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Abstract

We prove that the class of (s)-measurable functions does not have
the difference property. We show also under CH that there is a func-
tion with Borel differences but of unlimited Baire class. It solves a
problem of M. Laczkovich.

1 Preliminaries

For a function f: R — R and an h € R we define the difference function
Apf:R—=Rby Ayf(x) = f(zx+h)— f(z). A function A : R — R is called
additive if it satisfies Cauchy’s functional equation A(x +y) = A(z) + A(y)
for all z,y € R. We say that a given class of functions F C R® has the
difference property if every function f : R — R such that A, f € F for
each h € R is of the form f = g+ A where g € F and A is additive.

There are many results about difference property for specific classes of
functions. Let us mention two of them. N. de Bruijn [1] proved that the
class of continuous functions has the difference property and P. Erdos and
M. Laczkovich (see [3]) proved that the difference property for Lebesgue
measurable functions is independent from the axioms of Set Theory. In the
second section we prove that the class of (s)-measurable functions does not
have the difference property.
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Instead of the difference property we can also consider more general prob-
lem: What can say about a function if all its differences are in a given class
of functions? Considering this problem Laczkovich [2] asked a question: As-
sume that all differences of a function f are Borel measurable. Does there
exist a such that all differences are of Baire class a? We prove in the third
section that under CH the answer to it is NO.

2 The difference property for the family of
(s)-measurable functions

By Perf we denote the family of all perfect sets on R. We will assume that
empty set does not belong to Perf. (s) denotes the class of (s)-measurable
sets (Marczewski measurable sets). Recall that a set A is (s)-measurable iff
every perfect set P has a perfect subset () which is a subset of A or misses A.
A € (s¢) iff every perfect set P has a perfect subset ) which misses A. It is
known that (sg) is a o-ideal of (s). A function f : R — R is (s)-measurable if
the preimage of any open subset is (s)-measurable. We will use the following
characterization.

Theorem 2.1 (Marczewski [4]) A function f : R — R is (s)-measurable
iff every perfect P C R has a perfect subset QQ such that f|Q is continuous.

Let R = {h, : @ < ¢} and G, denote the group generated by {hg: f < a}.
Let C(X,Y) denote the family of all continuous function from X into Y.

Theorem 2.2 The family of (s)-measurable functions does not have the dif-
ference property.

Proof We will construct a function f : R — R such that
1. all its difference functions are (s)-measurable,
2. it is not a sum of an (s)-measurable function and an additive function.

Put
A={(D,g): D€ PerfAgeC(D,R)}.

Let {(Da; ga) : @ < ¢} be an enumeration of the family A. We will define
two sequences {z, : @ < ¢} and {y, : @ < ¢} by transfinite induction. Let



a < ¢, and suppose that zg and ysz are defined for every 8 < a. Let V,
denote the group generated by hg, xg,ys (6 < «). Then |V, | < ¢, and we can
choose an element z,, € D, \ (% Vi) We define y, = 2z, if go(2,) = —2 and
Yo = T, Otherwise. In this way we have defined x, and y, for every a < c.

We put A =J,_.(Ga +¥a) and f = xa.

We prove that the function f satisfies the requirements. First we note that
|(A+ h)\ A| < c for every h. Indeed, let h = hg. Then G, + hg = G,
for every a > 3. This implies (A + h) \ A C U,<3(Ga + Ya), which proves
|[(A+h)\ Al < c Since A\ (A+h) = [(A—h)\ A] + h, it follows that
(A4 h) A Al < ¢ for every h. Since {z € R: Apf(z) #0} = (A—h) & A,
and since every set B C R with |B| < ¢ belongs to (s), we get that Ay f is
(s)—measurable for every h.

Suppose that f = g+ A, where g is (s)—measurable and A is additive. By
Theorem 2.1, there is a P, € Perf such that g is continuous on P;. Applying
Theorem 2.1 again we find a P, C 2 - P; such that g is continuous on P;.
Then f(2x)—2f(x) = g(22) —2g(z) is continuous on £ - P,. There is an a < ¢
such that § - P, = D, and f(2z) — 2f(z) = ga(z) for every z € D,. Now we
distinguish between two cases.

If go(zs) # —2, then y, = z, € A. We claim that 2z, ¢ A. Indeed, if
2z, € Athen 2z, € Gg+ygs for some § < c. This implies z,, € %~Va if < a;
To € Go CV,if B = a5 and yg € G + 2z, C Vp if § > a. Since each of
these statements is impossible, we obtain 2z, ¢ A. Thus f(2z,) — 2f(z.) =
—2 # ga(z4), a contradiction.

If go(ro) = —2, then y, = 2z, € A. We can prove z, ¢ A using an
argument similar to the one above. Thus f(2z,) — 2f(z,) = 1 # =2 =
ga(4), also impossible.

This completes the proof. m

3 A solution to a problem of Laczkovich

Theorem 3.1 Assume CH. Then there is a function f : R — R such that
Ay f is Borel for each h € R and for each o < wy there is h such that Ay f

15 not of Baire class .

The following lemma is due to J. Mycielski [5].



Lemma 3.1 For each meager sets C, E with 0 & C' there is a perfect set D
linearly independent over rationals such that DNE = () and (D—D)NC = {.

Remark 3.1 If (D—D)N(C—C) = {0} then for each t, |(C+t)ND| < 1. If
D linearly independent over rationals then for each t # 0, |(D+t)ND| < 1.

Theorem 3.2 Assume CH. There is a set A C R such that for t € R
(A+1t)\ A is Borel and for each o < wy there ist € R with (A+t)\ A & 0.

Proof Let R = {h, : @ < wy}. Let G, denote the group generated by
{hs : B < a}. We will define perfect sets D, and Borel sets B, C D, for
each a < w;. Then A =J, ., (Ba + Ga).

We define by transfinite induction sets D,, B,. Let D, be (by Lemma
3.1) a perfect set linearly independent over rationals such that

1. D, N U5<G(Dﬁ +Go) =10

2. (Da - Da) N (UB<a(D5 - Dﬁ) U @) = {O}
Let B, C D, be an arbitrary Borel set not from 0.
Let us consider (A +1t) \ A. Let t = h, for some a.

Claim 3.1 (A +ha)\ A = [Uyea(Bs + G + ha) | \ Ugea (Bs + o)

Proof (=). For § > o we have Bg+G3+h, = Bg+Gs. Soifx € (A+h,)\A
then x € U,@Sa(Bﬁ + G/g + ha).

(«<). Ifthereis 8 < a withx € (Bg+Gs+ha)\Athenz € (A+hq)\A. So
it is enough to show that (Bs+Gg+ha)\U, <, (B, +G,) C (Bg+Gp+ha)\ A
If not, then there should exist z € [(Bg +Gp+ha) OA} \U <o(By +G,). If

z € A\ U,<.(By + G,) then there is § > a with z € Ds + G5 but from the
construction Ds N, .5(B, +Gs) = 0 so also (Ds +Gs) MU, 5(B, +Gs) =0
but Bg + Gg + hy C Bs + G5, a contradiction. =

So (A+1t)\ A is Borel for each t.

Now we show that for each o < wy there is ¢ € R such that (A+t)\A ¢ 0.
It is easy to see that for each a < w; there is v > a such that h, ¢ G,.

We have [(A+hy) \ AJN (Dy + 1) = | (Ugey (Bs + G+ 1) ) \ U, (B +
Gﬁ)} A(D, +h,). So by Remark ((A+h,)\ A) N (D, +h.) = (B, + h,)AZ
where Z is countable.



So for t = h, the set (A+1t)\ Aisnot in X0. m
Proof of Theorem 3.1 f = y4 is the required function. m

The authors would like to thank the referee for giving simpler proof of
Theorem 2.2.
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