following conditions are equivalent.

(1) IM C NRM(lim? | 1 = {lim? | > : A € M}).

(2) T is a P-ideal and T = ({Z(A): A € M(I)}.

(3) Lm?" | ¢ =N{lim® | £>°: A € M(T)}.
Proof. (1) = (2) By Proposition 5.2, 7 is a P-ideal. Then, by Theorem 2.39(2),
lim?" = lim%, hence, by Theorem 5.5, T = (\{Z(A) : A € M(T)}.

(2) = (3) By Theorem 5.5, lim® [ ¢>° = N{lim® | />~ : A € M(Z)}, and by
Theorem 2.39(2), lim® = lim”.

(3) = (1) The family M = M(Z) works. O

5.1. Ideals defined by submeasures. In this subsection we focus on represen-
tation of ideal limit functions for two classes of ideals defined with the aid of sub-
measure, namely analytic P-ideals and F, ideals (see Definitions 2.19 and 2.21, and
Theorems 2.20 and 2.23).

In the case of Z-limits in the realm of all sequences, we only have to check, by
Theorem 5.3, if Z is nowhere tall ideal. Thus, by Theorem 2.26, we essentially have
only 3 analytic P-ideals for which Z-limit can be represented as an intersection
of matrix summability methods. Unfortunately, we do not know of any simpler
characterization of nowhere tall ideals in the realm of F, ideals than the definition
of nowhere tallness itself.

In the case of Z-limits in the realm of bounded sequences, we show (see Theo-
rems 5.7 and 5.14) that the ideal limit functions generated by F, ideals and analytic
P-ideals defined with the aid of nonpathological submeasures are equal to an in-
tersection of some matrix summability methods. These results generalize theorems
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obtained by Gogola, Mac¢aj and Visnyai [14, Theorem 4.4] and Fridy and Miller
[12, Theorems 1 and 4] to a vast class of ideals as Farah writes in [9, p. 31]: “The
class of nonpathological ideals is rather extensive since it includes essentially all
analytic P-ideals occurring in the literature. [...] A large class of nonpathological
ideals was constructed by Louveau and Velickoié ([20]) [...]. In §1.13 we will intro-
duce density ideals, a class of nonpathological ideals which includes all Erdds-Ulam
ideals.”

We know that there is a pathological submeasure giving an ideal for which Z-
limit in the realm of bounded sequences is not representable as an intersection of
matrix summability methods (see Example 5.16). However, we do not know if the
same holds for every pathological submeasure (see Question 1).

5.1.1. F, ideals.

Theorem 5.7. If ® is a nonpathological lower semicontinuous submeasure and
7 = Fin(®), then im® | ¢>° = N{lim™ | £~ : A € M(Z)}. Moreover, im* | (> =
N{lim? | £ : A e M(Z)} <= T is a P-ideal.

Proof. Let B ¢ Z. Since ® is lower semicontinuous, oo = ®(B) = lim, o (B N

{1,...,n}). Then for every n € N there is k2 such that ®(B N {1,...,kB}) >
n. Since ® is nonpathological, there is a measure u2 < & such that puZ(B N

{1,...,kP}) > n. Now we define a matrix A® = (a, 1) by
B
o ({K}) B
for ke BN{l,...,k;} and n € N,
e = { REGB O {1, o KET) t I
0 otherwise.

If we show that for every B ¢ 7 we have

(1) AP is a nonnegative regular matrix,
(2) AB e M(Z),
(3) B ¢ I(A"),
then Z = ({Z(A) : A € M(Z)}, and the proof will be finished by Theorem 5.5.
Below we show properties (1)—(3), but first, observe that for every C' C N and
n € N we have

B
o B tin ({£})
(= l;an’k - kECmBg{:l ~kBY it (BOAL-- k)
_uBenBN{1,... KB}
T uB(BN{1,... kBY)

(1) First, it is obvious that a, > 0 for all n, k.
Second,

=1

B B
aB o pB(NNBNO{L,... kBY)
JLH;OZM— fim e (N = I = BB AL kP

Third, for every k we have

lim a, ;= lim
n—oo n—oo

B ({k})
(uﬁ(Bm{l,...,k,?) X0} >

({k’}) ({k‘}
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Thus, by Theorem 2.9, A” is a nonnegative regular matrix.

(2) We have to show that Z C Z(AP). Let C € T (i.e. ®(C) < o0). Since
—5 BonBn{1,...,kB}) o(C)
dA%(C) = limsup d2” (C) = limsu i 2 < limsu

" ( ) n—>oop " ( ) n—>oop ME(BQ{L,]{}E ) - n—>oop n
we obtain C' € Z(AP).

(3) It follows from

:O7

B B
d*”(B) = lim d*”(B) = lim pB(BNBN{1,....kEY})

=1
n—o0 nsoo  pB(BN{l,...,kB})

Now we show the “moreover” part of the theorem. The implication “ = 7
follows from Theorem 5.6. The implication “ <= " follows from the previous part
of the theorem and Theorem 2.39(2). O

Corollary 5.8. If yu : P(N) — [0;00] is a measure and T = Fin(yu), then lim” |
0° = {lim? [ ¢>°: A e M(T)}.
Proof. First note that every measure is a nonpathological lower semicontinuous

submeasure. Then apply Theorem 5.7. O

The following example shows that “measure” cannot be replaced by “finitely
additive measure” in Corollary 5.8.

Example 5.9. Let 7 be a maximal ideal on N. Define p(A) = 0if A € 7 and
w(A) = oo if A ¢ Z. Then p is a finitely additive measure with Z = Fin(u). On
the other hand, M(Z) = () (see [10, Proposition 6.5]). Thus lim” | £>° % ({lim* |
> : A e M(Z)} as the intersection is undefined in this case.

Definition 5.10. For every f: N — [0,00) such that 7, f(n) = co we define a
summable ideal generated by a function f by

If{BQN:Zf(n)<oo}.

neB
In particular, if f(n) = 1/n® with 0 < o <1 we obtain the ideal

1
Il/na:{BgN:Zna<oo}.
neB

Corollary 5.11. IfZ =TIy is a summable ideal, then lim? | ¢ = ﬂ{limA [ £°° -
Ae MD)}.

Proof. First note that u(A) = > ., f(n) is a measure and 7 = Fin(x). Then
apply Corollary 5.8. (]

Corollary 5.12 (Gogola, Macaj and Visnyai [14, Theorem 4.4]). If a € (0;1] and
I =T jna, then lim” | £ = N{lim® | (> : A € M(T)}.

Proof. Since 7 /,« is a summable ideal, Corollary 5.11 finishes the proof. ([

Remark. An example of a nonpathological submeasure ¢ such that the ideal Z =
Fin(®) is not a summable ideal is given in [9, Example 1.11.1].



REPRESENTATION OF IDEAL CONVERGENCE 15

5.1.2. Analytic P-ideals.

Lemma 5.13. For every lower semicontinuous submeasure ® : P(N) — [0; oo] there
exists a lower semicontinuous submeasure ¥ : P(N) — [0; 00] such that Exh(®) =
Exh(¥) and ||N||y < co. Moreover, if ® is nonpathological then ¥ can also be taken
nonpathological.

Proof. It is enough to take ¥(A) = min{l, ®(A)}. O

Theorem 5.14. If ® is a nonpathological lower semicontinuous submeasure and
T = Exh(®), then lim? | ¢ = lim” | /> = N{lim* | ¢ : A € M(Z)}.

Proof. By Theorem 2.23, T is a P-ideal, so, by Theorem 2.39(2), we have lim* =
lim?" . Below we show the second equality.

By Theorem 5.5, it is enough to show that Z = ({Z(A) : A € M(Z)}. By
Lemma 5.13, we can assume that ||NJ|; < oo.

Let B ¢ Z. Since ® is lower semicontinuous, for every n € N there is k2 €
N such that [®(B\ {1,...,n}) — ®((B\ {1,...,n}) N {1,...,kP})| < 1/n and
®((B\ {1,...,n})n{1,...,kB}) > 0. Since ® is nonpathological, for every n
there is a measure pu2 < ® such that [®((B\ {1,...,n})N{1,...,kB}) — uB((B\
{1,...;n)n{1,...,kBY| < 1/nand pB(B\ {1,...,n})n{1,...,k5}) > 0.

Now we define a matrix A® = (a, 1) by

o fir ({k})
R WB((B\{L,...,np)N{l,... kB})

for ke (B\ {1,...,n})Nn{1,...,kP} and n € N, and a,, ;, = 0 otherwise.
If we show that for every B ¢ T we have

(1) AP is a nonnegative regular matrix,
(2) AP e M(Z),
(3) B ¢ Z(AP),
then Z = ({Z(A) : A € M(Z)}, and the proof will be finished by Theorem 5.5.
Below we show properties (1)—(3), but first, observe that for every C' C N and
n € N we have

3 T S ({k})
PO = S s . i ({ _
= keCn(B\(L (L. ey HE (B\{1,...,n})n{1,...,kE})

_,uf(Cﬂ(B\{l,...,n})ﬁ{l,...,kf )
o wB((B\{1,...,n})Nn{l,....kB})

(1) First, it is obvious that a, > 0 for all n, k.
Second,

o BNA(B\{L,...,n}) N {L,...,kB})
1. n = 1 dABN - 1 :u’n( ’ ’ ’ »n =
HE&;“ = Jim di (N) = lim, (B(B\{L,....n))N{L,....kBY)

Third, for every k we have a, ; = 0 for every n > k, so lim,, .o a1 = 0.
Thus, by Theorem 2.9, A” is a nonnegative regular matrix.
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(2) We have to show that T C Z(AP). Let C € T (i.e. ||C| = 0). Then
— 5 Bon(B\{L,...,n))n{L,....kB})
dAB =i dA — 1 H’n( ) ) ’ s oy
(€) =lmsupd, (C) =limsup = 5ep g —— A, 5B}
, S(CN(B\{L,....,n}) N {L,....kBY)
<1 n
=Y TWE((B\ (L, np) 0 {1, kB})

. B(C\ {L,...,n}) _IClly _
=S BN (i) O (L BED) 1Bl

Thus C € Z(AB).
(3) Tt follows from

dAB(B): lim dAB(B): lim ME(BQ(B\{L,TL})O{].,,/%? )

L dy n=oo  uB(B\{1,...,n})N{l,...,kB}) =1

O

Corollary 5.15 (Fridy and Miller [12, Theorems 1 and 4]). If A € NRM and
T = I(A), then lim® | ¢ = N{lim® | ¢ : B € M(Z)}. In particular, lim*™® |
0 =N{lim? | ¢ : B € M(Z,)}.

Proof. By Lemma 2.33, we can assume that A has only finitely many nonzero
elements in each row and each row of A sums to 1. Let ® : P(N) — [0;00] be
given by ®(B) = sup{d{(B) : i € N}. Then it is not difficult to show that & is
a nonpathological lower semicontinuous submeasure and Z(A) = Exh(®). Thus
Theorem 5.14 finishes the proof. O

Example 5.16. In [10, Propositions 6.8 and 6.15] we constructed an example of a
pathological lower semicontinuous submeasure ® such that

lim® [0 # ({lim? [ £ : A € M(2)}
where Z = Fin(®) and Z = Exh(9®).
Question 1. Does there exist a pathological lower semicontinuous submeasure ®
such that

lim” [ ¢ = (\{lim® [ £ : A € M(Z)}
where Z = Fin(®) or Z = Exh(®)?
5.2. The ideals of sets of logarithmic and exponential density zero. Beside
the asymptotic density (see Definition 2.16), there are other kinds of densities (see
e.g. [15] where various densities are surveyed). For instance we have the logarithmic
density J and the exponential density € and we have the corresponding ideals Zs and
Z. (see Definitions 5.17 and 5.18). Visnyai asked [33] whether Zs-limit and Z.-limit
functions can be represented as an intersections of matrix summability methods in

the realm of bounded sequences in the manner similar to Corollary 5.12. Below we
answer the question in the positive (see Theorems 5.19 and 5.20).

Definition 5.17. For a set A C N we define
(1) the logarithmic density of A by

. 1 1
o) =lim | D 5 / 25

€A i<n
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provided that the limit exists;
(2) the exponential density of A by

c(A) = lim log|AN{1,...,n}|

n— o0 logn

)

provided that the limit exists. (For a generalization of the exponential
density see [13].)
Definition 5.18.
(1) The family Zs = {A C N: §(A) = 0} is an ideal called the ideal of sets of
logarithmic density zero.
(2) The family Z. = {A C N: e(A) = 0} is an ideal called the ideal of sets of
exponential density zero.

Theorem 5.19.

(1) Zs is a matriz ideal.
(2) Lim® [ = N{lim® | £ : A € M(Z;)}.

Proof. First notice that (2) follows from (1) and Corollary 5.15. Below we prove

(1).
It is not difficult to see that Zs is a matrix ideal generated by the nonnegative,

regular matrix A = (a; 1), where a; 5 = ﬁ for i < k and a;; = 0 otherwise.
i<k
|

Theorem 5.20.

(1) Z. is a matriz ideal.

(2) lim% | 0= = O{lim? | £ : A € M(Z.)}.
Proof. First notice that (2) follows from (1) and Corollary 5.15. Below we prove

(1).

We will construct a matrix A = (a;%) such that Z. = Z(A). Put [y = 0,
l, = ngnj! for n € N and by (o, _,41,-..,qs,) enumerate in any way the set of
all permutations of [1,n] N N.

For a given [,,_1 < i <1, put

_ 1
Q. = 71
ngn /m
when k = a;(j) for some j <n and a; , =0 for k > n.

Clearly, A is nonnegative and d(N) = 1 for every i € N. It is also not difficult
to see that lim; ,o a;x = 0 for every k € N, because lim, oo ) 1/m = oc.
Therefore, A is regular. We will now show that Z, = Z(A).

(Q) : Let B € Z.. Clearly, lim,, log |BO{1,.,n}|

logn
5 Y om<|BO{1,..ny LM
1m =
n—00 ngn 1/m
Observe that for ,,_1 < i <[, we have

m<n

= 0, which means that

1/m
< Zm§|Bﬁ{1,,..,n}| /

0=diB) s =

Thus, B € Z(A).
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(D) : Let B € Z.. Then

log |B 1,...
s (BB O (L)
n— o0 lOgTL

> 0,

. . . log |BN{1,...,ni}|
so can we find an increasing sequence (n;) such that lim;_, — Togm, > 0.
Now, for each of those n; we can find a permutation a;, with {,,,_1 < j <1,,, such
that
D om<|BO1,..niy L/

d(B) =
j > mems 1/m
Since
1/m .
lim Zm§|Bﬁ{l,...,ni}\ / — lim 10g|Bﬁ{1a7nl}| > 07
i—o00 > m<n, 1/m i—00 log n;
we get limsup,_, .. d(B) > 0, thus B € Z(A). O

5.3. The ideal of uniform density zero sets.

Definition 5.21. For a set A C N we define the upper uniform density of A by

AN h
u(A) = lim maxw.
h—o0o0 neN h
In [16] the authors show that the limit in the above definition exists for every set
A, and they also show that the upper uniform density is equal to the upper Banach

density.

Definition 5.22. The family 7, = {A C N : u(A) = 0} is an ideal called the ideal
of sets of uniform density zero.

Theorem 5.23. lim™ | > = N{lim* | £~ : A € M(Z,)}.

Proof. In this case we cannot use Corollary 5.15 to prove the theorem because Z,, is
not a P-ideal (see [11, p. 299]), hence, by Proposition 2.34, it is not a matrix ideal.
Let a € NN be an increasing sequence of natural numbers. Consider the sets

By ={C C[1,a(n)] : C is an interval of length n}
={[L,n]NN,[2,n+1]NN,... [a(n) —n+1,a(n)] NN}

and take [, = ) .., |BY|. Enumerate the elements of every BS in any way by
(Cr_i415---,CL).

We construct the matrix A, = (a; ) in the following way. If [,,_; < ¢ <, for
some n € N then put a; ; = 1/n for k € C; and a; ;, = 0 otherwise.

By Theorem 5.5, we will finish the proof by showing that Z,, = ([{Z(4.) : @ €
NN A @ is increasing}.

(€) Take B € Z, and an increasing sequence of natural numbers a. Then
for every € > 0 there is H € N such that for all A > H and n € N we have
|B N [n,n+ h)|/h < e. Tt follows that for every i > Iy we get di**(B) < e. Thus,
B e I(Aa).

(D) Take B € Z,,. Then there are € > 0, infinitely many h € N and appropriate
ny, € N such that |B N [ng,ny, + h)|/h > . We take an increasing sequence « with
a(h) > np+h for all h mentioned above. Then for every of those h we can find some
In_1 < i <l for which C; = [nn, ns + h), hence d** (B) = |BN [np, ny +h)|/h > e.
Therefore, B ¢ Z(A,) for this chosen «a. O
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6. UNIONS OF MATRIX SUMMABILITY METHODS

Fridy and Miller [12, Theorem 3] proved that the Z;-limit function is equal to
a union of some matrix summability methods in the realm of all sequences, more
specifically there exists W C N'RM with

lim™ = | J{lim" : A € W}.

In this section we study a similar problem in the realm of bounded sequences and
also for ZT*-convergence. Namely we characterize ideals for which the ideal limit
function is equal to a union of some matrix summability methods (see Theorem 6.2).
In the case of Z*-convergence we show that the ideal limit function is equal to a
union of some matrix summability methods for every ideal (Theorem 6.1).

Theorem 6.1. Let Z be an ideal on N.
(1) 3w C NRM(nmI* = U{limA cAew)).
(2) IV CNRM(lim? | 1 = J{lim? | 1> : A € W}).

Proof. Since (2) follows from (1) it is enough to show (1).

For every © € ¢ there is F, € T* such that lim? z = lim(z | F,). Let
fi < f§ < ... be the increasing enumeration of F,. Then we define a matrix
Ay = (afy) by af), = 1if k = f? and af; = 0 otherwise. Then A, € N'RM and
lim? z = lim(z | F,) = lim? z for every z € ¢Z". Let W = {A, : v € ¢£}. We
claim that lim? = |J{lim? : A € W}.

(C) If lim®" # = L, then z € X", so lim?* 2 = L and A, € W.

(D) If lim* y = L for some A € W, then there is 2 € ¢Z" with A = A,. Since
L = lim“* y =lim(y [ F) and F, € Z*, we obtain that y is Z*-convergent to L. [

Theorem 6.2. Let Z be an ideal on N. The following conditions are equivalent.
(1) IW C NRM(lim” = J{lim* : A e W}).
(2) IW C NRM(lim” | £ = J{lim? | £>°: A e W}).
(3) T is a P-ideal.

Proof. (1) = (2) Obvious.

(2) = (3) Let By, Ba,--- € T be pairwise disjoint sets such that | J,.y Bn = N.
If we find a set B € T such that B, \ B is finite for every n € N, the proof Wlll be
finished.

Let z € RY be defined by zx = 1/n <= k € B,,. Since x € £~ and lim? z =0,
there is A € W with lim® z = 0.

Note that B,, € Z(A) for every n € N. Indeed, if there was n with B,, ¢ Z(A),
then

lim4 z = lim A;(x) > lim Zxkalk—fzgrgoz:alk

i—00 i—00
keB,

1
— B,) >0,
- dA(B,)
a contradiction.

Now we inductively construct two increasing sequences i, and k, satisfying the
following conditions:

(1) dA(ByU---UB,) < for every i > i,, and
(2) d?(N \ {17' ) n}) n fOI‘ every ¢ < ipq1.
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The construction is possible because B; U --- U B,, € Z(A) and limy_, o d(N\
{1,...,k}) =0.
We define y € £°° by
0 ifke ByNk<k,AnéeN,

=31 ikeB,Ak>k, AneN.

First we show that lim?y = 0. Indeed, let i € N and n € N be such that
in <4 <ipy1. Since

Ai(y) = Z Yk i + Z Yk + Z Yri g <

keB,U---UB, k¢ B1U---UB,, k¢ B1U---UB,,
k<kn k>kyn
E L-air+ E 0-a;r+ E L-aik <
k€EB1U--UB, k¢ B1U---UB,, k¢ B1U---UB,,
<kn k>kny
1 1

df‘(BlU~~UBn)+0+df‘(N\{1,...,kn})gﬁ+ﬁ,

we get lim* y = lim; o0 4;(y) = 0.

Since y € £ and A € W, we have lim* y = 0. Let B={k € N: |y, — 0| > 1/2}.
Then B € T and B, \ B is finite for every n € N.

(3) = (1) By Theorem 2.39(2), lim” = lim®", so it is enough to apply Theo-
rem 6.1(1). O
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