PATH OF PATHOLOGY

RAFAL FILIPOW AND JACEK TRYBA

ABSTRACT. We present a few results about (non)pathology of submeasures
and ideals.

1. INTRODUCTION

The paper consists of two parts. In the first part (Sections 3-7) we examine
various kinds of (non)pathological submeasures that are considered in the literature,
whereas the second part (Sections 8-14) is devoted to (non)pathological ideals.
Below, we briefly describe the content of each section.

In Section 3, we provide various definitions of (non)pathological submeasures
that are considered in the literature and in Section 4 we summarize basic properties
of these kinds of submeasures. In Sections 5 and 6 we present some examples of
(non)pathological submeasures. The relationships and examples from these sections
are shown in concise graphical form in Figure 1.

In Section 7, we examine various kinds of degrees of pathology of submeasures
that are considered in the literature. The results from this section are summarized
in Table 1.

The second part of the paper starts with Section 8 where we present definitions,
examples and characterizations of nonpathological ideals.

In Section 9, we prove a characterization of ideals that can be represented as
the intersections of matrix summability ideals. The characterization is expressed in
terms of the Katétov order and restrictions of the ideal of asymptotic density zero
sets. This characterization resembles a characterization of pathological analytic P-
ideals given by Hrusdk in [15, Corollary 5.6]. As a by-product, we obtain that the
Solecki ideal is pathological which answers a question of Martinez, Meza-Alcantara
and Uzcédtegui [22, Question 3.13].

In Section 10, we solve a problem of Borodulin-Nadzieja and Farkas [4, Prob-
lem 4.3]. Namely, we show that the ideal of exponential density zero sets is a
nonpathological analytic P-ideal which is not a special variant of a density ideal
generated by a family of measures.

In Section 11, we answer two more questions of Martinez, Meza-Alcantara and
Uzcdtegui [23, Questions 3.6 and 3.10]. Since the second question is quite technical,
we describe here only the first one. We construct a submeasure ¢ which has infinite
degree of pathology but the ideal Fin(¢) is nonpathological and the degrees of
pathology of all restrictions of ¢ to sets from the ideal Fin(¢) are finite. In the
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same section we also characterize nonpathological F, ideals as those which can be
represented as the intersection of summable ideals. This result strengthen a known
theorem in which summable ideals are replaced by matrix ideals.

In Section 12, we prove that the van der Waerden ideal (which consists of those
subsets of integers which do not contain arithmetic progressions of arbitrary finite
length) is nonpathological.

In Section 13, we consider the Josefson-Nissenzweig property which has been
recently introduced and examined by Marciszewski and Sobota [20]. We prove that
the disjoint union of topological spaces has the Josefson-Nissenzweig property if
and only if at least one of these spaces has this property. As a corollary, we obtain
that a variant of Mrowka-Isbell space defined with the aid of almost disjoint family
A of sets which are not in a given ideal Z has the Josefson-Nissenzweig property if
and only if the restriction of Z to some set from the family A extends to a matrix
ideal.

In Section 14, we alter a result of Hrusédk and Garcia Ferreira [16, Theorem 3.9]
to show that consistently for every tall ideal Z there exists a maximal almost disjoint
family A C 7 such that the ideal Z(.A) generated by A is homogeneous in the sense
of Katétov order. Next, we show that this ideal Z(A) is a non-Borel ideal which is
the intersection of matrix ideals. This answer the question posed by the authors in
[9, Question 3].

2. PRELIMINARIES

We identify an ordinal number « with the set of all ordinal numbers less than
«. In particular, the smallest infinite ordinal number w = {0, 1, ...} is equal to the
set of all natural numbers N, and each natural number n = {0,...,n — 1} is equal
to the set of all natural numbers less than n. Using this identification, we can for
instance write n € k instead of n < k and n < w instead of n € w or A Nn instead
of AN{0,1,...,n—1}.

2.1. Ideals.

Definition 2.1. An ideal on a nonempty set X is a family Z C P(X) that satisfies
the following properties:

(1) DT and X 7,

(2) if A,Be€Z then AUBE€ETZ,

(3) if AC Band B €7 then A€ T.

In the second part of the paper (starting at page 17), we alter the definition of
an ideal. Namely, we will additionally assume there that an ideal Z on X has to
contain all finite subsets of X.

For an ideal Z, we write ZT = {A CN: A ¢ 7} and call it the coideal of Z, we
also write Z7* = {A C N: N\ A € 7} and call it the dual filter of Z. By Fin we mean
the ideal of all finite subsets of N. An ideal Z is a P-ideal if for every countable
family A C 7 there is B € Z such that A\ B is finite for every A € A. An ideal
7 is tall (a.k.a. dense) if for every infinite A C X there is an infinite B € 7 such
that B C A. For an ideal Z and a set A ¢ 7 we define the restriction of the ideal
ZtoAbyZI|A={BNA:BeI} AnidealZ on X is called mazimal if there
is no ideal J on X with Z C J and Z # J. It is known that an ideal Z on X is
maximal if and only if for each A C X either A € Z or X \ A € Z. Dual filters of
maximal ideals are called wltrafilters.
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Let Z and J be ideals on X and Y respectively. We say that Z and J are
isomorphic (in short Z ~ J) if there exists a bijection f : X — Y such that A €
T < f[A] € J for every A C X. We say that J is below Z in Katétov order (in
short J <k Z) if there is a function f: X — Y such that Ae J = f~ A €Z
for every A C X. We say that Z and J are Katétov equivalent (in short 7 ~g J
or <g-equivalent) if Z <x J and J <g Z. We say that Z is K-homogeneous if T
and Z | A are Katétov equivalent for every A ¢ 7.

By identifying sets of natural numbers with their characteristic functions, we
equip P(w) with the topology of the Cantor space {0,1}* and therefore we can
assign topological complexity to ideals on w. In particular, an ideal Z is Borel (F,,
analytic, resp.) if Z is Borel (F,, analytic, resp.) as a subset of the Cantor space.

2.2. Submeasures. A map ¢ : P(X) — [0, 00] is a measure (o-measure, resp.) on
a nonempty set X if ¢(0) = 0 and ¢ is finitely (countably, resp.) additive.
For a function f:w — [0,00), we define a o-measure f1f on w by

pr(A) =Y f(n).
neA

It is not difficult to see that ¢ is a o-measure on w <= ¢ = uy for some function
f:w—[0,00].
For an ideal Z on w, we define a measure 03° on w by

. 0 ifAeZ,
07 (A):{

oo otherwise,

and for a maximal ideal Z, we define a measure dz7 by

5I(A)_{o ifAcT,

1 otherwise.

To obtain more examples of measures, one can use the so called ultrafilter limits
(see e.g. [2]). Namely, if U is an ultrafilter on w and u,, is a measure on X for each
n € w, then

v(4) = lim pn(A)

is a measure on X.

Definition 2.2. A map ¢ : P(X) — [0,00] is a submeasure on a set X if

(1) ¢(@) =0,
(2) if AC B then ¢(A) < ¢(B),

(3) ¢(AUB) < ¢(A) + ¢(B).
We say that a submeasure ¢ is lower semicontinuous (in short: Isc) if
@(A) = sup{o(F) : F is a finite subset of A}

for each A C X. If X =w, then ¢ is Isc <= ¢(A) = limy,_,00 p(ANN).
Every measure is a submeasure, and a measure ¢ is a o-measure <= ¢ is lower
semicontinuous. Moreover, if ¢ is a nonzero submeasure on X, then

Zy={AC X :4(4) =0}
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is an ideal on X, whereas if Z is an ideal on X, then

ifAeZ
5I(A):{O i €,

1 otherwise

is a submeasure on X with Z5, = 7.
To obtain more examples of submeasures on w, one can observe that if ¢, is a
submeasure on X for every n € w, then

¢(A) = limsup ¢,,(A)

n—roo

is a submeasure on X, and if S is a family of submeasures (Isc submeasures, resp.)
on X, then

P(A) = sup{¢(A) : ¢ € S}

is a submeasure (lsc submeasures, resp.) on X.

Part 1. (Non)pathological submeasures

In this part we present thorough analysis of various kinds of (non)pathological
submeasures that are considered in the literature.

3. DEFINITION OF (NON)PATHOLOGICAL SUBMEASURES

For two submeasures ¢ and 1 on a set X, we say that ¢ dominates ¢ and write
¢ < if p(A) <p(A) for every A C X.
For a submeasure ¢ on X, we define two submeasures ¢ and ¢, on X by

QZ(A) = sup{u(A) : pis a measure on X such that u < ¢},
b0 (A) = sup{u(A) : u is a o-measure on X such that u < ¢}.

Definition 3.1. Let ¢ be a submeasure on X.

(1) A submeasure ¢ is called nonpathological if ¢ = (;AS, otherwise ¢ is called
pathological (Farah, [5, p. 21]).

(2) A submeasure ¢ is called o-nonpathological if ¢ = &,, otherwise ¢ is called
o-pathological.

The following remark shows that there is a mess with definitions of (non)pathological
submeasures.

Remark.

(1) In [30], Topsge introduced the notion of e-pathological submeasures and
one can show that a submeasure ¢ is pathological (in the sense of Farah)
<= there exists A C X and ¢ < 1 such that the restriction ¢ [ P(A) is
e-pathological (in the sense of Topsge).

(2) To make life a bit confusing, we can also find out that in [30] Topsge has a
definition of a nonpathological submeasure which is not coherent with the
notion introduced by Farah, namely a submeasure ¢ is nonpathological in
the sense of Topsge if QAS = 0 (i.e. there is no nonzero measure dominated
by ¢). It is easy to see that pathology in the sense of Topsge is stronger
than pathology in the sense of Farah (Proposition 4.1(3)). On the other
hand, the pathology in the sense of Topsge is useless in the realm of lower
semicontinuous submeasure as is shown in Proposition 4.1(4b).
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(3) To make life even more complicated, in [23] (see also [21, p. 3] and [22,
p. 4]), the authors define a submeasure ¢ to be nonpathological if ¢ = ¢g
Obviously, ¢ = QSU implies ¢ = QS The converse implication does not hold in
general (see Proposition 5.1(2)), but it holds for lower semicontinuous sub-
measures (see Proposition 4.1(7a)). Moreover, there exists a pathological
lower semicontinuous submeasure ¢ such that ¢, * ¢ (see Proposition 6.4).

The following proposition (a sort of the extreme value theorem) seems to be a
folklore, but we decided to include the proof for the sake of completeness because
we did not find any reference which contains a proof.

Proposition 3.2. For every submeasure ¢ on X and every A C X there exists
a measure p on X such that p < ¢ and ¢(A) = p(A). In particulary, if ¢ is
nonpathological, then for every A C X there exists a measure p on X such that

1< ¢ and ¢(A) = p(A).

Proof. Take any A C X. We have two cases: $(A) = oo and ¢A>(A) < 0.
Case: ¢(A) = co. We define a function p : P(X) — [0, 00] by

u(B) = {oo if¢(B)': 00

0 otherwise.

Then 4 is a measure on X, 1 < ¢ and u(A) = ¢(A), so we are done.

Case: (5(/1) < 00. Let M be a family of all measures p: P(A) — [0, g/b\(A)] such
that u(B) < ¢(B) for every B C A. We claim that M is a closed set in the space
[0,$(A)}p(‘4) with the product topology. Indeed, take any f € [0,(;(14)]73(’4) \ M.
Then we have two cases: (a) f is not a measure or (b) f is a measure.

Case (a). Then we can find disjoint sets Ag, Ay C A with f(AoU A1) # f(Ao) +
f(A1). For e = |f(AoU A1) — (f(Ao) + f(A1))|/4 > 0, we define

U ={g€[0,6(A)]W : [g(AgUAL)— F(AqUAL)| < €,|g(A;)—F(Ay)| < e for i < 2}

Then U is an open neighborhood of f and U N M = ().
Case (b). Since f ¢ M, we can find B C A with f(B) > ¢(B). For ¢ =
(f(B) — ¢(B))/3 > 0, we define

U ={g€0,0(A))"W : |g(B) - f(B)| < e}.

Then U is an open neighborhood of f and U N M = ().

In both cases, we find an open neighborhood of f which is disjoint from M, thus
M is closed. Since [0, $(A)]P(A) is a compact space, we obtain that M is compact
as well. For each n € w, we define

Ch = {u € M:|u(A) = $(A)| < 1/(n+1)}.

Then C), is a decreasing sequence of closed sets, so its intersection is nonempty.
Let p € (e, Cn € M. Then p is a measure such that u < ¢ and u(A) = ¢(A),
so we are done. (]
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FIGURE 1. Relationships between (non)lsc and (non)pathological
nonzero submeasures on w (in gray regions there are no submea-
sures).

4. PROPERTIES OF (NON)PATHOLOGICAL SUBMEASURES

In Proposition 4.1 we summarize basic properties of (non)pathological submea-
sures and in Sections 5 and 6 we provide some examples of (non)pathological sub-
measures. We present these relationships and examples in concise graphical form
in Figure 1.

Proposition 4.1. Let ¢ be a nonzero submeasure on w.
(1) $ and (;ASJ are submeasures, and ggg < ngS < ¢. Consequently, if ¢ is o-
nonpathological, then ¢ is nonpathological.
(2) $U 1s lower semicontinuous. In general, (;AS may be not lower semicontinuous
(see Proposition 5.1(4)), even if ¢ is Isc (see Proposition 6.4(4)).
(3) If ¢ =0, then ¢ is pathological.
(4) (a) If p(w) = oo, then ¢ # 0.

TVOIDOTOHLVd-O

"OHLVANON-0
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(b) If ¢(F) # 0 for some finite set F, then b0 # 0. Consequently, if ¢ is
lower semicontinuous, then an #0.
(¢) If 9(F) =0 for every finite set F', then ¢ is not lower semicontinuous
and 50 =0# ¢.
(5) (a) (E(F) = (}S\U(F) for every finite set F.
If p(w \ F) =0 for some finite set F, then b = .
If ¢ is a measure (oc-measure, resp.), then ¢ is nonpathological (o-
nonpathological, resp.).
If ¢ is not lower semicontinuous, then ¢ is o-pathological.
(¢) If ¢ is a measure but not a o-measure, then ¢ is nonpathological but
o-pathological.
(7) (a) If ¢ is lower semicontinuous, then ¢ is nonpathological <= ¢ is
o-nonpathological. The assumption that ¢ is lower semicontinuous
cannot be dropped (see Proposition 5.1(4)).
(b) If ¢ is nonpathological but o-pathological, then ¢ is not lower semicon-
tinuous.
( ) If ¢ is o-nonpathological, then ¢ is lower semicontinuous.
(8) ¢ (gba, resp.) is the largest nonpathological (o-nonpathological, resp.) sub-
measure dominated by ¢.

—~
(=2}
=
—~
o T
N Nu?

=
S~—

Proof. (1) Straightforward.

(2) Because ¢, is the supremum of a family of 1sc (sub)measures.
(3) Because we assumed that ¢ is nonzero.

(4a) The function
0 if p(A) < 0o
pay= ¢ o)<
oo if ¢(A) =
is a nonzero measure which is dominated by ¢. Hence, &5\ #0.

(4b) Let F' be finite with ¢(F') > 0. Since ¢ is subadditive, there is n € F with
¢({n}) > 0. Then the function

L) = {Bb({n}) if n € 4,

otherwise

is a nonzero o-measure which is dominated by ¢. Hence qAﬁg #0.

(4c) Straightforward.

(5a) Since ¢, < ¢, we only need to show qb( ) > ¢4 (F) for finite F. There is a
measure v on w such that v < ¢ and v(F) = ¢(F). We define s : P(w) — [0, 00| by
w(A) =v(ANF). Then p is a o-measure, u < ¢ and p(F) = $(F), thus we obtain
Go(F) > o(F).

(5b) Let F be a finite set such that ¢(w \F) = 0. For any A C w we have
GANF) < G(A) < HANE)+ @A\ F) = g(ANF), s0 §(ANF) = $(A). The
same argument shows that d)U(A NF) = qbg( ) for every A C w. Since ANF is
finite, we can use item (5a) to obtain qga(A) = QAS(A) for every A C w.

(6a) Obvious.

(6b) It follows from item (2).

(6¢) It follows from items (6a)—(6b) and the fact that a lsc measure is a o-
measure.
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(7a) Since b < & = ¢, we only need to show gZA)U(A) > ¢(A) for any A C w. Take
any M < a(A) Since ¢ is Isc, we can find a finite set FF C A with ¢(F) > M. Using
item (5a), we obtain ¢(F) = ¢(F) = ¢o(F). Then ¢,(A) > ¢ (F) = ¢(F) > M.
Hence ¢q(A) > ¢(A).

(7b) It follows from item (7a).

(7c) It follows from item (2).

(8) The proof in the case of qASJ is almost the same as the one for qu57 so we provide
only the proof for g/b\

First, we show that the submeasure (E is nonpathological. Since $ < :ﬁ\, we only

~

need to show QAS(A) > (;AS(A) for any A C w. Take any M < QAS(A) Then there
exists a measure p < ¢ such that u(A) > M. Since ¢ is the supremum of all
measures dominated by ¢, we obtain p < (;AS Consequently, qAS(A) > u(A) > M.
Since M < QZ(A) was arbitrary, we obtain gZA)(A) > qu(A)

Second, we show that ¢ is the largest nonpathological submeasure dominated
by ¢. Take any nonpathological submeasure ¥ < ¢. We take any A C w and any
M < ¢(A). If we show that ¢(A) > M, the proof will be finished. Since 1 is
nonpathological, there is a measure p < 9 with p(A) > M. Since p < ¢ < ¢, we
obtain ¢(A) > u(A4) > M. O

5. EXAMPLES OF NONPATHOLOGICAL SUBMEASURES

In Section 2.2, we defined the submeasures éz and §3° for any ideal Z on X. In
the case of two simple ideals on w, we will use the following notations.
e For Z = {(}, we write § = 67 and §°° = 65°.
e For T = {A Cw:n € A} with a fixed n € w, we write 4, = dz and
90 = 6.

Proposition 5.1. Let T be an ideal on w which contains all finite subsets of w.

(1) (a) 0 is a o-nonpathological and lower semicontinuous submeasures which
18 not a measure.
(b) 0%°, 0, and 02° are o-measures (hence lower semicontinuous and o-
nonpathological).
o7 is not lower semicontinuous nor a o-measure.

0 + 07 is a non-lsc submeasure.

0=(0+067), #0+ 9 =6+ 01.
0%° is a measure which is not lower semicontinuous nor a o-measure.

—_— —
— o0 oo [ee]
0_(61)0#6 _5.'['
05° + 6, is a measure which is not lower semicontinuous nor a o-
measure.

Proof. (1), (2a), (2b) and (4a) Straightforward.
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(2¢) The equality (/5\1)0 = 0 follows from Proposition 4.1(4c). Since 57 < 67, we
only need to show the converse inequality. If A € Z, then §z(4) = 0 < d7(A), so
we can assume that A ¢ Z. Then we can find a mgximal ideal J such that A ¢ J
and Z C J. Since d7 is a measure, 07 < 07 and dz(A) > d7(A) =1 > §z(A), the
proof is finished.

(3a) Follows from (0 4 07)(w) = 2 and (0 + 0z)(F') = 1 for every finite F' C w.

(3b) Since § and é7 are nonpathological, § + d7 is nonpathological as well. To
show the first equality, we first observe that (6 4+ dz), > gg = §. On the other
hand, if p is a measure such that u < § + dz, then p(F) < (6 + 6z)(F) = 1, so by
using Isc of (§ 4+ 0z), we obtain that (6 + dz),(A) < 1= 6(A) for every nonempty
A.

(4b) The equality (02°) = 0 follows from Proposition 4.1(4c), whereas the equal-
ity (09°) = 05° follows from Proposition 4.1(6a).

(ba) It follows from items (1b) and (4a).

(5b) The first inequality follows from the fact that ¢, is a nonzero o-measure. The
equality follows from the fact that §2° 4 ,, is a measure. The second inequality fol-
lows from the fact that (02° + d,,) is lower semicontinuous (by Proposition 4.1(2)),
whereas 5%0/?% = 62° + §,, is not lower semicontinuous.

(6a) It follows from items (1b) and (2a).

(6b) It follows from items (1b) and (2b).

(6¢) The first inequality follows from the fact that d,, is a nonzero o-measure.
The equality follows from the fact that 7 = dz and ¢, is a measure. The sec-
ond inequality follows from the fact that (dz + d,)

Proposition 4.1(2)), whereas 51/—1—\5n = 07 + 0, is not lower semicontinuous. O

, is lower semicontinuous (by

Proposition 5.2. If y, is a measure on X for every n € w, then the submeasure
¢(A) = limsup py, (A)
n—oo
s nonpathological.

Proof. Take any A C X. Then there exists an increasing sequence kg < k1 < ...
such that ¢(A) = lim,— 00 pg, (4). Let U be an ultrafilter on w such that {k, : n €
w} € U. Then the measure

v(A) = lim jin(4)

is dominated by ¢ and p(A) = ¢(A). Hence $(A) = ¢(A). O

For a function f : w — [0, 00) such that f(0) # 0,

, : f(n)
f(i) =00 and lim ~ =0,
20 S 1)
and for a fixed n € w\ {0}, we define a o-measure ¢¢, on w by
Zi n f(l)
Grm(A) = AN

Dien [(@) 7
and two submeasures ¢g, ¢; on w by

or(A) =sup{psn(A):new} and af(A) = lim_)sup drn(A).
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For a constant function f = 1 we obtain the asymptotic density
- AN
d(A) = lim sup M

n—oo

Proposition 5.3. The submeasure ¢5 is o-nonpathological and lower semicontin-
uous, whereas ¢ is nonpathological, but it is not lower semicontinuous.

Proof. The nonpathology of af follows from Proposition 5.2 and the rest of prop-
erties are straightforward. [

6. EXAMPLES OF PATHOLOGICAL SUBMEASURES

We start with a well known example of a pathological submeasures on a three-
element set. This submeasure can be considered as a blueprint for an example from
Proposition 6.2.

Proposition 6.1 (Folklore). The submeasure 7 :{0,1,2} — [0,2] given by

0 if|A]=0,
T(A)=q1 f1<|A[<2,
2 if|Al=3
is pathological and 0 # 7, = T # 7. Moreover,
0 if7(A) =0,
T(A) =41 if T(A) =1,
3/2 if T(A) =2.

Proof. Using Proposition 4.1(5a), we obtain 7,, = 7. Since d is a nonzero o-measure
(Proposition 5.1(1b)) and dy < 7, we obtain 7, # 0. Finally we show that 7 # 7
and 7({0,1,2}) = 3/2.

Let ¢ < 7 be a measure on {0,1,2}. Then u({0}) + u({1}) < 7({0,1}) = 1,
n({0}) + p({2}) < 7({0,1}) = 1 and p({1}) + w({2}) < 7({0,1}) = 1, hence we
obtain 24({0,1,2}) < 3. Thus u({0,1,2}) <3/2,s0 7 # 7 and 7({0,1,2}) < 3/2.

Let p be a measure on {0,1,2} such that u({0}) = u({1}) = p({2}) = 1/2.
Then p < 7 and p({1,2,3}) = 3/2, so 7({0,1,2}) > 3/2. O
Proposition 6.2. Let 7 be a submeasure from Proposition 6.1. Let Ag, A1, Ay Cw
be infinite and pairwise disjoint.

(1) The submeasure 3 : P(w) — [0,2] given by
TB(A) = T(A n {Oa 1, 2})

—

is pathological, lower semicontinuous and 0 # (73), = 73 # 13. Moreover,
0 ifr(A) =0,
BA)=q1  ifm(A) =1,
3/2 if m3(A) = 2.
(2) The submeasure 75° : P(w) — [0,2] given by
0 if{i<3:]ANA4; =w} =0,
5P (A) =<1 f1<{i<3:]ANA|=w}| <2,
2 f{i<3:]ANA4]=w}=3
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— —~
is pathological, not lower semicontinuous and 0 = (75°)_ # 75° # 75°.
Moreover,

B 0 )
A =1 iR
3/2 ifm5°(A) =

0,
L
2.

Proof. Obviously 13 is lower semicontinuous while 75° is not lower semicontinuous
because it vanishes on finite sets (see Proposition 4.1(4c)).

To show that 73 # 73, 7'/30\" # 75° and obtain the values of 73, it is enough to
imitate the proof of Proposition 6.1, so we omit /tlE details.

Since 75° vanishes on finite sets, we obtain (75°), = 0 by Proposition 4.1(4c),

—

whereas by Proposition 4.1(4b), we obtain that (73), # 0.

Since m3(w \ {0,1,2}) = 0, we can use Proposition 4.1(5b) to obtain (73), = 73.

Finally we calculate the value 7%"\0(14) for every set A.

If 75°(A) = 0, then ;:?\O(A) < 75°(A) = 0, so we are done.

If 75°(A) = 1, then there is ¢ < 3 such that AN A; is infinite. Let Z be a
maximal ideal on w which contains all finite sets and AN A; ¢ Z. Then iz is a
nonzero measure (by Proposition 5.1(2b)). We show that éz < 75°. If B € Z,
then 07(B) = 0 < 75°(B). Assume that B ¢ Z. Since Z is maximal, BN A; ¢ 7.
Consequently, A4; N B is infinite, so 75°(B) > 1 = 6z(B). Thus 1 < 75°(A) <
5 (A) = 1.

If 7$°(A) = 2, we first observe that the inequality 7'/3‘;0(14) < 3/2 can be shown
as in the proof of Proposition 6.1. To show the reverse inequality, we take three
maximal ideals Zy,Z; and Z on w which contain all finite sets and AN A; ¢ Z; for
i = 0,1,2. Then we define a measure 4 = (dz, + 9z, + dz,)/2 and repeating the
argument from the previous paragraph, we show that p < 75°. Since u(A4) = 3/2,
the proof is finished. O

The following theorem shows that there are e-pathological submeasures on finite
sets for arbitrarily small €. Then using this theorem we can construct three types
of pathological submeasures on w (see Proposition 6.4).

Theorem 6.3 ([12, Theorem 1]). Let e > 0 be an arbitrary positive number. There
exist a finite set X and a submeasure ¢ on X such that ¢(X) =1 and p(X) <€
for any measure p < ¢.

Proposition 6.4. Using Theorem 6.3, we construct a partition {I, : n < w}
of w into finite intervals and submeasures ¢, on I, such that ¢,(I,) = 1 and
p(I,) <1/2"L for every measure p, < ¢y, and each n < w.

(1) The lower semicontinuous submeasure g on w given by
Yo(A) = do(AN Io)

is pathological and 0 # @/;)o = 1//)\0 % 1.
(2) The lower semicontinuous submeasure 1 on w given by

P1(A) =sup{dn(ANI,) :n <w}
1s pathological.
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(3) The lower semicontinuous submeasure g on w given by

Ua(A) =Y n(ANT,)

n<w

is pathological, 0 # @\2)0 + 1//)\2 # 1y and @U(w) <00 = 1//1\2(1,0)

(4) The lower semicontinuous submeasure 13 on w given by
P3(A) =sup{(n+ 1), (ANT,) :n < w}

is pathological, 0 # (V3), # s # W3, (¥3),(w) < 0o = Y3(w) and V3 is
not lower semicontinuous.

—

Proof. Since 1;(Iy) = 1 > 0 for each i, we obtain (1;), # 0 by Proposition 4.1(4b).

We show that 1; is pathological for each i. We fix i < 4 and take any measure
@ < ;. Since p | P(Ip) is a measure on Iy which is dominated by ¢g, we obtain
that pu(lo) <1/2 <1 = ¢;(lo). Thus bi # Ui

We show (1), = {/}B. It is enough to observe that for any measure u < g we
have p(w \ Ip) < 9o(w\ Iy) = 0. Thus, p takes nonzero values only for subsets of a
finite set I, i@ consequently u is a o-measure.

We show (v;), # ¥; and &i(w) = oo for i € {2,3}. Since ¢,(I,) = 1 for every
n, we obtain that ¢;(w) = co. Let p: P(w) — [0, 0] be given by

J(A) = {oo if ;(A) = oo,

0 otherwise.

Since p is a measure and p < v;, we obtain z@(w) > u(w) = oo. Once we show that

—

(¢i),(w) < oo, the proof of this case will be finished. Let u < 1); be a o-measure.
Since p [ P(I) is a measure on I dominated by (k + 1)@y, we obtain that

M(Uh) :ZH(Ik)SZ%<Z%:2<OO
k<n k<n k<n k<w

—

for every n € w. Since (1)
have

. 1s lower semicontinuous (by Proposition 4.1(2)), we

(i), (w) = nh—{& (¥i), <U Ik) <2< 0.
k<n
Finally, we show that @; is not lower semicontinuous. In the previous paragraph,
we showed that 13(w) = oco. By Proposition 4.1(5a), we know that ¢3(F) =
(¢3),,(F) for every finite set F, so

—

Us(F) = (), (F) <2,
and consequently
lim @(n) <2 < 00 = hs(w).

n— oo

O

Theorem 6.5 ([12, Theorem 2] (see also [30, Example 3])). There exists a nonzero
submeasure x on w such that X = 0, x(w) = 1 and x(F) = 0 for every finite set
F Cuw.
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7. DEGREE OF PATHOLOGY OF SUBMEASURES

As in the case of definitions of pathological submeasure, there is also a mess with
definitions of degrees of pathology of submeasures. In this section we try to clean
it up. The results we obtained are summarized in Table 1.

Definition 7.1.
(1) The degree of pathology ([5, p. 21]) of a submeasure ¢ on X is given by

P(¢) = p{(g(A) .AgX}

with the convention that co/oo = 0/0 = 1 and a/0 = co/a = o for a
positive a € R.
(2) We also define a “o-version” of the degree of pathology by

A
Pa(gb)—sup{?( ) :AQX}.
¢ (A)
(3) In [23, Section 3.1] (see also [22, p. 5] or [21, p. 3]), the authors introduced
a “Fin-variant” of the degree of pathology by

Prin(¢) = sup {Z;EF) : I is a finite subset of X} .

F)

(4) Since ¢(F) = ¢, (F) for every finite set F C w (by Proposition 4.1(5a)), a
“o-Fin-variation” of the degree of pathology coincides with Ppgy,.

The following proposition summarize basic properties of these three versions of
the degree of pathology.

Proposition 7.2. Let ¢ be a submeasure on X.
(1) 1< Prin(¢) < P(¢) < Pr(¢) < oc.
(2) (a) ¢ is nonpathological <= P(¢) = 1.
(b) ¢ is o-nonpathological < P, (¢) = 1.
(3) If ¢ is a lower semicontinuous submeasure on w, then

(a) Prin(9) = P(¢) = Po(9),
(b) ¢ is nonpathological < Prpin(¢) = 1.

Proof. Straightforward with the aid of Proposition 4.1. O

In Table 1, we present examples which show that almost all configurations of
“<” and “=" signs in item (1) of Proposition 7.2 are possible. Below we provide
some proofs for the examples presented in Table 1.

Proposition 7.3. Pgin(¢1) = Prin(12) = 00.

Proof. Tt is enough to notice that t;(I,) = 1 and {b\l(In) < 1/2"*! for each n € w
and i =1, 2. (I

Proposition 7.4. P( + dpin) = 1 and P,(§ + 0pin) = 2.

Proof. Because 0 + dpip is nonpathological (Prop. 5.1(3)), we obtain P(d + dpin) =
1 by Prop. 7.2(2a). The equality P,(§ + 0pin) = 2 follows from the fact that

(0 + 0pin), = 0 (Prop. 5.1(3)). O
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’1 ‘ S‘PFln(d)) ‘ S‘P((b) ‘ <‘Pa(¢) ‘ < ‘ OOH Example

1| = 1 = 1 = 1 < | oo || Every o-measure.

1] = 1 =| 1 |<| oo |=]o00]| 0g, (Prop.5.1(4b))

1| = 1 <| oo |=| oo |=|0o0| x (Thm. 6.5)

1] < 00 =| oo |=| o oo || Y1, ¥ (Prop. 7.3)

1] = 1 = 1 < 2 < | o0 || 04 Opin (Prop. 7.4)

1| = 1 < = 2 <|ool|l? 0 + x (Prop. 7.5)
1= 1 <| 4/3 | <| oo |=|0o0| 75 (Prop. 7.6))

1| <| 4/3 | =] 4/3 |=]| 4/3 | <| oo | 73 (Prop. 6.2(1))

1| <| 4/3 |=]4/3 |<| oo |=|00| m73®75° (Prop. 7.8)

1|<| 4/3 | <| oo |=| oo |=|oo]| 73®x (Prop.7.8)

1| = 1 <| 3/2 | < 6 < | oo || n (Prop. 7.9)

1) <| 4/3 | =] 4/3 | < 2 < | 00 || (0 + 0pin) ® 73 (Prop. 7.8)

1| <| 4/3 |< = 2 <|oo||? Tm®(6+x) (Prop. 7.8)
1) <| 4/3 | <| 3/2 |<| oo |=|o00]| m3®715° @&n (Prop.7.8)
[1]<] 4/3 [<][32]<] 6 [<]oo][n®7s (Prop.7.8) ‘
TABLE 1. Possible configurations of “<” and “=" signs in Proposition 7.2(1).

Proposition 7.5. Ppin(6 +x) =1 and P,(6 + x) =2

Proof. To show that Ppi,(d + x) = 1, it is enough to observe that for every finite
set F, (8 + x)(F) = 8(F), so (6 + x)(F) = d(F)

To show that P,(6+x) = 2, we first observe that (§ + x), > d = . On the other
hand, if we have a measure p such that g < & + x, then u(F) < (6 + x)(F) =1, so

by using Isc of ((5/—1—\)()0 we obtain that (ﬂ—\x)a(A) < 1=4(A) for every nonempty
A. O
Proposition 7.6. Ppin(75°) =1, P(75°) = 4/3 and P,(15°) = co.

Proof. Since 78°(F) = 0 for every finite set F', we obtain Ppiy(75°) = 1. By
Prop. 6.2, 75° = 0, so we obtain P,(7§°) = co. Lastly, P(75°) = 4/3 follows from
Proposition 6.2(2). O

For submeasures ¢ and ¥ on w, we define two submeasures ¢ @®,, ¥ and ¢ G P
on X ={0,1} x w by
(¢ ®m ¥)(A) = max{¢(A), ¥(A)}
(¢ @s ¥)(A) = ¢(A) + ¢(A),
where ¢(A) and ¥(A) mean ¢({n € w: (0,n) € A}) and Y({n € w: (1,n) € A}),

respectively.

Lemma 7.7. For every submeasures ¢ and ¥ on w and every C' C {0,1} x w, we
have

(1) 6B $(C) > max{3(C), H(C)},
(2) ¢ @ 9(C) = o(C) +9(C).
The same properties hold for &50 and {b\c,.
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Proof. (1) Take any C C {0,1} x w. Without loss of generality, we can assume

¢>/(C\’) > 4)(C). Then there is a measure p on w such that p < ¢ and u(C) > M. Let
v be a measure on {0,1} x w such that v({0} x A) = u(A4) and v({1} x A) =0 for
every set A Cw. Thenv < ¢@®,, 9 and v(C) = pu(C) > M. Hence qﬁjem\d)(C) > M.

(2,<) Take any measure pu < @/} Let p;(A) = u({(i,n) :n € A}) for A Cw
and ¢ = 0,1. Then pg and pp are measures on w and py < ¢, py < ¥. Hence

po(A) < (b( ) and pq(A4) < @(A) for every A C w. Then u(C) = puo(C) + u1(C) <
tb( ) +9(0). . ~

(2,>) Take any C' C {0,1} x w. Take any M; < ¢(C) and My < 9(C). Then
there are measures pq and po on w such that py < ¢, pue < ¢ and p;(C) > M; for
1=1,2. Let v = p1 ®sp2. Then v < ¢p@s¢ and v(C) = 1 (C)+p2(C) > My + Ms.
Hence ¢ @, ¢(C) > M, + M. O

Proposition 7.8. For every submeasures ¢ and i, we have

(1) P(¢@m ¢) = max{P(¢), P(¢)},
(2) P(¢@s¢) = max{P(¢), P(¢)}.

The same equalities hold for P, and Pgip.

Proof. (1, <) It is enough to notice, using Lemma 7.7, that for every set C' we have

(;587,1\1/1(6') < Inax{g/ﬁ\(C),zﬁ(C)} < max{qi(c) W} < max{P(¢), P(¢)}.

6@ ¥(C)  max{6(C).d(O)} | 9(C) D)) T ’

(1, >) Without loss of generality, we can assume that P(qb) > P(¢). Take
any M < P(¢). Then there is C C {0} x w such thatﬂ(\)/¢(0 > M. Then
(¢Bm ) (C) = max{p(C),0} = ¢(C), and consequently ¢ &,, Y(C) = ¢(C). Thus,

(68 )(C) _ 9(C) _ ,,

$Bmb(C)  #(C)

Hence, P(¢ @®,, ) > M.
(2) The inequality > can be done as in item (1), and to show the inequality <
it is enough to notice, using Lemma 7.7, that for every set C' we have

0 @s $(0) _ 9(O) +9(0) _ { 4(C) w<c>} < max{P(6), PW)}.

)

#(C) $(C)

G D (C)  H(C)+P(C) ~
O

Proposition 7.9. Let Ag, Ay, Az, A3 C w be infinite and pairwise disjoint. The
submeasure 1 on w given by

if A=10,

fA#D and |{i <4:]ANA| =w} =0,
ifl<|{i<4:|ANA] =w}| <3,
fHi<d:|ANA)=w} =4

n(A) =

Y W = O
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—

is pathological, not lower semicontinuous and 0 # 6 = (n), # 7 # 1. Moreover,

Proof. Clearly, n(F) < 1 for every finite F' C w and n(w) = 6, so 5 is not lower

semicontinuous. It is also an easy observation that (), = J.
We will now calculate the value 7(A) for every set A, which will also prove that

o~

(), # 0 #n.

If n(A) = 0, then 7(A) < n(A) =0, so we are done.

If n(A) = 1, then for any n € A take the measure d,, in order to obtain §,, < 7
and 0,(A) = 1.

If n(A) = 3, then there is i < 4 such that AN A4; is infinite. Let Z be a
maximal ideal on w which contains all finite sets and A N A; ¢ Z. Then 347 is
a nonzero measure (by Proposition 5.1(2b)). We show that 30z <. If B € Z,
then 367(B) = 0 < n(B). Assume that B ¢ Z. Since Z is maximal, BN A; ¢ 7.
Consequently A; N B is infinite, so n(B) > 3 = 36z(B). Thus 3 < 7j(4) < n(A) = 3.

If n(A) = 6, to show that N(A) > 4, we take four maximal ideals Zy, 71,7,
and Z3 on w such that AN A; ¢ Z; for ¢ = 0,1,2,3. Then we define a measure
= (07, +901, + 91, +01,) and repeating the argument from the previous paragraph,
we show that p < 7. Since u(A) = 4, we obtain 7(A) > 4. To obtain the reverse
inequality, we can proceed analogously to the proof of Proposition 6.1. ([l

Proposition 7.10. Suppose that ¢ is a submeasure on w such that

1= Ppm((z)) < P((b) = Pg(¢> < Q.
Let oo € R be such that o < 2 and 3/2 < a < (3/2) - P(¢). Let ¢ be a submeasure
on w given by
0 fAN{0,1,2} =0,
s(A)={1 if1<|An{0.1.2)] <2,
a if|AN{0,1,2}| = 3.
Then
Prin(¢) = P(¢) = Po(¢) = (2/3) - o,

and consequently,

1< Prin(¢p®¢) < P(¢ ®Y) = Pr(¢p ® 1)) < 0.

Proof. The degree of pathology of ¢ can be calculated the same way as for 73 (using
an appropriate modification of Proposition 6.2). Whereas the degree of pathology
of ¥ @ 1) can be easily calculated with the aid of Proposition 7.8. O

Question 7.11.

(1) What is the value of P(6 + x)?
(2) Is there a submeasure ¢ with 1 = Ppin(¢) < P(¢) = Py(¢p) < 00?
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Part 2. (Non)pathological ideals

In this part of the paper, we alter the definition of an ideal. Namely, from this
point on we additionally assume that an ideal Z on X has to contain all finite
subsets of X.

8. (NON)PATHOLOGICAL IDEALS

In the literature, the (non)pathology of ideals is only considered in the realm of
analytic P-ideals and F, ideals so far. Let us recall well-known characterizations
of analytic P-ideals and F}, ideals that are expressed in terms of submeasures and
are necessary to phrase the definition of pathological ideals.

Theorem 8.1 ([27], see also [5, Theorem 1.2.5]). The following conditions are
equivalent.

(1) Z is an analytic P-ideal on w.
(2) There is a lower semicontinuous submeasure ¢ on w such that lim,_, . ¢(w\
n) >0 and

T = Exh(¢) = {Agw;nggoqs(A\n):o}.

Theorem 8.2 ([26, Lemma 1.2], see also [5, Theorem 1.2.5]). The following con-
ditions are equivalent.

(1) Z is an F, ideal on w.
(2) There is a lower semicontinuous submeasure ¢ on w such that ¢p(n) < oo
for each n € w, ¢p(w) = oo and

Z=Fin(¢) ={A Cw: ¢(A) < o0}.

Having the above characterizations we are prepared to present the definitions of
(non)pathological ideals.

Definition 8.3 ([5, pp. 25 and 53]). An analytic P-ideal (F, ideal, resp.) T is non-
pathological if there exists a nonpathological, lower semicontinuous submeasure ¢
such that Z = Exh(¢) (Z = Fin(¢), resp.). Otherwise, we say that Z is pathological.

By the definition, every submeasure which defines a pathological ideal has to
be pathological. On the other hand, every nonpathological ideal can be always
expressed with the aid of some pathological submeasure ([23, Proposition 3.4]).
Indeed, take any lsc submeasure ¢ with Z = Fin(¢) (Z = Exh(¢), resp.), then
the submeasure (A) = 7(AN{0,1,2}) + ¢(A \ {0,1,2}) (where 7 is defined in
Proposition 6.1) is pathological (as P(¢)) > P(r) = 4/3 > 1 by Proposition 7.8)
and Fin(¢) = Fin(¢) (Exh(y) = Exh(¢), resp.).

It is known ([5, Lemma 1.2.2]) that Exh(¢) C Fin(¢) for every lsc submeasure ¢,
however there is no relation between pathology of Exh(¢) and pathology of Fin(¢)
in general. Indeed, first we observe that if Exh(¢) is a pathological ideal, then
1 = min{l, ¢} is a lsc submeasure with Exh(¢) = Exh(¢) and Fin(¢) = P(w),
so Exh(v) is pathological whereas Fin(v)) is not even an ideal. If we now take
C(A) = sup{y({n € N : 2n € A}),|AN (2N + 1)|} then Fin(¢) = P(N) @ Fin
would be a proper nonpathological ideal while Exh(¢) = Exh(%) @ Fin would be
pathological. On the other hand, if we take any pathological ideal Fin(¢) and put
1 = sup{¢, 6} then Fin(y)) = Fin(¢) would still be pathological while Exh(¢)) = Fin
would be nonpathological.
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Let us describe some important classes of nonpahological ideals.
Using submeasures ¢ and ¢, which we defined at page 9 and using Proposi-
tion 5.3, we see that the Erdds-Ulam ideal generated by f ([17]),
EU; = Exh(¢y) = {A Cw :$f(A) = 0} ,
is a nonpathological analytic P-ideal. In particular, the the ideal
AN
Ty = {A Cuw: limsupM :0}
n—00 n

of all sets of the asymptotic density zero is a nonpathological analytic P-ideal.
Using measures py which were defined at page 3 we see that the summable ideal
generated by f ([24, Example 3, p.206]),

Ty = Fin(uys) = {Agw: Zf(n) <oo}7

neA

is a nonpathological F, ideal. In particular, the the ideal

1

neA

is a nonpathological F,, ideal.

The following theorem gives a useful characterization of nonpathologicity for
analytic P-ideals. One of the items of this characterisation involves the Solecki
ideal S introduced in [28] (see also [14, Section 3.6]).

Theorem 8.4 ([15, Corollary 5.6]). For an analytic P-ideal T the following condi-
tions are equivalent.

(1) T is nonpathological.
(2) T1 A<k Iy forevery A¢T.
(3) SLxk T | A for every A¢ T.

Another class of nonpathological ideals can be defined with the aid of infinite
matrices of reals. Namely, if a nonnegative matrix A = (a; k)i kew i regular, i.e.

sup g air < oo, lim E ajr,=1 and lim a;; =0 for every k € w,
ZEUJ 11— 00 71— 00
kew kew

then the matriz summability ideal generated by A (in short matriz ideal),

Z(A) = Exh (SUPNfi> = {B C N: limsup Z aif = 0} ,
[ASI% 1—>00 keB
is a nonpathological analytic P-ideal (see [1, the proof of Proposition 13]).
Matrix ideals can be used for checking pathologicity of ideals as shown in the
following theorem.

Theorem 8.5 ([10, Theorems 5.7, 5.14 and Proposition 5.1]). Every nonpatholog-
ical ideal can be represented as the intersection of some matriz summability ideals
i.e. if T is a nonpathological ideal, then there exists a family M of matriz summa-

bility ideals with
=M.

In particular, every nonpathological ideal is contained in some matrix ideal.
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Let us finish this section with examples of pathological ideals. In [9, Theo-
rem 4.12], the authors constructed an F, P-ideal Z which is not contained in any
matrix summability ideal, and consequently (by Theorem 8.5) the ideal Z is patho-
logical. Another example of a pathological ideal can be found in [23, Section 3.2.1].
We would emphasize that both of these examples rely heavily on the construction of
an F,, ideal which is not contained in any summable ideal (given by K. Mazur [26,
Theorem 1.9]). Using Theorem 11.2, one can see that the ideal constructed by
Mazur is pathological, hence his ideal seems to be the first pathological ideal con-
structed ever.

9. INTERSECTIONS OF MATRIX IDEALS

The following theorem shows that item (2) of Theorem 8.4 characterizes ideals
that can be represented as the intersections of matrix summability ideals in the
realm of all ideals (not necessarily analytic P-ideals).

Theorem 9.1. An ideal Z is equal to the intersection of a family of matriz summa-
bility ideals if and only if T | A <y Ly for every A ¢ T.

Proof. {(=)": Follows from [32, Corollary 3.4] and the proof of [32, Theorem 3.8]
as noted by remarks under [32, Corollary 3.9].

‘(«<): Take A ¢ Z. Let f : N — A be such that for every C € Z | A we have
f_l[C] €ly.

We will finish the proof by constructing a regular matrix B = (b; ;) such that
A¢Z(B) and T CZ(B). For every i,k € N put

R O L, )

by =

Clearly, b;, > 0 for all i,k € N and ZZ‘;I b; = 1 for each i € N. Moreover, since
for each k € N we have {k} € Z | A, we get f~'[{k}] € Z;. Therefore, for each

k € N we have
i VRO L]
1—00 7
hence lim;_,o b; ;, = 0. Thus, the matrix B is regular.
Observe that

:0’

S s = |fHCT N (L, ]|
bz,k - -
)
keC
for every i € N and C' C N.

Obviously, f~1[A] = N. It follows that

“Aln[L,: 1,i
S, < AN _
i 7
keA
for every i € N, thus A ¢ Z(B).
Moreover, since for every C € Z | A we have f~![C] € Iy, it follows that for
every such C' we obtain
1—00 7, ’
thus lim; o0 Y e bi = 0, hence C € Z(B). Therefore, Z | A C Z(B). Since
ICITJTAUP(N\A)and N\ A€ Z(B), we obtain Z C Z(B). O
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In [22, Question 3.13], the authors asked whether the Solecki ideal S is patho-
logical. Below we argue that the answer is positive, which gives another example of
a pathological F, ideal (in [23, Section 3.3], the authors announced that the same
result was independently obtained by Figueroa and Hrusak).

Corollary 9.2. The Solecki ideal is pathological.

Proof. Tt is known that the Solecki ideal S is a tall F, ideal (see e.g. [14, Sec-
tion 3.6]). Suppose for the sake of contradiction that S is nonpathological. Then
S would be the intersection of some family of matrix ideals by Theorem 8.5. Using
Theorem 9.1, we obtain S | A <y Z; for every A ¢ S. Thus Z, is pathological by
Theorem 8.4, a contradiction. O

10. GENERALIZED DENSITY IDEALS

If (fn)new 18 a sequence of measures on w which are concentrated on finite
pairwise disjoint intervals I,, C w (i.e. {i € w: u,({i}) > 0} C I, for each n € w
and I, N I, = 0 for n # m), then the density ideal generated by (un),

Z,, = Exh <sup #n> = {A Cw: limsup p,(A) = 0} )

new n—00

is a nonpathological analytic P-ideal ([5]). If we replace measures p,, with submea-
sures ¢, in the above definition, we obtain the generalized density ideal generated
by (¢,) which are also nonpathological analytic P-ideal ([6]).

In [4], the authors are interested in the following modification of density ideals.
Let F be a family of finite subsets of w and f : w — (0, 00) be a sequence of positive
reals. For each F' € F, we define a measure on w

prr(A) = Y f(),
i€ ANF
and associated nonpathological analytic P-ideal given by

If,]: = Exh (sup ,uﬁp) .
FeF
The following theorem solves [4, Problem 4.3].

Theorem 10.1. The ideal of all sets of exponential density zero,
In|A
I. = {Agw:hmsupnlmn' 0},
n—oo Inn

is a nonpathological analytic P-ideal that is not of the form Iy r.

Proof. The ideal Z. is a matrix summability ideal by [10, Theorem 5.20], so it is
a nonpathological analytic P-ideal. Then it follows from [31, Proposition 4.6] that
T. is a generalized density ideal, so there are pairwise disjoint intervals I, and
submeasures ¢, : P(I,) — [0, 00) such that

n—oo

I = {A Cw:limsupy,(ANI,) = 0} )

Assume that Z. is of the form Zy # for some F C [w]<“ and f :w — (0,00). Let
¢ = suppcr fy, . Since Z. is a generalized density ideal, we can notice that

Igz{Agw: lim @(Aﬂ[n):O}.

n—o0
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We also know that lim,, ., ¢({n}) = 0, because Z; is tall.

Now, note that there has to be A ¢ Z. such that limsup,,_, ., ©(ANI,) < oco.
Otherwise, we would have Z. = {4 Cw : ¢(A) < oo}, which would make Z. an F,
ideal, a contradiction with the fact that no tall generalized density ideal is F,, (see
[7, Section 3]).

Therefore, there exists A ¢ Z., & > 0 and injective sequences (n) C w, (Fy, ) C
F such that limy,_, oo (ANF,, NI, ) = a. Let By = ANF,, NI, and B = {J,¢,, Bx-
Clearly, B ¢ Z. as limsup,, ., ¢(BNI,) =a > 0. Since lim,_, p({n}) =0, we
also get limg_o |Bg| = co. What is more, for every infinite Z C w we have
Ukez Br & Z.. Therefore, we may assume (by trimming down By if necessary)
that lim infy_,o In(|Bg|)/ In (max By) = 8 > 0.

Next, we divide every By, into | /| By|] disjoint, intertwined parts C¥ (i.e. ||CFN
n\—|CfﬂnH < 1for all ¢, j,n), each with cardinality around y/|By|. Since By C F,,,,
for every X C By, we have ¢(X) = puy r, (X). Therefore, for every k, there has to
be at least one i, with

thus for C' = J,,, CF we obtain

B
limsup ¢(C N I,,) = limsup p(CF ) < limsup 2(B) =0,

n— 00 k— o0 T k—o0 L\/ |Bk|J

because limsupy_, . ©(Bx) < « and limg o | \/|Bg|] = o0
On the other hand, since for every k € w,

C3, > [V[Brl]

AE HIB*

then for every n = max B, we have

In(|C Nnl) - In|CF n([v/|Bkl])  In(|Bg|)
Inn - lnn - Inn ~ 2Inn ’
hence limsup,, , . In(|CNn|)/Inn > /2, thus C & Z., which leads to a contradic-
tion. (]

11. F, IDEALS AND THE DEGREE OF PATHOLOGY

If ¢ is a lower semicontinuous submeasure, then qASU is a nonpathological lower
semicontinuous submeasure (by Proposition 4.1(2)(7a)). If P,(¢$) < co then

$JS¢SP0(¢)'$J-

If ¢ is a lower semicontinuous submeasure with P(¢) < oo, then P,(¢) = P(¢) (by
Proposition 7.2(3)), so

Exh(¢) = Exh ((Eg) and Fin(¢) = Fin (q/i)\g) ,

and consequently, both Exh(¢) and Fin(¢) are nonpathological in this case (even
though ¢ may be pathological).

In [23, Section 3.1], the authors constructed a lower semicontinuous submeasure
¢ such that P(¢) = oo and Fin(¢) is nonpathological. Then they asked a question
[23, Question 3.6] whether one can find ¢ which additionally has P(¢ | P(A)) < oo
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for each A € Fin(¢). The following proposition answers their question in the
positive.

Proposition 11.1. There exists a pathological lower semicontinuous submeasure
¢ on w such that P($) = oo and Exh(¢) = Fin(¢) = Fin, thus Fin(¢) is a non-
pathological Fy P-ideal. Moreover, P(¢ | P(A)) < oo for all A € Fin(¢).

Proof. By [26, Lemma 1.8] for every n > 0 there exists a finite set K, and a family
S, € P(K,,) such that:
(2) if p is a probability distribution on K,, then there exists A € S,, such that
p(A) > 1/2.
Assume that {K, : n € w} is a partition of N into intervals and define ®,, :
P(Kn) — [0,00) by

B, (A) :min{|8\ :SCS,and AC Us}

for any A C K,,. Notice that ®,,(K,) > n.

Define ¢ : P(K,) — [0,00) by ¢(A) = > 07 ¢n(AN K,). Clearly, if A is
finite then ®,(A) = 0 for all but finitely many n (thus ¢(A) < oo0) and if A
is infinite then ®,(A) > 1 for infinitely many n (thus ¢(A) = o). Therefore,
Exh(¢) = Fin(¢) = Fin.

To see that P(¢) = oo, first assume that there exists a measure p : P(K,,) —
[0, 00) such that u(K,) > 2. Then there exists A € S,, such that u(A) > 1, because
for the probability measure p given by p(B) = u(B)/u(K,,) one has to find A € S,
such that p(A) > 1/2, thus u(A) > 1. On the other hand, for every A € S,, we
have ¢, (A) = 1, thus ¢(A4) = 1, hence p £ ¢. It follows that for every p < ¢ we
have u(K,) < 2. Therefore, for any measure u < ¢ we get

1(Kn) 2’

for all n, thus P(¢) = oco.

To prove the ‘moreover’ part, notice that for A € Fin(¢), there are only finitely
many sets B C A for which (¢ [ P(A))(B) > 0. Since (¢ [ P(A4))(A) = ¢(4) < o
(thus (¢ [ P(A))(B) < oo for every B C A), it is clear that Prin(¢ [ P(4)) <
0. (]

We know that nonpathological F, ideals can be represented as intersections of
matrix ideals (see Theorem 8.5). We can possibly strengthen it a bit.

Theorem 11.2. If 7 is a nonpathological F, ideal then it can be represented as
the intersection of summable ideals. In particular, every nonpathological F, ideal
is contained in some summbale ideal.

Proof. Let ¢ be a nonpathological submeasure such that Z = Fin(¢). Take X ¢ Z.
Then ¢(X) = oo, thus, since ¢ is lower semicontinuous and nonpathological, there
exist finite sets Aj, Ao,... C X and measures pq, fio, ... with u, < ¢ for every n
such that u,(A,) > 2™

We will finish the proof by finding a summable ideal Z, such that 7 C Z, and
X ¢1,. Define g : N — [0,00) by

(i) = Z Nn(‘?{f})

2
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Then for every A C N we have

. - n({i}) o~ n(4) o
o) =3 Py = SR <5 AT -
CI,.

€A i€An=1 n=1

It follows that if ¢(A) < oo then )., g(i) < oo, thus T C
Now, observe that

i€ X n=1 n=1
thus X ¢ 7. O

Corollary 11.3. If T is a nonpathological F, ideal then for every X ¢ T, T | X
can be extended to some summable ideal.

Proposition 11.4. Let Z be an ideal. Then the following are equivalent.

(1) T is an intersection of summable ideals.
(2) for every A & T there exists some summable ideal Ty such thatZ | A <k I;.

Proof. The (1) = (2) implication is obvious.

To prove the (2) = (1) implication, take A ¢ Z and a summable ideal Z; such
that Z | A <g Zy. Let g : N — A be a witness to that. Define the function
h:N—[0,00) by

hn)= > f(0)
g7 ({n})
for every n € N. Clearly, ) h(n) = oo, thus Z), is a summable ideal such that
AgTy.
We will finish the proof by showing that Z [ A C Z;,. Take B € Z [ A. Then
g~ Y(B) € Iy, therefore Yicg-1(p) [(i) < oo, thus -, g h(n) < oco. It follows that
B e1y. [l

Proposition 11.5. If T is an F, ideal that can be represented as an intersection
of summable ideals then for every X & T there exists a submeasure ¢ such that
Fin(¢) =7 and ¢5(X) = co.

Proof. Let X ¢ T and let 9 be such that Fin(y)) = Z. Since there exists a summable
ideal 7y such that 7T C Zy and X ¢ Zy, for a measure ps(A) = -, f(n) we have
pf(X) = oo. Define ¢ = max{t, s}. Then ¢ is a lower semicontinuous submeasure
as a maximum of a measure and a lower semicontinuous submeasure. Observe that
¢o > if, because fif is a o-measure and py < ¢. Hence ¢, (X) = oo.

To see that Fin(¢) = Z, first note that ¢ < ¢, thus Fin(¢) C Fin(¢)) = Z. On
the other hand, if A € T C Z;, then we have both (A4) < co and ps(A) < oo.
Therefore, ¢(A) = max{y(A), us(A)} < oco. O

Note that summable ideals are nonpathological F,, ideals, so they can be repre-
sented as intersections of matrix ideals. Moreover, Z; is a matrix ideal that cannot
be extended to any summable ideal, thus being represented as an intersection of
summable ideals is strictly stronger than being represented as an intersection of
matrix ideals. However, the following question is still open.

Question 11.6. Let Z be an F,, ideal. Then each of the following items implies
the next.
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(1) Z is nonpathological.
(2) Z can be represented as an intersection of summable ideals.
(3) Z can be represented as an intersection of matrix ideals.

Can these implications be reversed?
We finish this section with an example which gives us answer to [23, Ques-
tion 3.10]. First, we need to introduce some notions and notations necessary to the

formulation of this question. For any finite set K C w and a family F C P(K) with
U F = K, we define the covering number of F in K by

min{[{F € F:i€F}|:i€ K}

|7 '
Let ¢ be a lsc submeasure such that ¢(w) = oo and there is M > 0 such that
Bar = {A: 6(A) < M}

(K, F) =

is a cover of w. Let (K, : n < w) be a strictly increasing sequence of finite subsets
of w such that J, ., K = w and let (F, : n < w) be a sequence such that
Fn CP(K,) N By and Y F,, = K, for each n. Then we define

6(p, M, (Ky), (Fpn)) = inf{0(K,, Fn) : n € w}.
Lemma 11.7. If Fin(¢) is a tall ideal, then there exists M > 0 with
(¢, M, (Kp), (Fn) = 0,
where K, ={i € w:i < n} and F, = {{i} : i <n} for each n € w.

Proof. Since Fin(¢) is a tall ideal, there is M > 0 such that ¢({n}) < M for each
n € w. Then (K,) is a strictly increasing sequence of finite subsets of w with
Unew Kn = w, Fn € P(K,) N By and |JF, = K, for each n < w. Moreover,
0(Kp, Fn) = 1/n for each n. Thus, §(¢, M, (K,), (Fn)) = 0. O

In [23, Theorem 3.9], the authors proved that if §(¢, M, (K,), (F,)) > 0, then
QASU(w) < oo. Then they asked [23, Question 3.10] whether qga(w) < oo implies
0(p, M, (Ky), (Frn)) > 0, and whether §(¢, M, (K,,), (Fn)) = 0 implies that Fin(¢)
is nonpathological. Below we show that the answers to both questions are negative.

To answer the first question, we take a submeasure 13 which is defined in
Proposition 6.4(4). We have already proved there that 3 is pathological and

(¢3),(w) < oo. Once we prove that Fin(y3) is tall, Lemma 11.7 will show that
5(p, M, (Ky), (Fn)) = 0 for an appropriate M, (K,,) and (F,), so the answer to the
first question will be obtained.

Tallness of Fin(t)3) follows from the fact that for every n € w and for every
i € I, we have v3({i}) < (n + 1)/2"*l. To prove this fact, suppose for the
sake of contradiction that there is n € w and there is ¢ € I,, such that ¢3({i}) >
(n+1)/2""1. Then we take the measure p = ¢,,({i})d; and observe that u < ¢,,, so
u(T,) < 1/27+1. On the other hand, () > p({i}) = 6n({i}) = ws({iD/(n+1) >
1/27+L ] a contradiction.

To answer the second question, we take a pathological F,, P-ideal Z constructed in
[9, Theorem 4.12]. Since 7 is tall, Lemma 11.7 show that §(¢, M, (K,), (Fn)) =0
for an appropriate M, (K,) and (F,), so the answer to the second question is
obtained.



PATH OF PATHOLOGY 25

12. VAN DER WAERDEN IDEAL

We start this section by recalling two versions of van der Waerden Theorem (see
e.g. [11, Section 2]).

Theorem 12.1. Let A C N be a set containing arithmetic progressions of any
given length. For any partition of A into finitely many subsets, at least one of them
contains arithmetic progressions of any given finite length.

Theorem 12.2. For any n € N there exists a number W,, € N such that for any
set A C N containing an arithmetic progression of length W,, if A = BUC, then
at least one of the sets B, C' contains an arithmetic progression of length n.

Due to the first of these theorems, the family W which consists of those subsets
of N that do not contain arithmetic progressions of arbitrary finite length is an ideal
called van der Waerden ideal. It is known that W is an F,, ideal ([8, Example 4.12])
and that it can be extended to a summable ideal ([18, Theorem 3.1]), thus by the
homogeneity of W ([19, Example 2.6]) it is equal to the intersection of a family of
summable ideals. To the best of our knowledge, the possible pathology of W (or
lack of thereof) has not been researched before.

To prove the nonpathology of W, we will also need a finitary version of Sze-
merédi’s Theorem ([29], see also [11, Section 1.4]).

Theorem 12.3 ([29]). Let n € N and let 0 < 0 < 1. Then there exists a number
N(n,d) such that for any arithmetic progression A of length k > N(n,d) every set
B C A of size at least 6k contains an arithmetic progression of length n.

Theorem 12.4. W is a nonpathological F, ideal.

Proof. We will obtain the theorem by finding an lsc submeasure ¢ such that Fin(¢) =
W and Prin(¢) < 2.

To begin, we will define inductively the sequence (V,,). Let V4 =1, V5 = 2 and
assume that we have defined Vi,...,V,,_1 for some n > 3.

Then for every i < n we define as N; the smallest natural number such that for
every arithmetic progression A of length at least V; and every set B C A such that
|B| _ i
Ll
Al 7 n
the set B has to contain an arithmetic progression of length V;. Such N; exists by

Theorem 12.3 (we put N; = N(V;,i/n)).

We pick as V,, the smallest natural number such that V,, > N; for every i < n
and V,, > Wy, _,, where W; is defined as in Theorem 12.2.

We can now proceed to defining the function ¢ : P(N) — [0, o] by

¢(A) = sup{n € N: A contains an arithmetic progression of length V,,}

for every A C N.

Clearly, ¢(0) =0, ¢(N) = co and ¢(A) < ¢(B) whenever A C B.

We will prove that ¢(AU B) < ¢(A) + ¢(B). We may assume that A, B are
nonempty and disjoint. We have two cases.

If (AU B) = oo then AU B contains an arithmetic progression of arbitrary
length, thus by Theorem 12.1 at least one of the two sets A, B also needs to contain
an arithmetic progression of any given length, thus at least one of ¢(A), ¢(B) has
to be infinite, hence ¢(A) + ¢(B) = oo.
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If (AU B) = n for some n € N then AU B contains an arithmetic progression
of length V,,. Since V,, > Wy, _,, at least one of the two sets A, B contains an
arithmetic progression of length V,,_; — we may assume that it is A. Since B is
nonempty, ¢(B) > 1. Hence, ¢p(A) + ¢(B) > (n—1)+1=n.

Therefore, ¢ is a submeasure. It is easy to see that it is Isc and that Fin(¢) = W.

To finish the proof, we need to show that Pgi,(¢) < 2. Take a finite, nonempty
set A C N. Then ¢(A) = n, hence it contains an arithmetic progression B of length
V-

If n < 2, then the measure p(C) = |CNB| fulfills 4 < ¢ and u(B) = p(A) = ¢(A),
so we are done.

If n > 2, we define the measure v : P(A) — [0,00) by
_n-|CNB|

for every C C A. Observe that v(A) = v(B) = n. We may also notice that for any
i < n we have that ¢(C) > ¢ whenever v(C) > i. Indeed, if v(C) > i then
|C' N B S ﬁ
B~ n

Since B is an arithmetic progression of length V;,, by the fact that V;, > N(V;,i/n)
we find that C contains an arithmetic progression of length V.
It follows that for every C' C A we have

v(C) < 1 + 1 <o
¢(C) i
Therefore, if we take the measure p : P(A) — [0,00) given by u(C) = v(C)/2
we obtain pu < ¢. Since u(A) = n/2, we get

o) _,

1(A)
thus PFIII((b) S 2. O

Let us recall one more F, ideal which is also defined with the aid of Ramsey
theory. Namely, using Folkman’s theorem (see e.g. [11, Section 3.4]) we obtain the
Folkman ideal ([19])

F={ACN:3nVDCN (|D|=n = FS(D) Z A)},

where F'S(D) is the set of all sums of distinct elements of D. We do not know
whether F is a nonpathological ideal.

13. JOSEFSON-NISSENZWEIG PROPERTY

Let X be a Tychonoff space. By C(X) we denote the set of all continuous real-
valued functions on X, and by C*(X) we denote the subspace of C'(X) consisting
of all bounded functions.

By a measure on X we mean a o-additive measure defined on the o-algebra of
all Borel subsets of X which is regular, signed and has bounded total variation. We
say that a measure pu on X is finitely supported if p = Zle a;0, for some z; € X
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and a; € R, where 0, is the probability measure concentrated on x. In the case u
is finitely supported, its variation is given by

k
il =D lail
i=1

and we will write

k
= dp = if(zi
w(h) = [ s > aif(e)
for every f € C(X).

Definition 13.1 (][20]). A Tychonoff space X has the Josefson-Nissenzweig prop-
erty (the bounded Josefson-Nissenzweig property, resp.), or shortly the JNP (the
BJNP, resp.), if X admits a sequence (u,) of finitely supported measures on X
such that ||p,|| = 1 for every n € N and lim, o n(f) = 0 for every f € C(X)
(resp. f € C*(X)).

Clearly, if Y is a subspace of X and Y has the JNP (BJNP, resp.) then X has
the JNP (BJNP, resp.) too.

For an ideal Z on N, consider the space X (Z) = NU {oo} with the topology such
that every point in N is isolated while every open neighborhood of co is of the form
{00} U(N\ A) for some A € T.

The JNP and BINP for the space X (Z) were recently investigated in [20].

Theorem 13.2 ([20, Theorem A]). LetZ be an ideal on N. The following conditions
are equivalent.

(1) X(Z) has the JNP.
(2) X(Z) contains a non-trivial convergent sequence.

Theorem 13.3 ([20, Theorem C]). Let T be an ideal on N. The following conditions
are equivalent.

(1) X(Z) has the BJNP.
(2) There is a matriz ideal J such that T C J.

Note that originally in [20] the space X (Z) had the BJNP if and only if Z could
be extended to a density ideal, but extension to a density ideal was proved to be
equivalent to extension to a matrix ideal in [32, Section 3].

We say that a family A of subsets of N is Z-almost disjoint if A C ZT and
AN B €T for all distinct A, B € A.

Let Z be an ideal and A be an nonempty Z-almost disjoint family of subsets of
N. Counsider the space Uz(A) = NU A with the topology such that every point in
N is isolated while every open neighborhood of A € A is of the form {A} U A\ B,
where B € Z. If T = Fin, the space ¥pin(A) = ¥(A) is known as Mrowka-Isbell
space (see e.g. [13]).

We can apply Theorem 13.3 to spaces Uz(A).

Corollary 13.4. An ideal T on N is an intersection of matriz ideals <= Uz(A)
has the BJNP for every T-almost disjoint family A.

Proof. (<= ): Let A¢Zand A= {A} CZ". Then Uz(A) is equal to X (J4) with
Ja={BCw:ANB €T} Thus X(J4) has the BJNP, hence by Theorem 13.3
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the ideal J4 can be extended to a matrix ideal. Therefore, Z is an intersection of
matrix ideals.

(= ): Let A C Z7 be an Z-almost disjoint family and take A € A. Put
B={A} CZ7". Since Z is an intersection of matrix ideals, Z [ A can be extended
to a matrix ideal, so X(Z | A), has the BJNP, which means that ¥z(B) has the
BINP as well. Moreover, Uz(B) is a subspace of Uz(A), hence Uz(A) has the
BJNP. O

Theorem 13.5. Let (Y;),es be pairwise disjoint Tychonoff spaces. The following
conditions are equivalent.

(1) X =|{Y;:j € J} has the JNP (BJINP, resp.).

(2) Y; has the JNP (BJNP, resp.) for some j € J.
Proof. (2) = (1): Obvious, because every Y; is a subspace of X.

(1) = (2): Let {{zF : i < k,}:n €N} and {{a' : i < k,} : n € N} be the
witness for the JNP (BJNP, resp.), i.e. for every f € C(X) (f € C*(X), resp.) we
have

s n ny __ n —
nh_>rrolo Z al f(z}) =0 and Z lai| =1 for every n € N.

i<kn i<kn

For each n € N, denote the set {z! : i < k,,} by X,,, the set {z? : al > 0} by XF
and the set {z] : a} <0} by X, .
For each n € N define the measure §,, : P(X) — [0,1] by

Sn(A)= > a}
{i<kn:a €A}

for each A C X. We have two cases: either there exists jo € J such that 6, (Yj,)
does not tend to zero or lim,,_,o 6,(Y;) = 0 for all j € J.

In the first case, we will show that Y}, has the JNP (BJNP, resp.). Assume
otherwise and pick o > 0 and a sequence n; < no < ... such that

llim 0n,(Y;,) = and 6,,(Yj;,) > 0 for each [ € N.
xde el

Since Y}, does not have the JNP (BJNP, resp.), there exists a function g € C(Y},)
(g € C*(Y},)) such that

. a;'g(z")
lim sup E —==|>0.

l—00 )
{lgk"l:mileyjo}

Define the function f: X — R by

g(z) ifzxeY,,
0 otherwise.

Clearly, f € C(X) (f € C*(X)). However,

ni gy ‘ a;'g(x;")
Z ai' f(@")| = |0n, (Vo) Z O (Y30) |

i<kn, {i<kn,:z €Y50 }

which does not tend to zero, a contradiction.
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In the second case, observe that for every n € N we have §,(X;") > 1/2 or
on(X,) > 1/2. Put

L, X i) =/,
" )X~ otherwise.

We will obtain the thesis by showing that the second case contradicts the assump-
tion that X has the JNP (BJNP, resp.). We will do so by finding a function
f € C*(X) such that for infinitely many n € N we have

S ar )| > ¢

1<kn

We will now inductively construct sequences of natural numbers (n.,), sets (D.y,)
with lim, 00 0, (Dyy) = 0 and functions (fy,) with dom(f,,) € X and ran(f,,) C
[0,1].

First, let ny = 1 and Dy = [J{Y; : ¥; N X1 # 0}. Because each Y; is Tychonoff
and X, is finite, there exists a continuous function f; : D; — [0,1] such that
fi(x) =1for z € Z; and f1(x) =0 for x € X; \ Z;. Since X7 is finite, D; is made
of finitely many Yj, thus lim, o 0,(D1) = 0 as 6,(Y;) tends to zero for every
jed.

Suppose we have constructed n,,, fm, Zm for m < [ for some [ € N. Then we
put as n; such n € N that §,(D;—1) < 1/8. Let D; = {Y; : U<, Xi NY; # 0}
Because f;_; is continuous on D;_, which is a closed subset of D;, X, is finite
and each Y; is Tychonoff, there exists a continuous function f; : D; — [0, 1] such
that

e fil D1 = fi1;
° fl(.I‘) =1 for x € an \Dl—l;
[ ] fl((Z?) = O fOI' T € (an \an) \ Dl—l-
Once again, D; is made of finitely many Y}, thus lim, . §,(D;) = 0.
We can now define the function f: X — [0, 1] in such way that
e f| D, =f foreveryl € N;
o f(z)=0forx € X\ ey Di-
It is easy to see that f € C*(X) as each f; is continuous while (J,cy Di and each
D; are all clopen subsets of X.
On the other hand, for all [ > 2 we obtain

DRIIC)] B I DN FAC D) B B DR DAt
Pk {i<kn 2] €D\DI_1 } {i<kn,witeDr 1}
P PR D VN
{i<kn 0]t €20 \Di1} {i<kn €Dy 1}
1 1 1 1
=0p(Zy, \D;_1) =6, D) > | =—=) — == ~-.
z( ! \ l 1) z( 1 1) > <2 8> 3 1

O

Corollary 13.6. Let A be a countable Z-almost disjoint family. Then the following
conditions are equivalent.
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(1) ¥z(A) has the BJNP.
(2) There ezists A € A such that X(Z | A) has the BJNP.
(3) There exists A € A such that Z | A extends to a matriz ideal.

Proof. (2) <= (3): follows from Theorem 13.3.

(1) <= (2): follows from Theorem 13.5 as for every countable Z-almost disjoint
family A = {A,, : n € N} there exists a countable pairwise disjoint family B = {B,,
n € N} such that Wz(A) is homeomorphic to | |, .y X(Z [ By) while X(Z [ B,,) is
homeomorphic to X(Z | A,,) for every n € N. O

14. THE INTERSECTION OF MATRIX IDEALS CAN BE NON-BOREL

In this section, we will prove the consistency of existence of a non-Borel ideal
that is an intersection of matrix ideals (Corollary 14.4), which consistently answers
[9, Question 3]. The consistency is expressed with the aid of the tower number t
which is the smallest length of a tower of infinite subsets of w, and in the proof we
will also use the almost disjointness number a which is the smallest cardinality of
any MAD family on w (i.e. an infinite maximal almost disjoint family of infinite
subsets of w). For more on these cardinals, see e.g. [3].

For a MAD family A, we write Z(A) to denote the ideal generated by .A:

BeZ(A) < B\ (A1 U---UA,) is finite for some Ay,..., A, € A.

In [16, Theorem 3.9], the authors proved that assuming t = ¢, there exists a
MAD family A such that Z(A) is K-homogeneous. We will use a slightly modified
version of the above result — we will additionally require that the constructed almost
disjoint family consists of sets from a tall ideal (see Lemma 14.1 and Theorem 14.3).
The proof will be almost the same as in the original result, but we will provide it
for the sake of completeness.

Throughout this section, we will assume that every family F C w* consists of
injections. For functions f,g: X — Y we write f =* g if f(x) = g(z) for all but
finitely many x € X. Moreover, we write A C* B if B\ A is finite.

Let A be an almost disjoint family and let F C w*. We say that A respects F
if f7[A] € Z(A) for all f € F and all 4 € A.

Lemma 14.1. Let T be a tall ideal. Let A C T be an almost disjoint family that
respects F C w®. Assume also that |A| < t, |F| < t and X € P(w) \Z(A). Then
there exists an almost disjoint family B C T such that A C B, |B| < t, B respects
F and BN [X]¥ # 0.

Proof. It AN[X]* # ( then we can put B = A and we are done. Hence, we can
assume that AN [X]“ = 0.

First, notice that since X ¢ Z(A) and |A] < t < a, the set {ANX : A €
AN|ANX| = w} cannot be a MAD family on X, so there exists a set ¥ € [X]¥
such that Y N A € Fin for every A € A. In particular, Y ¢ Z(A). It follows that
we can assume without loss of generality that AN X € Fin for every A € A.

Second, we can assume without loss of generality that the identity function
f(n) = n belongs to F.

Let F’' be the closure of F under compositions. Observe that A respects F'.
Indeed, for any f,g € F and A € A we have

(fog) Al =g7" [f Al € Jg "4l
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for some A; € A as f~1[A] € Z(A). Since g~[A;] € Z(A), we obtain (fog)~1[A] €
Z(A).
Put {fa : @ < k} as an enumeration of elements of F’ such that fj is the identity
function. Note that F’ consists of injections and that |F'| < |[F]<¥| < t.
We will now construct inductively a sequence (T},)q<x such that
(1) T, € [X]¥ for every a < k;
(2) if @ > B then T,, C* Tp;
(3) for each a < k, we have f;![T,] € Z(A) or

fNT.) € T and £ [T,) N A € Fin for all A € A;
(4) for every 8,7 < a < k, if fﬂ_l[Ta] ¢ I(A) and f'[T,] & Z(A) then
[T N TN € Fin oo fol [ T =" f71 | Ta

Fix a < k, and assume we have constructed T for 8 < «. Since |a| < t, there
exists a set S € [X]¥ such that S C* T for all 8 < a.

If there exists an infinite C' C S such that f;![C] € Z(A) then put Sy = C.

If there is no such C then f,![S]N A € Fin for all A € A as otherwise, should
there be Ag € A such that f7[S]N Ag & Fin then C = f, [f5'[S] N Ag] would be
an infinite subset of S with f;1[C] C Ay € Z(A).

In this case, notice that we have f;![S] & Z(A), thus f,1[S] € Fin. Since Z is
tall, there exists an infinite D C f;*[S] such that D € Z. We put Sy = f,[D].
Notice that Sy is an infinite subset of S such that f,1[Sy] € Z.

Next, let (o +1) x (a+1) ={(Be,7e) : E < A} with A=|(a+1) x (a+1)| <t
We will now construct inductively a sequence (S¢)e<x such that S¢ C* S, for n < &
and if fﬁ‘; [Se] € Z(A) and f;'[Se] & Z(A) then

F3 [Se] N £ [Sea] € Finor f5 I e =" 31 | S

We have already defined Sj.

For a given £ < A, suppose we have defined S¢. We have two cases.

In the first case, there exists C' € [S¢|* such that fﬁ;l [C]N fv_gl[C] € Fin. Then
we put Sepq = C.

In the second case, for all C' € [S¢]“ we have fﬁ;l [C]N f3.M[C] & Fin. Since fg:
and f;ﬁl are injections, we can realize that we have fﬁ_g1 IS¢ =* ;{1 I Se. We put
Seq1 = Se.

For a limit n < A, suppose we have defined all S¢ for £ < 7. Then we find such
Sy, that S, C* S¢ for all £ < — we can find such, because n < A < t.

Finally, we put as T,, an infinite subset of Sy such that T,, C* S¢ for all £ < A.

Now that we have constructed the sequence (T,,), we may find the set T' € [ X]¥
such that T' C* T, for every o < k. Since 7 is tall, we may also demand that T € 7.

As a next step we define the family

B= AUTYU {117 0 < v, 32 (T) £ T(A), V8 < o (2 (T) £ £ (1)}
It is easy to see that A C B, B C Z and |B| < |A] + 1+ x < t. Moreover,
T e Bn[X]“.

Next, notice that T' C X, thus T N A € Fin for every A € A. Moreover,
notice that if f;1[T] € B, f[;l[T] € B are two distinct sets for some a > § then

[T N f5HT) € Finas fo'[Ta] N f5'[T) € Fin and T C* T,,. Additionally,
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if f7YT] € B then f7T]N A € Fin for every A € A as f;}[T,] N A € Fin and
T C* T,. Moreover, fi'[T] = T ¢ Z(A) as T is an infinite subset of X and
AN X € Fin for every A € A. Therefore, B is an almost disjoint family.

To finish the proof, we need to show that B respects F. Pick any f € F and
B € B. Obviously, f = f, for some a < k.

If B € Athen f~1[B] € Z(A) C Z(B), because A respects F.

If B = T then either f~1[T] € Z(A) € Z(B) or f~[T] € B C Z(B) or there
exists 3 < a such that f~![T] =* fﬂ_l[T] € B, thus f~!T] € Z(B).

If B= fﬂ_l[T] for some 8 < k, then there exists some 7 < k such that f;l =

it of/;l. It follows that f~'[B] = f;![T], which belongs to Z(B) by the reasoning

presented in the previous case. ([l

Lemma 14.2 ([16, Lemma 3.11]). Let A be an almost disjoint family that respects
F Cw¥. Assume also that |A| < a, and X € Z(A). Then there exists an injection
fiw— X such that A respects F U {f}.

Theorem 14.3. Assume t =c¢. If T is a tall ideal then there exists a MAD family
A C T such that Z(A) is K-homogeneous.

Proof. First, let {X, : @ < ¢} be the enumeration of elements of [w]*. We will
inductively construct sequences (Ay)a<c and (Fu)a<c such that for every a < ¢

Fo € w¥ consists of injections;

if B < o then Ag C A, and Fg C Fy;

Ap is a partition of w into infinitely many infinite sets belonging to Z;
}b::®;

|Aq| < cand |Fo| < ¢

A, respects Fu;

there exists A € A,41 such that AN X, ¢ Fin;

Fix 0 < oo < ¢ and assume we have constructed Ag and Fg for all 8 < a.

If o is a limit ordinal then we put Ao = Uz, Ag and Fo = s, Fp- Since tis
a regular cardinal (see e.g. [3, Proposition 6.4]), we obtain |A,| < ¢ and |F,| < ¢.

Suppose now that a« = §+ 1. If Xg € Z(Ag), we put A, = Ag and F, = F3.
If Xg & Z(Ap) then by Lemma 14.1 we can find an AD-family A, C Z such that
Az C Ay, |Aa| < ¢, Ay respects Fz and there exists an infinite A € A, such that
A C Xg. In both cases, the families A, and Fp satisfy items (1)-(8). Now, we will
define F,, to satisfy item (9).

If X3 € Z(A,), we put F, = Fs. In the other case, by Lemma 14.2 there exists
an injection f € w* with ran(f) C Xg such that A, respects Fg U {f}. Then we
put Fo = FgU{f}.

Now that we have constructed sequences (Ag)a<c and (Fa)a<c, let

A=J A and F= ] Fa
a<c a<c
Observe that A respects F. Indeed, take any A € A and f € F. The sequences
(A,) and (F,) are increasing, thus we can find o < ¢ such that A € A, and f € F,.
Since A, respects F,, we obtain f7![A] € Z(A,) C Z(A).
By items (1), (4) and (8) of the construction, A is a MAD family such that
ACT.
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To finish the proof, we need to show that Z(A) is K-homogeneous. Take X &
Z(A). Then there exists a < ¢ such that X = X, and clearly X, & Z(Ay+1). By
item (9) of the construction there exists f € Foy1 C F with ran(f) C X,. Since
A respects F, we know that for every A € A we have f~1[A] € Z(A). Therefore,
this f is a witness for Z(A) | X <x Z(A). O

Corollary 14.4. Assume t = ¢. There exists a non-Borel ideal that is the inter-
section of some matriz ideals.

Proof. Take Z(A) from Theorem 14.3 with Z = Z,;. By [25, Proposition 4.6], Z(A) is
a non-Borel ideal. Since A C Z;, we have Z(A) C I, thus Z(A) <g Z4. Moreover,
by K-homogeneity of Z(A), for every A & Z(.A) we obtain

I(A) | A<k I(A) <k Za,

thus, by Theorem 9.1, Z(.A) is an intersection of matrix ideals. O
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