DENSITIES FOR SETS OF NATURAL NUMBERS VANISHING
ON A GIVEN FAMILY

RAFAL FILIPOW AND JACEK TRYBA

ABSTRACT. Abstract upper densities are monotone and subadditive functions
from the power set of positive integers into the unit real interval that generalize
the upper densities used in number theory, including the upper asymptotic
density, the upper Banach density, and the upper logarithmic density.

At the open problem session of the Workshop “Densities and their appli-
cation”, held at St. Etienne in July 2013, G. Grekos asked a question whether
there is a “nice” abstract upper density, whose the family of null sets is pre-
cisely a given ideal of subsets of N, where “nice” would mean the properties of
the familiar densities consider in number theory.

In 2018, M. Di Nasso and R. Jin (Acta Arith. 185 (2018), no. 4) showed
that the answer is positive for the summable ideals (for instance, the family
of finite sets and the family of sequences whose series of reciprocals converge)
when “nice” density means translation invariant and rich density (i.e. density
which is onto the unit interval).

In this paper we extend their result to all ideals with the Baire property.

CONTENTS
1. Abstract densities and ideals 1
2. Rich densities 3
3. Rich and translation invariant densities 6
Acknowledgment 9
References 10

1. ABSTRACT DENSITIES AND IDEALS

Definition 1.1. An abstract upper density on N is a function ¢ : P(N) — [0,1]
that satisfies the following properties:

(1) 6(N) =1,

(2) if F C N is finite then 6(F) =0,

(3) if A C B then §(A) <4(B),

(4) (AU B) <4(A) +4(B).
Notation. For A C N and k € Z we write A + k to denote the set (4 + k) NN.
Definition 1.2. An abstract upper density ¢ is
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(1) translation invariant if 6(A + k) = 6(A) for every A C N and k € Z;
(2) rich if for every r € [0, 1] there is A C N with 6(A4) =r.

Definition 1.3. An ideal on N (in short ideal) is a family Z C P(N) that satisfies
the following properties:

(1) if A,B€Z then AUB €T,

(2) if AC Band B €7 then A €7,

(3) Z contains all finite subsets of N,

(4) N¢Z.
An ideal 7 is translation invariant if A+ k € Z for every A € Z and k € Z. For an
ideal Z, we write Zt = {A C N: A ¢ 7} and call it the coideal of Z, and we write
I* ={ACN:N\ A €7} and call it the dual filter of T.

Remark. We also consider ideals on any infinite countable set by identifying this
set with N via a fixed bijection.

Example 1.4.

(1) The family Fin = {A C N : A is finite} is a translation invariant ideal.

(2) Let f: N — [0,00) be a non-increasing function such that Y7, f(n) = co.
The family Zy = {A € N : 3 _, f(n) < oo} is a translation invariant
ideal. We call it the summable ideal determined by f.

(3) The family Z; = {A C N : limsup,,_,. |[AN{1,...,n}/n = 0} of all sets
of asymptotic density zero is a translation invariant ideal. We call it the
asymptotic density zero ideal.

Example 1.5.
(1) Let ¢ be an abstract upper density. The family Z5 = {A C N:§(A) =0}
is an ideal. If ¢ is translation invariant, so is the ideal Zj.
(2) Let Z be an ideal. The function ¢ : P(N) — [0, 1] given by

5(A){o ifAcT,

1 otherwise

is an abstract upper density and Z = Z;. If Z is translation invariant, so is

J.

An ideal 7 is mazimal if T C J implies Z = J for every ideal J (i.e. Z is a
maximal element with respect to inclusion among all ideals). It is known that an
ideal Z is maximal if and only if A € Z or N\ A € 7 for every A C N (see e.g. [6,
Lemma 7.4, p. 74]).

A translation invariant ideal Z is T-mazimal if Z C J implies Z = J for every
translation invariant ideal [J (i.e. Z is a maximal element with respect to inclusion
among all translation invariant ideals).

Remark. By identifying sets of natural numbers with their characteristic functions,
we equip P(N) with the topology of the Cantor space {0, 1} and therefore we can
assign topological complexity to ideals on N. In particular, an ideal Z has the Baire
property if Z has the Baire property as a subset of the Cantor space. (Recall that
a subset B of a topological space X has the Baire property if there is an open set
U C X such that the set (B\ U) U (U \ B) is of first category.)

Theorem 1.6 (Sierpiniski, see e.g. [1, Theorem 4.1.1]). Let Z be an ideal on N.
Then T is of first category or I does not have the Baire property.
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Theorem 1.7 (Talagrand [11, Théoreme 21] (see also [1, Theorem 4.1.2])). An
ideal T on N has the Baire property if and only if there is an increasing sequence
k1 < ko < ... such that if there are infinitely many n with [k, k,+1) N C A, then
AeTt.

Example 1.8.

(1) It is known that the ideals Fin, Z; and Z; have the Baire property, in fact
they are Borel ideals (see e.g. [4]).
(2) Maximal ideals do not have the Baire property (see e.g. [1, Theorem 4.1.1]).

Theorem 1.9 (Plewik [10, Theorem 1]). The intersection of a countable family
of ideals without the Baire property is an ideal without the Baire property. In
particular, the intersection of countable family of maximal ideals is an ideal without
the Baire property.

Definition 1.10. Let Z be an ideal on N. We say that a family A C P(N) is
(1) Z almost disjoint family (in short Z-AD family) if
(a) ACTT,
(b) AN B €T for any distinct A, B € A.
(2) T translation almost disjoint family (in short Z-TAD family) if
(a) ACTT,
(b) AN (B+k) €T for any distinct A, B € A and k € Z.

2. RICH DENSITIES

Theorem 2.1. Let T be an ideal on N. If there exists an T-AD family of cardinality
¢, then there is a rich abstract upper density § such that Zs =T.

Proof. Using Zorn’s lemma, it is not difficult to extend Z-AD family to a maximal
(with respect to the inclusion) Z-AD family. Let A be a maximal Z-AD family
of cardinality ¢. Let A = {4, : @ < ¢} and (0,1) = {ro : @ < ¢}. We define
d: P(N) = [0,1] by

§(A) =sup{ro: Au,NAcIt}
with the convention that sup () = 0.

First, we show that 0 is an abstract upper density.

For every o < ¢ we have A, "N = A4, € I, so §(N) =sup(0,1) = 1.

For every o < ¢ and a finite set FF C N, we have A,NF C F € Z, so §(F) =
sup ) = 0.

If AC B, then A,NA€Z" implies A, N B € Z". Thus 6(4) < §(B).

If Au,N(AUB) €It then A,NA €I or A,NB €Z". Thus §(AUB) <
3(A)+46(B).

Now we show that ¢ is rich.

It is enough to show that 6(A,) = r, for every o < ¢. Since A is an Z-AD
family, Ag N A, € T for every o # 3. On the other hand, A, N4, = A, € Z%.
Thus §(Ay) = sup{ra} = 7a-

Finally, we show that Z5s = 7.

If A€ Z, then A,NAC A €T for every a < ¢. Thus §(A) =sup® = 0.

If A ¢ Z, then, by maximality of A, there is a@ < ¢ with A, N A € ZT. Thus
§(A) >rq > 0. O
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Theorem 2.2. Let Z be an ideal on N with the Baire property. There is a rich
abstract upper density § such that Z5 = 1.

Proof. Since it is known (see [5] or [7]) that there is an Z-AD family of cardinality
¢ for every ideal with the Baire property, Theorem 2.1 finishes the proof. [

Definition 2.3 (Oliver [9]). Let Z be an ideal on N. We say that a partition
{P,, : n € N} of N is an w-partition of N with respect to T if

(1) P, ¢ZforallneN,
(2) for every ACN, if AN P, € Z for every n € N, then A € Z.

Theorem 2.4. If there exists an w-partition {P, : n € N} of N with respect to Z,
then there is a rich abstract upper density 6 with Zs = T.

Proof. 1t is easy to see that
I={ACN:ANP, €T forevery n € N}

s = 3 2in
ANP,¢T
is an abstract upper density with Z5 = 7.
To see that 4 is rich it is enough to notice that for every r € (0, 1) there is B C N
with > .5 1/2" = r and then §((J{P, : n € B}) =r. O

and

Theorem 2.5. There exists an ideal T for which there is a rich abstract upper
density § with Zs = I, but there is no Z-AD family of cardinality c.

Proof. Let {P,, : n € N} be a partition of N such that P, is infinite for all n. Let
T, be a maximal ideal on P, for every n € N. It is easy to see that

I={ACN:ANP, €T, for every n € N}

is an ideal on N. Since {P, : n € N} is an w-partition of N with respect to Z, there
is a rich abstract upper density § with Z5 = Z (by Theorem 2.4).

Lastly, we show that there is no Z-AD family of cardinality ¢ (in fact we show
that there is no uncountable Z-AD family). Let A C ZT be uncountable. For every
A € A there is at least one ny € N with AN P,, € Z} . Since A is uncountable,
there are distinct A, B € A with nqg = np. Let n = n4. Since Z,, is a maximal
ideal on P, Z+ = Z*. Thus, (ANP,)N(BNP,) € Z:,s0 (ANB)NP, € TF =1} .
Hence AN B ¢ Z, so A is not an Z-AD family. O

Theorem 2.6. There exists an ideal T without the Baire property for which there
is Z-AD family of cardinality c.

Proof. Let {P,, : n € N} be a partition of N such that P, is infinite for all n. Let
7T, be a maximal ideal on P, for every n € N. It is easy to see that

I={ACN:ANP, €T, for all but finitely many n € N}

is an ideal on N.

Let A be Fin-AD family of cardinality ¢ (there is one, see e.g. [6, Lemma 9.21]).
For A € A, we define Cy = |J{P,, : n € A}. Then Cy4 ¢ T for every A € A, and for
distinct A, B € A we have CoNCp = J{P,:n € ANB} € Z. Thus, {C4 : A€ A}
is Z-AD family of cardinality c.
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Lastly, we show that Z does not have the Baire property. For every n € N we
define 7, = {ACN: ANP, € Z,,}. It is easy to see that 7, is a maximal ideal on

N for every n € N and
-Una
neNk>n

By Theorem 1.9, the ideal ), ,, Jr does not have the Baire property for every
k € N. In particular, (.-, Ji does not have the Baire property, so it is of sec-
ond category. Thus, Z is of second category as a superset of MNi>1 Jk- Then, by
Theorem 1.6, Z does not have the Baire property. O

Theorem 2.7. Let T be a maximal ideal. If § is an abstract upper density & with
Zs =1 then § takes only two values: zero and one. In particular, there is no rich
abstract upper density § with Z5 =1T.

Proof. Let A C N. If A € 7 then §(4) = 0. If A ¢ 7, then N\ A € Z, hence
1=06(N)<§(A)+6(N\A) =6(A)+0=05(A4) <1, thus §(4) = 1. O

Theorem 2.8. There exists a non-maximal ideal T for which there is no rich
abstract upper density § with Z5 =T.

Proof. Let N > 2. Let {P, : n < N} be a partition of N such that P, is infinite for
all n < N. Let Z,, be a maximal ideal on P,, for every n € N. It is easy to see that

I={ACN:ANP, €I, forevery n < N}

is an ideal on N. Since both Py ¢ Z and N\ P, ¢ Z, 7 is not a maximal ideal.

Let § be any abstract upper density such that Zs = 7.

Let n< Nand ACP,. f A€ Z, then 6(A)=0. If A¢Z,, then P, \ A €7T,,
hence §(P,) < 6(A) + (P, \ A) =0(A) +0=3(A) < 3(P,), hence 6(A) = §(P,).

Let A ¢ 7. There is at least one n < N with ANP, ¢ Z,,,s0 6(4) > §(ANPF,) =
5(Pp).

Thus, 6(A) > min{d(P,) : n < N} > 0 for every A ¢ Z, hence § is not rich. O

The following diagram summarizes all known relationships between ideals Z and
existence of rich abstract upper density with Z = Z;.

THERE IS A RICH DENSITY THERE IS NO RICH DENSITY

Ideals with
Baire property
(Thm. 2.2)

Maximal

ideals
(Thm. 2.7)

AD-ideals °
(Thm. 2.1) (Thm. 2.6)

(Thm, 2.5) (Thm, 2.8)
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3. RICH AND TRANSLATION INVARIANT DENSITIES

Theorem 3.1. Let Z be a translation invariant ideal on N. If there exists an I-
TAD family of cardinality c, then there is a translation invariant and rich abstract
upper density § such that Z5 =T.

Proof. Using Zorn’s lemma, it is not difficult to extend Z-TAD family to a maximal
(with respect to the inclusion) Z-TAD family. Let A be a maximal Z-TAD family
of cardinality ¢. Let A = {Ay : a < ¢} and (0,1) = {r, : @ < ¢}. We define
0 : P(N) — [0,1] by

§(A) = sup{ra : Ao N (A+k) € I* for some k € Z}
with the convention that sup () = 0.

First, we show that 0 is an abstract upper density.

For every a < ¢ we have A, N (N+0) = A, € ZT, so 6(N) = sup(0,1) = 1.

For every a < ¢, k € Z and a finite set F' C N, we have A,N(F+k) C F+k € Z,
so §(F) =sup( = 0.

If AC B, then A,N(A+k) € ZT implies A,N(B+k) € ZT. Thus §(A) < §(B).

If AuN((AUB)+k)eZ", then A,N(A+k)€Zt or AuN(B+k)e€Z". Thus
J(AUB) <6(A) + 4(B).

Second, we show that § is translation invariant.

If AN ((A+m)+k) € ZT then A, N(A+ (m+k)) €ZT and vice versa. Thus
§(A4+m)=0(A).

Now we show that ¢ is rich.

It is enough to show that §(A4,) = r, for every a < ¢. Since A is an Z-TAD
family, Ag N (Aq + k) € T for every k € Z and o # B. On the other hand,
AN (Ay+0)=A, €ZT. Thus 6(A,) = sup{ra} = ra.

Finally, we show that Z5 = 7.

If AeZ then A,N(A+k) C A+ k €T for every o < ¢ and k € Z. Thus
§(A) =supl =0.

If A ¢ Z, then, by maximality of A, thereis o < ¢ and k € Z with A,N(A+k) €
Z+. Thus §(A) > 7, > 0. O

Theorem 3.2. Let T be an ideal on N with the Baire property. There is an Z-TAD
family of cardinality c.

Proof. By Theorem 1.7 there is an increasing sequence k1 < ko < ... such that if
there are infinitely many n with [k, kn11) NN C A, then A € Zt. Without loss of
generality we can assume that lim,, o (knt1 — kn) = 00.

Let us denote I, = [kn, kny1) NN and |I,| = ki1 — ky, for every n € N.

Let A C P(N) be a Fin-AD family of cardinality c. For every A € A we define

Cy = U Is,.
ncA
We claim that C = {C4 : A € A} is the required family.

First, we show that C4 € ZT for every A € A.
If A € A, then A is infinite, so C'4 contains infinitely many intervals [k, kp41) N
N, thus C4 € ZT.

Second, we show that C is of cardinality c.
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If A,B € A are distinct, then there is n € (A\ B)U (B \ A), so Iy, C (Ca \
Cp)U(Cp\ Ca). Thus |C| = |A| =c.

Finally, we show that C is Z-TAD.

Let A, B € A be distinct and k € Z. We have to show that Cy N (Cp + k) € Z.

Let N be such that |I,,| > |k| for every n > N. Then I, +k C Io,—1UI2,Uls,11
for every n > N. Hence (I, + k) N I3, = 0 for any n > N, m € N, n # m.

Since

Can(Cp+k)= ] Lmn <U12n+k> U U (Tmn (Ion + k)

meA neB meAneB

and A N B is finite, we obtain that C4 N (Cp + k) is contained in finitely many
intervals Is,,. Thus C4 N (Cp + k) € Fin C 7. O

Theorem 3.3. Let T be a translation invariant ideal on N with the Baire property.
There is a translation invariant and rich abstract upper density § such that Z5 = 1.

Proof. Follows from Theorems 3.1 and 3.2. d

Corollary 3.4 (Di Nasso and Jin [3, Theorems 2.1 and 2.2]). Let Z be a summable
ideal. There is a translation invariant and rich abstract upper density 6 such that
Zs=1T.

Proof. 1t is not difficult to check that summable ideals are translation invariant,
and it is known that summable ideals have the Baire property (see e.g. [4, Exam-
ple 1.2.3(c)]). Thus Theorem 3.3 finishes the proof. O

Question 1. Does there exist a translation invariant ideal Z without the Baire
property such that there is an Z-TAD family of cardinality ¢?

Definition 3.5. Let Z be an ideal on N. We say that a sequence of reals (z,,) is
Z-convergent to L if {n € N: |z, — L| > ¢} € T for every £ > 0. The number L is
called an Z-limit of (x,) and we denote it by lim” z,, .

Theorem 3.6. There exists a translation invariant ideal Z for which there is a rich
translation invariant abstract upper density 6 with Zs = T, but there is no Z-TAD
family of cardinality c.
Proof. Let J be a maximal ideal on N. It is known (see e.g. [2, p. 3314]) that

5(A) :lmJ|Aﬂ{1,...,n}\

n

is a translation invariant finitely additive measure (in particular, ¢ is a translation
invariant abstract upper density).

Moreover, ¢ is rich. Indeed, it is enough to observe (see e.g. [8, p. 216]) that for
every r € [0, 1] there is a set A C N such that the asymptotic density of A equals r
ie. r=1lim, M

Let Z = Zs. Since J is a translation invariant abstract upper density, Z is a
translation invariant ideal. To finish the proof we have to show that there is no
Z-AD family of cardinality ¢ (in fact we show that there is no uncountable Z-AD
family). Suppose A C ZT is an uncountable Z-AD family. For every A € A, let
na € N be such that §(A) > 1/na. Since A is uncountable, there are infinitely
many sets Ay, Az, € A with na, = na, for every i,j € N. Let n = na,. Since
AjNA; € 7 for distinet 4,5 € N, §(A; N A4;) = 0. Since ¢ is a finitely additive
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measure, 0(A; U A;) = 6(A4;) + 6(A4;) — 6(A; N A;) = §(A;) + §(A;) for distinct
i, € N. Finally, 1 > §(A1 U---UApp1) =0(A1) + -+ +0(Ang1) 2 (n+1)/n> 1,
a contradiction. ]

We do not know if there is any translation invariant ideal such that there is no
rich translation invariant abstract upper density § with Z5 = Z.

Question 2. Does there exist a translation invariant ideal Z such that there is no
rich translation invariant abstract upper density § with Z5 = Z7

Keeping Theorem 2.7 in mind, it is natural to examine T-maximal ideals in the
quest for a solution of the above question.

Question 3. Does there exist a T-maximal ideal Z such there is a rich translation
invariant abstract upper density § with Zs = Z7

In Theorems 3.7 and 3.11, we show that if the above question had positive
answer, then the required density would be different from densities constructed in
the proofs of Theorems 3.1 and 3.6.

Theorem 3.7. If T is a T-mazimal ideal, then for any A,B ¢ T there is k with
(A+ k)N B ¢Z. In particular, there is no Z-TAD family of cardinality c.

Proof. Let A,B ¢ Z. Since Z is maximal among all translation invariant ideals,
there are ky,...,k, € Z with (A+k;)U---U(A+ky,) € Z*. Thus, BN[(A+k;)U
U(A+ kpn)] ¢ Z. Hence, there is i < n with BN (A+k;) ¢ Z. O

Proposition 3.8. Let T be an ideal on N.
(1) The family
tZ)={ACN: A+ keZ for every k € Z}
is a translation invariant ideal.
(2) If T does not have the Baire property then t(Z) does not have the Baire
property.
Proof. (1) Straightforward. (2) It follows from Theorem 1.9, because Z + k =

{ACN: A—Fk €T} is the ideal without the Baire property for every k € Z and
) =({Z+k:keZ}. O

Theorem 3.9. Let § be defined as in the proof of Theorem 3.6. Then Z5 # t(Z)
for any mazximal ideal I.

Proof. Suppose that Zs = t(Z) for some maximal ideal Z. Since ¢(Z) C Z and one
could easily notice that Z; C Z5, we get Z; C Z. Let A = I5,, where I, =

neN
n n+1 s |Aﬁ{1, 7”}‘ ‘Am{l 7n}|
. - - T n—soo - . a9
(2™, 2" 1] N N. Then limsup,,_, ., 5 and lim inf 3
7‘12%' fdb = 2 and 7”2”‘52]1“' Therefore §(A) € [3,2], thus A € Zs.

Now, since I is a maximal 1dea1, either A € Z or N\ A € Z. Assume that
AeT (the other case is identical since N\ A ¢ Zs too). By the supposition that
Zs = t(Z), we know that A ¢ ¢(Z), so there exists k € Z such that A+ k ¢ Z. It
follows that B = A+ k\ A ¢ Z. However, for all but finitely many n € N we have

BN _ k

|I,| — 27’
which tends to 0 as n tends to infinity. Thus, B € Z; C Z, a contradiction with
B¢1T. O
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Theorem 3.10.

(1) If J is a T-mazimal ideal then J = t(Z) for any maximal ideal T 2 J.
(2) There is a mazimal ideal T such that t(T) is not a T-mazimal ideal.
(3) Any T-mazimal ideal does not have the Baire property.

Proof. (1) () If A€ J, then A+k € J CZ for every k € Z. Thus, A € t(1).

(D) Since J C t(Z), t(Z) is translation invariant and J is maximal among all
translation invariant ideals, J = ¢(Z).

(2) Let B = {b, : n € N} be such that the sequence (b,y1 — b, : n € N) is
increasing and diverging to infinity. Let Z be a maximal ideal with N\ B € Z. If
we show that ¢(Z) U{B} can be extended to a translation invariant ideal, ¢(Z) will
not be a T-maximal ideal.

To prove that ¢(Z) U {B} can be extended to a translation invariant ideal, we
have to show that N\ [(B+ k1) U---U (B +ky)] ¢ ¢(Z) for any ky,...,k, € Z.

Let ki,....kn € Z. Let k € Z\{ ki,....—kn}. Since [(B+1)NB| < 1

for every | # 0, ((B+ k1) U---U(B+ky,)]+ k) N B is finite. Since N\ B € 7,
[(B+k1)u~-~U(B+kn)}+k:€I ThenN\([(B+k1) U(B+kn)+k)¢T,
and consequently (N\ [(B + k1) U---U (B + ky,)]) + k §é 7T which means that
N\ [(B+ki)U---U(B+ k)] ¢t(z).

(3) Follows from (1) and Proposition 3.8(2). O

Theorem 3.11. Let § be defined as in the proof of Theorem 3.6. Then Zs is not
a T-maximal ideal.

Proof. Tt follows from Theorems 3.9 and 3.10(1). O

The following diagram summarizes all (un)known relationships between trans-
lation invariant ideals Z and existence of rich translation invariant abstract upper
density with Z = Z;.

THERE IS A RICH TRANSLATION THERE IS NO RICH TRANSLATION
INVARIANT DENSITY INVARIANT DENSITY

Ideals with
Baire property
(Thm. 3.3)
o7
Q. 2)

TAD-ideals
(Thm. 3.1) ‘e

@1 (Thm, 3.6)
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