ON IDEAL EQUAL CONVERGENCE

RAFAL FILIPOW AND MARCIN STANISZEWSKI

ABSTRACT. We consider ideal equal convergence of a sequence of functions.
This is a generalization of equal convergence introduced by Csaszar and Laczkovich
[1]. Our definition of ideal equal convergence encompasses two different kinds

of ideal equal convergence introduced in [3] and [4]. We also solve a few prob-
lems posed in [3].

1. INTRODUCTION

Let f,, (n € N) and f be real-valued functions defined on a set X. We say that the
sequence (f,) is equally convergent to f if there exists a sequence of positive reals
() — 0 such that for every x € X there is N with |f,(z) — f(z)| < &, for every
n > N. The notion of equal convergence was introduced by Cséaszar and Laczkovich
in [1]. It is known that equal convergence is weaker than uniform convergence and
stronger than pointwise convergence, i.e. if (f,,) is uniformly convergent to f then
(fn) is equally convergent to f; and if (f,) is equally convergent to f then (f,) is
pointwise convergent to f.

Let Z be an ideal on N (i.e. Z is a family of subsets of N closed under taking
finite unions and subsets of its elements). We say that a sequence of reals (z,,) is
Z-convergent to v € Rif {n € N: |z, — x| > e} € T for every € > 0 (see e.g. [6]).

We write (z,,) Ly 2 in this case.

The notion of equal convergence was generalized in [3] and [4] with the aid of
ideals on N. However the authors of both papers generalized it in different ways.
Let Z be an ideal of subsets of N.

e In [3] the authors says that (f,,) is Z-equally convergent to f if there exists

a sequence of positive reals (g,) £, 0 such that {n e N:|fulz) — f(z)] >
en} €T for every z € X

e In [4] the authors says that (f,,) is Z-equally convergent to f if there exists
a sequence of positive reals (g,,) — 0 such that {n € N : |f,(z) — f(z)| >
ent €T for every x € X .

The only difference between these two definitions of ideal equal convergence is the
requirement that the sequence (e,,) is either convergent (in the classical meaning)
to zero or it is convergent to zero with respect to the ideal Z. It is easy to see
that if (f,) is Z-equally convergent to f in the sense of [4], then it is also Z-equally
convergent to f in a sense of [3].
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In this paper we introduce one more kind of ideal equal convergence (Section 3)
which encompasses ideal equal convergence in senses of [3] and [4].

In Section 3 we examine relationships between our ideal equal convergence and
ideal equal convergence introduced in [3] and [4].

In Section 4 we examine relationships between ideal uniform, ideal equal and
ideal pointwise convergence. Among other we show (Example 4.7) that ideal point-
wise convergence does not imply ideal equal convergence (this solves a problem
posed in [3]).

In Section 5 we examine relationships between ideal equal convergence and ideal
o-uniform convergence. For instance we prove (Corollary 5.4) that ideal equal
convergence implies ideal o-uniform convergence if and only if the ideal is countably
generated (this solves a problem posed in [3]).

In Section 6 we consider convergence of big (in a sense of ideals) subsequences
(so-called filter convergence). Among other we prove (Corollary 6.5) that filter
equal convergence is equivalent to filter o-uniform convergence if and only if the
ideal is a P-ideal (this solves a problem posed in [3]).

In Section 7 we examine relationships between ideal convergence and filter con-
vergence. For instance we prove (Corollary 7.14) that ideal equal convergence does
not imply filter equal convergence (this solves one more problem posed in [3]).

2. PRELIMINARIES

2.1. Ideals. An ideal on N is a family of subsets of N closed under taking finite
unions and subsets of its elements. In the sequel we assume that ideals contain all
finite sets. The ideal of all finite subsets of N is denoted by Fin. We can define the
notion of ideal on any set in a similar way.

For an ideal Z, we write Z* = {A : N\ A € 7} and called it the filter dual to Z.

Let G be a family of subsets of N. The smallest ideal containing G is called
the ideal generated by G. An ideal is countably generated if it is generated by a
countable family G. Note that an ideal Z is countably generated if and only if there
are Ay, As,... € Z such that for every A € 7 there is n € N with A C A,,.

Let Z, J be ideals on N. Anideal Z is a P (J)-ideal if for any sets Ay, As,... €T
there is a set A € 7 such that 4,,\ A € J for every n € N ([7, Definition 3.10] where
the authors call it AP(Z,J)). Note that P(Fin)-ideals are also called P-ideals. It
is easy to see that every ideal 7 is always P(Z)-ideal.

2.2. Ideal convergence. Let Z, 7 be ideals on N. We say that a sequence of reals
() is
o ZT-convergent to v € Rif {n € N: |z, — x| > €} € T for every € > 0 (see
e.g. [6]) We write (z,) 2y 2 in this case.
o (Z*,J)-convergent to x if there is a set F' € Z* such that the subsequence

(Tn)ner is J-convergent to x ([7, Definition 3.2], where the authors call it

. 7, . .
Z7 -convergence). We write (x,) BT, ¢ in this case.

Note that (Z*, Fin)-convergence is also called Z*-convergence (see e.g. [6]).

Theorem 2.1 ([7, Theorems 3.11 and 3.12]). LetZ, T be ideals on N. The following
are equivalent.

(1) For every sequence of reals (xy,), if () z, x, then () (z*,7) .

(2) Z is a P(J)-ideal.
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3. IDEAL EQUAL CONVERGENCE

Let Z, J be ideals on N. Let f,, (n € N) and f be real-valued functions defined
on a set X. We say that the sequence (f,,) is (Z, J)-equally convergent to f if there

exists a sequence of positive reals (&, ) 75 0 such that {n:|falx)—f(z)| >en} el

for every x € X. We write (f,) ET)ze, f in this case.

For 7 = J = Fin we obtain the equal convergence introduced by Csészar and

Laczkovich [1] and write (f,) = f instead of (f,) (Fin,Fin) —e, f.

In [3] and [4] the authors also introduced a kind of ideal equal convergence
(see Section 1). It is easy to see that ideal equal convergence introduced in [3] is
equivalent to (Z,Z)-equal convergence, and ideal equal convergence introduced in
[4] is equivalent to (Z, Fin)-equal convergence.

The following fact can be easily checked.

Fact 3.1. Let (f,) be a sequence of real-valued functions defined on a set X. Let
Zo,Z1, Jo, J1 be ideals on N.

(Io,J)*E (Il,J)fe

(1) If Ty C Iy, then (fn) ———— f implies (fn) ——— f.
(2) If Jo € T, then (fn) EJo)=e, f implies (fn) ZJ)—e, 1.

Theorem 3.2. Let X be a nonempty set. Let I, J be ideals on N. The following
are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if
Z,J)—e Z,I)—e
D2 ¢ then (fn) 225 1.

(fu)
(2) JCT

Proof. (1) = (2). Let A€ J. Let

1 ifned
f”(x):{o ifZ;A,

for 2 € X and n € N. Let f(z) = 0 for « € X. Then (f,,) 272~ f. Indeed, let

2 ifneA,
En =
%_H ifn¢g A
for n € N. Then (g,) 75 0 and {n:|fu(z) = f(z)]| > e,} =0 €T for every z € X.

By the assumption we obtain that (f,) &D)e, f. Let (n,) %, 0 be such that

{n:|fulx) — f(x)] > nn} € T for every € X. Then B = {n :n, > 1} € Z and
A\BC{n:|fa(z) = f(z)|>n} €T s0o AcL.
(2) = (1). Follows from Fact 3.1(2).
t

Since we assume that ideals contain all finite subsets of N, so we obtain the
following corollary.
Corollary 3.3. Let T be an ideal on N. Let (f,) be a sequence of real-valued
functions defined on a set X. If (fn) % f then (fr) % I
Theorem 3.4. Let X be a nonempty set. Let T, J be ideals on N. The following
are equivalent.
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(1) For every sequence (fn) of real-valued functions defined on a set X, if

(fa) 25 f then (f,) 225 1.
(2) Tisa P(.]) ideal.

PTOOf. (1) = (2) Let Bk Sy (k S N) Let A1 = Bl, Ak = Bk \ (Bl U... UBk_l),
k e N\ {1}. Obviously Ay € Z for every k € N. We define f,, : X — R by

fole) = %_H if n € A, for some k € N,
0 if n ¢ Ay, for every k€ N.

Let f(x) =0 for every x € X. It is easy to see that (f,) (Z.7)—e

|

Then (e,,) £, 0 and {n:|fu(z)— f(x)] > e,} =0 € Z. Thus by the assumption we

have (f) Z7% ¢ Let (n2) 25 0 be such that {n : |fn(z) — f(z)] > 7} € T for
every z € X. Fix x € X and set A = {n : |fo(x) — f(x)] >77n} €7 LetkeN.
Then Ap\A={n¢c Ay : |fn(z) — f(@)] <nn} ={n € A : k+1 < Np} € J. Then
Bi\A=A1\Ae Jand B \AC (AHUAU..UA,)\A € J. ThusZ is a
P(J)-ideal.

(2) = (1). Suppose that Z is a P (J)-ideal and (f,) f- Let (en) % 0 be

such that {n : |f, (z) — f(2)| > e,} € T for every z € X. Since 7 is a P (J)-ideal,

so by Theorem 2.1 we obtain (&) E5T, . Take F € I* such that (En)neF L 0.

Define a sequence (7,,) by
en ifnekr,
T = 1 .

ifné¢F.

f. Indeed, let

if n € A for some k € N,
if n ¢ Ay, for every ke N.

3= ==

(Z,Z)—e

It is easy to see that (1) Z, 0 and the set {n:|fn(x)—f(x)| >n,} €T for

every € X. Thus (f,) % f.
O

Corollary 3.5. Let X be a nonempty set. Let T be an ideal on N. The following
are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if

(fa) 25 f then (£) 25 .
(2) 7 is a P-ideal.

Thus Z-equal convergence in the sense of [3] is equivalent to Z-equal convergence
in the sense of [4] if and only if Z is a P-ideal.

4. IDEAL CONVERGENCE: UNIFORM, EQUAL AND POINTWISE

Let Z be an ideal on N. A sequence (f,,)nen of real-valued functions defined on
X is
o T-uniformly convergent to f if for every e > 0 the set {n : |fn(z) — f(x)| >

¢ for some z} € Z. We write (fn)n 7% ¢ for short.
e T-pointwise convergent to f if for every € > 0 and every x € X the set

{n:|fulz) — f(x)| > e} € Z. We write (fn)n L, # for short.



ON IDEAL EQUAL CONVERGENCE 5

Note that (f,)n —2% f is equivalent to (sup,ex |fn(2) — f(2))n = 0.

For 7 = Fin we obtain the usual uniform and pointwise convergence and write
(fo)n ~ f and (fp)n — f instead of (fn)n Fin—u, fand (fn)n LiLN f, respectively.

It is not difficult to show that if (f,) = f then (f,) = f; and if (f,,) = f then
(fn) — f- Moreover it is known that these implications do not reverse.

Below we examine relationships between ideal equal convergence and ideal uni-
form and ideal pointwise convergence. For instance, we provide necessary and suffi-
cient condition for Z and J so that (Z, J)-equal convergence is between Z-uniform
and Z-pointwise convergence (Corollary 4.6).

In [3, Theorem 3.1] the authors proved that if (f,) ——% f, then (f,) f.

Proposition 4.1. Let X be a nonempty set. Let Z, T be ideals on N. The following
are equivalent.

(Z,7)—e

(1) For every sequence (f,) of real-valued functions defined on a set X, if

(F) 2% £, then (f) F275 .
(2) Z is a P(J)-ideal.

PTOOf. (1) = (2) Let Bk S (k S N) Let A1 = Bl, Ak = Bk \ (Bl U... UBk_l),
k € N\ {1}. Obviously Ay € Z for every k € N. We define f,, : X — R by

o) = %_H if n € A;, for some k € N,
0 if n ¢ Ay, for every k€ N.

Let f(z) = 0 for every x € X. Tt is easy to see that (f,) BN f. Indeed, let € > 0.

Let K € N be such that %_H < ¢ for every k > K. Then {n : |f,(z) — f(x)] >

e} CAgUALU---UAgk € T for every x € X. Thus by the assumption we have

(fn) % f. Now proceeding as in the proof of Theorem 3.4 we finish the proof.

(2) = (1). Let (fu) =% f. By [3, Theorem 3.1] (fn) =% f. It Tis a
P (J)-ideal then by Theorem 3.4, (fy) ZI)=e, 7. _

Corollary 4.2. Let X be a nonempty set. Let Z be an ideal on N. The following
are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if
T—u (Z,Fin)—e
(fn) = [, then (fn) —— f.
(2) T is a P-ideal.
The following example shows that (Z, J)-equal convergence does not imply Z-
uniform convergence in general.

Example 4.3. Let Z, 7 be ideals on N. Let X be an infinite set. Let x,, € X
(n € N) be distinct elements of X. Let (f,) be a sequence defined by f,(z) =
X{zn}(7) for z € X. Let f(x) =0 for all z € X. Then it is not difficult to see that

(F) 2225 Fand ~((fu)n = £).

Proposition 4.4. Let X be a nonempty set. Let Z, T be ideals on N. The following
are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if
Z,J)—e T
(fa) L5 f then (£) 5 .
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(2) JCT.
Proof. (1) = (2). Let A€ J. Let
1 ifneA,
fnle) = {o ifng¢ A

for x € X and n € N. Let f(z) = 0 for z € X. Then (f,) L f (see the

proof of Theorem 3.2). By the assumption we obtain that (f,) EN f. Lete=1
and x € X. Then A= {n:|f.(z) — f(z)| > e} € L.

(2) = (1). Let (fn) &I, f. There exists a sequence £, -2 0 such that
Ay ={n:|fu(x) — f(z)] > e} €T for every z € X. Fix e > 0 and x € X. Then
B.={n:e, >¢et € J CZ. Wehave {n: |fu(z)— f(z)| > e} C Az U B, so

z
(fn) = f-
g

Corollary 4.5. Let Z,J be ideals on N. Let (f,) be a sequence of real-valued
functions defined on a set X.

(1) I (fa) L5 f then (fa) 5 1.

@) If (f) 2225 £ then (£2) 5 .

Corollary 4.6. Let X be a nonempty set. Let T, T be ideals on N. The following
are equivalent.

(1) For every sequence (fy) of real valued functions deﬁned on a set X, if
(fa) S5 f then (f2) “2T5 £ and if (f2) 225 f then (£2) 5 .
(2) JCT and T is a P(J)-ideal.
In [3, Example 3.1] the authors prove that for any countably generated ideal T
there is a sequence (f,) of real-valued functions defined on R such that (f,) EN f

and —((fn) ED)e f). And they write a problem if one can remove the assumption
that Z is countably generated in their example. Below we solve the problem in the
affirmative (Example 4.7).

Example 4.7. Let | X| > ¢. Let Z, J be ideals on N such that 7 CZ and N ¢ 7.

There exists a sequence of real-valued functions defined on X such that (f,) EN f
(Z,T)—e

and =((fn) —— )

Proof. Let (Sq)a<c be an enumeration of all sequences of positive reals (g,) such

that (e,) 250, Let 20 € X (o < ¢) be distinct points of X.
We define f,, : X — R by

Fulz) = {Sa(n) if v = zz?a for some o < ¢,
0 otherwise.
Let f: X — R be given by f(x) = 0 for every x € X.
It is easy to see that (f,) Z, f. Now we show that ~((fa)n
Suppose that (f,)n %

(en) 75 0 and {n:|fnlx) — f(z)] > en} € T for every x € X. Let a < ¢ be such
that s, = (€,). Then {n : |fn(za) — f(za)| = en} = N ¢ Z, a contradiction. O

(Z,T)—e
s

f)-

f. Let (,,) be a sequence of positive reals such that
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5. IDEAL 0-UNIFORM CONVERGENCE

Let Z be an ideal on N. A sequence (f,) of real-valued functions defined on X
is 0 — Z-uniformly convergent to f : X — R if there are sets X, C X (k € N)
such that X = (J,cn Xk and (fn | Xi) KN f I Xy for every k € N. We write

o—T—u

(fn) —— [ in this case.
For Z = Fin we obtain the o-uniform convergence introduced in [2] and write

(fo) Z=% f instead of (f,) T2 .

It is easy to see that for every ideal Z, if (f,,) Iy, f, then (fy) oIy, f;and
. o—T—u A
if (fn) —— f, then (f,) = f

In [2] the authors proved that the equal convergence and o-uniform convergence
are the same, i.e. (fu) = f <= (fu) == f. Below we examine relationships
between ideal equal convergence and ideal o-uniform convergence.

In [3, Theorem 3.2] the authors proved that for every ideal Z, if (f,,)

then (f,) &D) e, I

Proposition 5.1. Let X be a nonempty set. Let Z, T be ideals on N. The following
are equivalent.

o—T—u
—>f

(1) For every sequence (f,) of real-valued functions defined on a set X, if

(fo) ZZ2% f, then (f,) 2225 ¢,

(2) Z is a P(J)-ideal.

Proof. (1) = (2). Let By € Z (k € N). Let Ay = By, Ay, = By, \ (B1U...UBj_1),
k € N\ {1}. Obviously Ay € T for every k € N. We define f,, : X — R by

ful2) k%_l if n € Ay, for some k € N,
n\T) =
0 if n ¢ Ay, for every ke N.

Let f(x) = 0 for every z € X. In the proof of Proposition 4.1 we showed that

(fn) ESniN f. Hence (f,) oIy, f. By the assumption we have (f,) % f.
Now proceeding as in the proof of Theorem 3.4 we finish the proof.

(2) = (1). Let (fn) iy f. By [3, Theorem 3.2] (f,) %
P (J)-ideal then by Theorem 3.4, (f,) ZT)ze,

f-IfTisa
f. O
Corollary 5.2. Let X be a nonempty set. Let Z be an ideal on N. The following
are equivalent.
(1) For every sequence (f,) of real-valued functions defined on a set X, if
o—I— (Z,Fin)—e
(fa) === [, then (fn) ——— f.
(2) T is a P-ideal.
In [3, Theorem 3.2] the authors proved that if Z is a countably generated ideal

then (fn)n % f implies (fn)n oI, f. They also state a problem if the

later implication holds for every ideal. Below we answer the problem in the negative
(Corollary 5.4).

Theorem 5.3. Let | X| > c. Let Z,J be ideals on N. The following are equivalent.
(1) For every sequence (fn) of real-valued functions defined on a set X, if

(F) TD5 f then () T2 f,
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(2) T is countably generated and J C T.

Proof. (1) = (2). Let T = {Ay : a < c}. Let o € X (a < ¢) be distinct elements
of X. We define functions f,, : X = R (n € N) by

1 ifz=x,Ane€ A, for some a < ¢,
falx) =40 ifz=x4An¢ A, for some a < ¢,
0 otherwise.
Let f: X — R be given by f(x) =0 for every z € X.

It is not difficult to check that (f,) &) f- So, by the assumption we have
(fn) ot [. Hence, there are sets X C X (k € N) such that X = (J,cy Xx
and (fn | Xk)n I, f | Xy for every k € N.

For every k € N we define

Cy = {n () = f(z)] > % for some x € Xk}.

It is easy to see that Cy € Z for all k € N. We will show that Z is generated by
the family {C% : k € N} (hence Z is countably generated).

Let Ae€Z. Let o < ¢ be such that A = A,. Let &k € N be such that z, € X}.
Then A= {n: fo(zs) =1} C Cy.

Finally we have to show that J C Z. If for every sequence (fp), (fn) ———

implies (f,) 2% f, then (f,) =2

Proposition 4.4 we obtain J C 7.

(2) = (1). Let {Cy : k € N} C T be such that for every A € T there exists k € N
with A C Cy. Let (f)n 27075
(en) Z, 0 such that for every © € X we have A, = {n: |fn (z) — f(2)| > e} €T.
For every k € N we define

Xe={ze X :|fn(x)— f(x)] <e,forallneN\Ci}.

It is easy to see that X = (J,cy Xk. Indeed, let 2 € X. Then there is k € N
with A, C Cg, so z € Xj.

Now we will show that (f, [ Xk)n Iy, f | X for every k € N. Let k € N. Let
e>0.Let B.={n:e,>e} € J CZ. Then{n:|fn(z)—f(x)|>e} CCrUB. €T
for every =z € Xj. O

(IJ) e

f
f also implies (f,) EN f. Thus by

f- Then there is a sequence of positive reals

Corollary 5.4. Let | X| > ¢. Let Z be an ideal on N. The following are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if

(F) TEZ5 f then () T2 f.

(2) For every sequence (f,) of real-valued functions defined on a set X, if
(f) S F then (fa) S f.
(3) Z is countably generated.

It is easy to see that if X is countable then (f,,) RN f <= (fn) EN I

Thus the following proposition follows from Proposition 4.4.

Proposition 5.5. Let X be a countable set. Let Z, T be ideals on N. The following
are equivalent.
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(1) For every sequence (f,) of real-valued functions defined on a set X, if

o (F) D5 f then () T2 f,
2) J CIT.

Remark. In connection with Theorem 5.3 and Proposition 5.5, the question arises
what happens when X is uncountable and —CH is assumed.

6. FILTER CONVERGENCE: UNIFORM, EQUAL, 0-UNIFORM AND POINTWISE
Let Z, J be ideals on N. A sequence (f,) of real-valued functions defined on X
is
e T*-uniformly convergent to f X — R if there exists a set F' € Z* with

(fo)ner — f. We write (f,) N f in this case.
o T*-pointwise convergent to f : X — R if there exists a set F' € 7* with

(fr)ner — f. We write (f,) z, f in this case.
o (Z*,J)-equally convergent to f : X — R if there exists a set F' € Z* with

(fu)ner M f. We write (f,) A f in this case.

e o — IT*-uniformly convergent to f : X — R if there exist X3 (k € N) with
X = Upen X and (fn | Xi) N f I Xi for every k € N. We write
(fn) oLy, f in this case.
The notions of Z*-uniform, Z*-pointwise and ¢ — Z*-uniform convergence were

introduced in [3]. In [3] the authors introduced also Z*-equal convergence, which is
equivalent to (Z*, Fin)-equal convergence in our notation.

Proposition 6.1. Let X be a nonempty set. Let T, J be ideals on N. Then for
every sequence (fyn) of real-valued functions defined on a set X, if (fy) AN f

then (fn) & f.

Proof. Let (f,) N f. There exists F € I* such that (fu)ner — f. By
@i T)7¢ ¢ and hence (f,) 22T . 0

Example 6.2. Let X be a nonempty set, Z, J be ideals on N such that Z C J
and Z # J. Then there exists a sequence (f,) of real-valued functions defined on

a set X such that (f,) L f and —((f,) T —u 1.
Proof. Let A € J\Z. We define f,, : X - R (n € N) by

1o ifné¢ A
— n+2 1 )
fn(2) {1 if neA.

Proposition 4.1 we have (f,,)ner

Let f : X — R be given by f(x) = 0 for every € X. Then (f,) 2T e,

Indeed, let F' =N and
o {nil ifn¢ A,

7.

2 if ne A

We have (e,,) 75 0 and {neF:|fu(zx)— f(x)] >en} =0 € Fin for every z € X.

We will show that —((f,) E2N f). Let G € T* and € = 1/2. Then the set
G N A is infinite, so for every N € N there exists n > N, n € G N A such that
|fn(x) — f(z)] > € for every z € X. O
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In [3, Theorem 3.3] the authors proved that if Z is a P-ideal then for every

sequence (fr), (fn) (7 Fin)~c f <= (fn) LN f. They also posed a problem
if one can remove the assumption that Z is a P-ideal in their theorem. Below we
answer the problem in the negative (Corollary 6.5).

Proposition 6.3. Let X be a nonempty set. Let T be an ideal on N and J be a
P-ideal. The following are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if

(f) LD 1 then (£2) S5 1

(2) For every sequence (f,) of real-valued functions defined on a set X, if

5 7 T then (f) T
3) JC1.

Proof. (1) = (3) and (2) = (3). Let A€ J. Let

1 ifneA,
f”(x):{o itn¢ A

forx € X andn € N. Let f(z) = 0forx € X. It is easy to see that (f,) Iz, I

In the first case, from (1) we obtain that (f,) z, f. There exists F' € Z* such
that ANF ={n € F:|f,(x)— f(z)] > 1} € Fin for every z € X, so A € Z.

In the secend case, from (2) we obtain that (f,) N f. There exist Xj
(k € N) with X = Uyey Xi and (fu | Xi) Z=% f | X}, for every k € N. Let
€= % and k € N. Then there exists F € Z* such that (f,)ner | Xp — f [ Xg. Let

z € Xj,. We obtain ANF ={n € F:|f,(z)— f(z)| > 1} € Fin, so A € T.

(3) = (1) and (3) = (2). Let (f») &Pz, f. There exists F' € T* and £, 25 0

such that {n € F : |f,(x)— f(z)| > &} € Fin for every € X. Since J is a P-ideal
and J C Z, we have g, AN 0, so there exists G € Z* such that (e,),cc — 0.
Clearly (fn)necpna — f5 50 (fa) z, f. Thus (1) holds.
Let X ={z € X : |fu(z) — f(z)| <&, for all n > k,n € FN G}, k € N. Clearly

X = Upen Xe- We will show that (fo)nerne | Xe = f [ Xi. Let € > 0, k € N.
There exists N € N such that ¢, < e for n > N, n € G. Then |f,(z) — f(z)| < e

for every n > max{k,N}, n € FNG and z € X;,. We obtain (f,) oL, f, so
(2) holds.
(I

Theorem 6.4. Let X be a nonempty set. Let T be an ideal on N, J be a P-ideal
and J CZ. The following are equivalent.
(1) For every sequence (fy) of real-valued functions defined on a set X, if
o—I%—u (Z*,T)—e
(fn) = f then (fn) ——— [.
(2) T is a P-ideal.
Proof. (1) = (2). Let Ay, € T (k € N). Let 0 # Xy, C X (k € N) be any partition
of X. We define f, : X — R(n € N) by
fol) = 1 ifzeXp,Ane A, keN,
0 ifreXpAnd Ay keN.
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Let f: X — R be given by f(z) = 0 for every x € X. Tt is not difficult to check
that (f,) o=I"7u, £ So, by the assumption we have (fn) &), f. There
exists F € T* and &, L 0 such that {n € F: |folx) — f(z)| > e,} € Fin.
Since J is a P-ideal and J C Z, we have ¢, AN 0, so there exists G € Z* such
that (en),cq¢ — 0. Let A = N\ (FNG). Let k € N and 2 € X;. We obtain
ArNFNG={ne FNG:|fy(z)— f(z)] >en} €Fin,s0 Ay \A€Finand Z is a
P-ideal. §

(2) = (1). Let (fo) Z=2=% f. There exist X (k € N) with X = Uy X
and Fy, € Z* such that (fu)ner, | Xr — f | X for every k € N. Since 7 is
a P-ideal, there exists F' € Z* such that F'\ Fj € Fin for every k € N. Clearly

nner — f, 50 (fu)ner — f which yields ng) cf. Fact 3.1).
f Tt oo (f s f which yields (f,) =27 ¢ (cf 0

Corollary 6.5. Let X be a nonempty set. Let T be an ideal on N. The following
are equivalent.

(1) For every sequence (fy) of real-valued functions defined on a set X we have
(Z*,Fin)—e o—I"—u
(fo) ———f = () —— [
(2) Z is a P-ideal.
Proposition 6.6. Let X be a nonempty set. Let L be an ideal on N. The following
are equivalent.
(1) For every sequence (f,) of real-valued functions defined on a set X, if
(fn) T f then (fa) == f.
(2) Z is a P-ideal.
Proof. (1) = (2). Let Ay, X (k € N), f and f, (n € N) be as in the proof of

Theorem 6.4. Then (f,) LN f. So, by the assumption we have (f,) z, f-
There exists F' € Z* such that (fn)ner — f. Let & € N and z € Xj;. Then
{ne€F:|fu(x)— f(z)| > 1} € Fin. Let A=N\F. Then A\ A € Fin, so Z is a
P-ideal. .

(2) = (1). Let (fn) =L 7%, . There exist X, (k € N) with X = (J;cny X and
Fy, € T* such that (fu)ner, | Xx — f | X for every k € N. Z is a P-ideal, so
there exists F' € Z* such that F'\ F} € Fin for every k € N. Clearly (fn)ner — [,

7+
so (fn) — f. O
7. IDEAL CONVERGENCE VERSUS FILTER CONVERGENCE

Let Z be an ideal on N and (f,,) be a sequence of real-valued functions defined on a
set X. It is easy to see that if (f,,) RN f then (fy) EaniN fandif (f,) LN f
then (fy,) ot
Proposition 7.1. Let X be a nonempty set. Let L be an ideal on N. The following
are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if
(Fa) == f then (fn) = f.

(2) For every sequence (f,) of real-valued functions defined on a set X, if
(fa) T==5 [ then (fn) =" f.

(3) T is a P-ideal.
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Proof. (1) = (3) ((2) = (3)). Let y,y, € R (n € N) with (y,) = y. We define
fifn: X >R (neN)by f(x) =yn, f(z) =y for every x € X. It is not difficult

to see that (fy,) RN f((fn) oI, f, resp.). So, by the assumption (f,) AN f

((fn) oL, f, resp.), hence (y.) z, y. By Theorem 2.1 we obtain that Z is a
P-ideal.

(3) = (1). Let (fn) Z7% ¢ and k € N. There exists A, € T such that
|fn(z) — f(2)] < %-5-1 for every n € N\ Ay and x € X. Since Z is a P-ideal, there
exists A € 7 such that Ay \ A € Fin. Let F = N\ A and fix ¢ > 0. There exists

k such that L= < e. We obtain {n € F : |f,(z) — f(x)| > ¢ for every z € X} C

k+1
AN F € Fin, so (fn) RN !
o—I—u

(3) = (2). Let (fn) ——— f. There are sets X € X (k € N) such that
X = Upen Xx and (fn | Xg) EaiN f I X for every k € N. By the implication

44(3):> (1)777 we Obtain (fn er) F;u) f er for every k c N7 SO (fn) ﬂ) f
([

It is easy to see that for every sequence (f,) of real-valued functions defined on
aset X, if (f,) L5 f then (fn) L 7.

Proposition 7.2. Let X be a countable set. Let L be an ideal on N. The following
are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if

(fa) S f then (f.) = .
(2) Z is a P-ideal.

Proof. (1) = (2). Let y,y, € R (n € N) with (y,) EN y. We define f, f, : X - R
(n € N) by fn(z) = yn, f(z) =y for every € X. It is not difficult to see that
(fn) EN f. So, by the assumption (f,) z, f hence (y,) z, y. By Theorem 2.1 we
obtain that 7 is a P-ideal.

(2) = (1). Let X = {z: ke N} and (f,) EN f. For every k,l € N we have
Apg = {n: |fulzr) — flzg)] > l_%l} € Z. Since T is a P-ideal, there exists A € T
such that Ay ;\ A € Fin. Let F =N\ A. Fix ¢ > 0 and k € N. There exists [ € N
such that H—Ll < e. We obtain {n € F': |f,(zx) — f(zx)| > €} = Ax; N F € Fin, so

I+
Remark. The implication (2) = (1) in Proposition 7.2 can be generalized: If Z is a
P-ideal on N and |X| < add™ (Z) then (1) is true. Here

add® (Z) = min{]A|: ACZ A (VX € Z)(3A € A) A\ X is infinite}
(see e.g. [5]). The proof remains the same. For P-ideals we clearly have add” (Z) >
w.
Proposition 7.3. Let X be a set such that | X| > c¢. Let Z be an ideal on N. The
following are equivalent.

(1) For every sequence (fn) of real-valued functions defined on a set X, if

(f) 55 f then (f,) = f.
(2) There exists F' € T* such that if A € T then F'N A is finite.
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Proof. (1) = (2). Let T = {A, : @ < ¢}. Let z, € X (a < ¢) be distinct points of
X. We define functions f, : X — R (n € N) by
1 ifx=xz,An€A,,
o) =40 ifz=24An¢ A,,
0 otherwise.
Let f: X — R be given by f(z) =0 for every z € X.

It is easy to see that (f,) EN fo By (1), (fn) z, f. Let F € I* be such
that (fu)ner — f. Fix A € Z. Then A = A, € T for some a < ¢. Since
(fn(za))ner = 0,80 FNA,={neF: f,(z,) =1} € Fin.

(2) = (1). Let F' € T* be such that if A € Z then F'N A is finite. Let (f,) EN f

Clearly (fa)ner — f, 50 (fa) = f. O
In [3, Theorem 3.4] the authors proved that for every sequence (f,,) of real-valued
(Z*,Fin)—e (Z,7)—e

functions defined on a set X if (f,) GoFm)ze, f then (f,) f-

Proposition 7.4. Let Z,J be ideals on N. Let (f,) be a sequence of real-valued
functions defined on a set X. If (fn) T, f, then (fn) ET)e, f.
Proof. Let (fn) &), f. Let F € T* and (g,) 2, 0 be such that {n e F:

(
|fn(z) — f(z)| > €,} € Fin for every x € X. Then, for every z € X, {n € N :
| fr () — ()|Z€n}_{n€F |fu(z) — f(z)] > e} U(N\ F) € Z. Thus

(Z,7)-
(fn) ——I. O
Corollary 7.5 ([3, Theorem 3.4]). Let T be an ideal on N and let (f,) be a se-

quence of real-valued functions defined on a set X. Then (f,) %

(fn) (I Fin)—e f ( ( ) (I,Z)—e f as we”)
In [3, Theorem 3.7] the authors proved that if for every sequence (f,,) of real-

valued functions defined on a set X if (f,) % f implies (f,) m 7,

then 7 is a P-ideal.

f implies

Proposition 7.6. Let X be an infinite set. Let T, J be ideals on N. If for every

sequence (fy) of real-valued functions defined on a set X, (fn) ET)e, f implies

(fn) @I, f, then T is a P(J)-ideal.
Proof. Let Ay € T (k € N). We will show that there is A € Z such that A\ A € J
for every € N.
Let z € X (k € N) be distinct elements of X. We define f,, : X — R by
0 ifné¢ Ag,x=xp,keN,
falx)=<1 ifne€ Ay, z=ua,keN,
0 otherwise.

Let f(x) =0 for every € X. Then (f,) &Iz, f. Indeed, let ¢,, = %4*2’ n € N.

Then (g,,) L0, Ifw e X\ {zr : ke N} then {n:|fn(z) — f(x)]| >en}=0€Z. If
x = xy, for some k € N, then {n : |f,(z) — f(z)| > e,} = Ar € L.
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By the assumption we obtain that (f,) N f. Let F € Z* such that

(fn)ner M f. So, there is a sequence of positive reals (7,,) 25 0 such that
B, ={ne€ F:|fu(x)—f(x)|] > n,} is finite for every z € X. Let A =N\F € Z. Let
C={n:n, >3} €J. Let k € N. Then A;\(AUC) C {n € F: |fu(zr)— flar)| >
M}t = By, 50 Ay \N\AC CUB,, €J. O

Corollary 7.7. Let X be an infinite set. Let T be an ideal on N. If for every
sequence (f,) of real-valued functions defined on a set X, (f,) % f implies
(fn) SN f, then T is a P-ideal.

Corollary 7.8 ([3, Theorem 3.7]). Let X be an infinite set. Let T be an ideal on N.
If for every sequence (f,) of real-valued functions defined on a set X, (f,) % f
implies (fy,) m f, then T is a P-ideal.

In [3, Theorem 3.6] the authors proved that if X is a countable set and Z is a P-

ideal then (f,) =2~ ¢ implies (f,) Z227% . And they posed the problem

if their result remains true when X is uncountable. Below we solve the problem in
the negative (see the remark below Corollary 7.14).

Proposition 7.9. Let Z,J be ideals on N. Let X be a set such that | X| < add” (Z).

Let (fy,) be a sequence of real-valued functions defined on a set X. If (fr) % f
(Z*,T)—e
then (fn) ———— f.

Proof. Let (fn) &I, f. Let (gp) 75 0 such that A, = {n:|fulz) — f(x)] >

en} € T for every x € X. Since |X| < add” (Z), so there is A € T such that
Az \ A € Fin for every z € X.
Let F =N\ A€Z* Let 2 € X. Then the set {n € F: |f(x) — f(x)| > e,} C

A, \ A € Fin, so (f,)) 2074 . 0

Corollary 7.10. Let T be an ideal on N. Let X be a set such that | X| < add” (T).

Let (fr) be a sequence of real-valued functions defined on a set X. If (fr) EFim)—e,
f then (fn) 5 7

The next result is a consequence of Corollaries 3.5 and 7.10.

Corollary 7.11. Let Z be a P-ideal on N. Let X be a set such that | X| < add” (T).

Let (f) be a sequence of real-valued functions defined on a set X. If (fn) % f
(Z*,Fin)—e

then (fp) ——— f.

Remark. In [?] (see also [5]) the author proved that it is consistent with ZFC that

wy < add™ (Z) = ¢ for analytic P-ideals. Hence we obtain that it is consistent with
ZFC that if 7 is an analytic P-ideal, | X| = w; < ¢ and (f,) is a sequence of real-

valued functions defined on a set X such that (f,,) & e, f then (f,) (7 Fim)me,
f

Theorem 7.12. Let X be a set such that |X| > ¢. Let Z,J be ideals on N such
that J CZ and J is a P-ideal. The following are equivalent.
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(1) For every sequence (f,) of real-valued functions defined on a set X, if

(F) 2L £ then (£) 2025 7.

(2) There exists F € T* such that if A € T then F'N A is finite.

Proof. (1) = (2). Let Z ={A, : a < c}. Let 4, € X (a < ¢) be distinct points of
X. We define functions f, : X — R (n € N) by
1 ifx=z,Ane A, for some a < c,
fa(z) =40 ifz=x4An¢ A, for some a < c,
0 otherwise.
Let f: X — R be given by f(x) =0 for every z € X.
It is easy to see that (fy) &T)e, f. Indeed, let ¢,, = n+2 Then (g,) 7, 0 and
if x # x4 for every a < ¢ then {n: |fn(z) — f(z)]| > e} =0 € Z; and if x = z,, for
some a < ¢ then {n:|f,(z) — f(z)] > en} = Aq € L.

y (1 ) (fn)n &7 I)e, f. Let FF € T* and (&) 75 0 be such that {neF:
\fn( — f(x)] > e} is finite for every = € X.
By Theorem 2.1 there is H € J* such that (¢y)nemg — 0. Then G = {n € H :

en < 3}ET"

Since J C Z,s0 G € Z*. Thus FNG € I*. Fix A € Z. We will show that
(FNG)N A is finite. Since (FNG)NA € Z, so there is o < ¢ with A, = (FNG)NA.
Then {n € F: |fn(xa) — f(a)| > en} 2 {n € FNG : |fn(za) — f(xa)| > en} 2
{n€ Ay |fu(za) — f(2a)] = en} = Aq. Since {n € F : |fu(za) — f(Ta)| = en} is
finite, so A, is finite too.

(2) = (1). Let FF € Z* be such that if A € Z then F'N A is finite. Let

(fn) % f. Let () 7, 0 such that Ay ={n: |folx) — f(x)] > en} € T for

every © € X. Then {n € F : |f,(z) — f(z)| > en} = FN A, is finite for every
x € X. Thus (fn)%)f O

Corollary 7.13. Let X be a set such that |X| > ¢. Let T be an ideal on N. The
following are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, if

(fn) (Z,Fin)—e f then (fn) (Z*,Fin)—e f
(2) There exists F € T* such that if A € T then F'N A is finite.

Corollary 7.14. Let X be a set such that |X| > ¢. Let T be a P-ideal on N. The
following are equivalent.
(1) For every sequence (f,) of real-valued functions defined on a set X, if

II) e (Z*,Fin)—e
(fn) —— [ then (fn) f
(2) There exists F € T* such that if A € T then FN A is finite.

Remark. An ideal Z on N is dense if for every infinite A C N there is an infinite
B € T with B C A. It is easy to see that if Z is a dense ideal then for every F € T*
there is an infinite A € Z with A C F. Hence for every dense P-ideal there exists a

sequence (f,,) of functions defined on a set X with |X| > ¢ such that (f,,) @)= f
(Z*,Fin)—
but ~((fn) ——— f).

We will characterize ideals that satisfy condition (2) in Theorem 7.12.
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We say that ideals Z and J are isomorphic (Z ~ J) if there exists a bijection
f:N— Nsuch that AeZ < f[A] € J for every A C N.

By Fin @ P(N) we mean the ideal on N x {0,1} given by A € Fin ® P(N) <—
{neN:(n,0) € A} € Fin.

Proposition 7.15. Let Z be an ideal on N. The following are equivalent.

(1) There exists F' € T* such that if A € T then F'N A is finite.
(2) T is isomorphic to Fin or Fin® P (N).

Proof. (1) = (2). Let F € Z* be such that every set A C F if A € 7 then A is
finite. If N\ F is finite then clearly Z ~ Fin. Suppose that N\ F' is infinite. We
will show that Z is isomorphic to Fin® P (N). Let g: N — Fand h : N - N\ F
be bijections. We define function f: N x {0,1} — N by

gn) ifi=0

T D =) =1,

Now it is easy to see that f is an isomorphism of ideals Fin & P (N) and Z.

(2) = (1). Clear for T ~ Fin. Suppose that Z ~ Fin® P (N) and f : N — N x
{0, 1} is an isomorphism between these ideals. Let G = {(n,0) : n € N} C Nx{0,1}.
Then the set F' = f[G] is the required one.

(I
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