On the difference property of families of
measurable functions

Rafal Filipow

Abstract

We show that, generally, families of measurable functions do not
have the difference property under some assumption. And we also
show that there are natural classes of functions which do not have the
difference property in ZFC. This extends the result of Erdés concern-
ing the family of Lebesgue measurable functions.

1 Introduction

Erdos showed that the family of Lebesgue measurable functions does not
have the difference property if we assume the Continuum Hypothesis (see
e.g. [8]). His proof works for both the family of functions with the Baire
property and the family of Borel functions as well. In that proof he used two
key facts. The first one was as follows. There is Lebesgue non-measurable
N-almost invariant set (under the Continuum Hypothesis). This set was first
constructed by Sierpiniski in [13]. And then he used the fact that the family
of Lebesgue measurable sets has the weak Ostrowski property.

On the other hand M. Laczkovich in [8] proved that the family of Lebesgue
measurable function has the weak difference property. And in [9] he showed,
using the previous result, that the family of Lebesgue measurable functions
has the difference property under some set theoretic assumption. In [10]
he extended the result about the weak difference property on any family

2000 Mathematics Subject Classification 28 A05, 28A20, 39A70.
Key words and phrases. Difference property, measurable sets, measurable functions,
almost invariant sets.



of real valued functions defined on any compact metric Abelian group and
measurable with respect to the Haar measure.

In this paper we extend the result of Erdés on the families of functions
which do not have the weak Ostrowski property.

2 Preliminaries

All functions, considered in this paper, are defined on some group and are
real valued. We assume also that groups are Abelian.

Let G be a group. For a function f:G — R and an h € G we define the
difference function Apf:G — R by Apf(x) = f(zr + h) — f(x). A function
A: G — R is called homomorphism if it satisfies Cauchy’s functional equation
Az +y) = A(z) + A(y) for all z,y € G.

The notion of the difference property dates back to the paper [1] of de
Bruijn. Recall that a class of functions F C RY has the difference property
if every function f: G — R such that A, f € F for each h € G is of the form
f =g+ A where g € F and A is a homomorphism.

A set A has the Baire property if it is the symmetric difference of an
open set and a meager set. We say that a function f: X — Y has the
Baire property if f~'(U) has the Baire property for every open set U. By
B(X) we will denote the family of sets with the Baire property in X and by
M(X) the family of meager sets. Or simply B and M if it does not lead to
misunderstandings.

We say that a set A is (s)-measurable (Marczewski measurable) if every
perfect set P has a perfect subset () which is a subset of A or misses A (we
assume that empty set is not perfect). And by (s) we will denote the class of
(s)-measurable sets. We write A € (sg) if every perfect set P has a perfect
subset (@ which misses A. It is known that (s) is a o-algebra and (s¢) is a
o-ideal. A function f : R — R is (s)-measurable if the preimage of any open
subset is (s)-measurable. We will use the following characterization.

Theorem 2.1 (Marczewski [11]) A function f : R — R is (s)-measurable
if and only if every perfect set P C R has a perfect subset QQ such that f|Q
18 COntinuous.

By a measure on X we mean a countably additive, nonnegative, nonzero
extended real-valued function defined on a c-algebra A of subsets of X. By



m we will denote the Lebesgue measure defined on R. By £(1) we will denote
the family of pu-measurable sets and by N (u) the family of py-measure zero
sets. Or simply £ and N if it does not lead to misunderstandings.

A measure p on X is called:

e diffused (or continuous) if pu({z}) = 0 for every z € X

o finite if u(X) < +oo;

e o-finite if X is a countable union of sets of finite measure;
Measures p and v on X are called equivalent if

1. (VA C X)(A is p-measurable if and only if A is v-measurable),

2. (VA C X)(u(A) =0 if and only if v(A) = 0).

Proposition 2.2 Fvery o-finite measure is equivalent to some finite mea-
sure.

By a universal measure on X we mean diffused and finite measure defined
on P(X).

Let x be a cardinal. A measure p is called rk-additive if p(JF) =
> rer W(F) for every disjoint family F such that |F| < k.

We say that an uncountable cardinal k is real-valued measurable if there
exists a k-additive, universal measure on k. And k is measurable if there
exists a two-valued, k-additive, universal measure on k.

We will use the following well-known theorems.

Theorem 2.3 If there is a universal measure on a set X then there is a
real-valued measurable cardinal < |X|. And if there is a universal two-valued
measure on a set X then there is a measurable cardinal < |X]|.

Theorem 2.4 There is no measurable cardinal less than or equal to c.

We say that J C P(X) is an ideal on X if
L. 0eJ,
2. VA, Be J)(AUB e J),



3. VAe J)VBC A)(BeJ).

An ideal J on X is called:

e proper it X ¢ T,

o prime if for every A C X, either A€ J or X \ A € J;

e o-ideal (or countable complete) if 7 is closed under countable unions
of sets from J (i.e. :::f) A, € J whenever A, € J for every n);

o r-complete if J is closed under unions of less than x sets from J (i.e.
UF € J for every family F C J such that |F| < k);

e r-saturated if every disjoint family F C P(X) \ J has size < k.

We say that an uncountable cardinal  is quasi-measurable if there is a
proper w-saturated k-complete ideal on k containing all of the singletons.

We can easily prove the following propositions.

Proposition 2.5 If there is a prime o-ideal on X containing all of the sin-
gletons then there is a two-valued universal measure on X.

Proposition 2.6 If there is a proper w-saturated o-ideal on X containing
all of the singletons then there is a quasi-measurable cardinal < |X|.

If J is an ideal on X we define the following cardinal coefficient: non(J) =
min{|A|: ACXANA¢ T}

We shall need one more theorem concerning measurable cardinals (see
e.g. [4]).

Theorem 2.7 If there is a real-valued measurable cardinal then non(N (m)) =
wr. In particular, as an immediate consequence we get that there is no real-
valued measurable cardinals less than or equal to non(N(m)).

If A is a o-algebra of subsets of X and J C A is a o-ideal on X then we
say that a pair (A, J) satisfies the c.c.c if every disjoint family F C A\ J
is countable.

Let A be a family of subsets of a group G. Then we use the following
notation —A ={-a:a€ A},A—g={a—-g:a€ A},A-A={a—-0:
a,be A} and —A={—-A: Ae A} for g € G, A € A. Moreover, we say that
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a family A is invariant under translations if A — g € A for every A € A and
g € G and invariant under reflections if —A € A for every A € A.

Let A denote c-algebra of subsets of a group (a topological group if
necessary) G and J C A denote o-ideal on G.

We say that a set A C G is J-almost invariant if (A + g)AA € J for
every g € G. Moreover, we say that a pair (A, J) has

1. the Steinhaus property (SP) if for every set A € A\ J the set A — A
contains an open neighbourhood of 0.

2. the Ostrowski property (OP) if every homomorphism bounded on a set
from A\ J is continuous.

3. the weak Ostrowski property (WOP) if every homomorphism bounded
on a set from A\ J is A-measurable.

We will use S(A, J) to denote the following sentence.
There exists a set A C G such that A is J-almost invariant and A ¢ A.
And S*(A, J) to denote the following sentence.

There exists a set A C G such that A is J-almost invariant, A ¢ A and
A=—A.

3 Pairs with(out) the SP, OP, WOP

Firstly, we have well-known theorems which explain the names Ostrowski
Property and Steinhaus Property. This is the case of Lebesgue measure on
R.

Theorem 3.1 (Steinhaus [14]) The pair (L,N') has the Steinhaus prop-
erty.

Theorem 3.2 (Ostrowski [12]) The pair (L,N) has the Ostrowski prop-
erty.

Proposition 3.3 1. If a pair (A, J) has the Ostrowski property then it
has the weak Ostrowski property (if all open sets are A-measurable).

2. If a pair (A, J) has the Steinhaus property then it has the Ostrowski
property.



Proof. The first is trivial. For the second suppose that f is a homomorphism
bounded on a set A € A\ J. Then, there is an open neighbourhood U C
A — A on which f is bounded as well. The additivity of f implies that f is
continuous at point 0 (see e.g. [10, p. 4]). Then using the additivity of f
once more we get that f is continuous everywhere. m

We have extensions of the above theorems which are also well-known. For
proofs of below theorems see e.g. [2, pp. 173-174].

Theorem 3.4 Let G be a locally compact topological group and let i be a left
invariant Haar measure on G. The pair (L,N) has the Steinhaus property.

Theorem 3.5 Let G be a topological group. The pair (B, M) has the Stein-
haus property.

But the SP, OP, WOP are not very common among o-algebras.

Proposition 3.6 A pair ((s), (so)) does not have the weak Ostrowski prop-
erty (thus neither has the Ostrowski and Steinhaus properties).

Proof. We will prove that the pair ((s), (so)) does not have the weak Os-
trowski property. Then from Proposition 3.3 follows that the pair ((s), (so))
does not have the Ostrowski and Steinhaus properties.

Let P C R be a perfect (i.e., nonempty, closed, with no isolated points)
set, which is linearly independent over rationals. Let B C P be a Bernstein
subset of P (i.e., B and P\ B do not contain a nonempty perfect (in P) set).
Now we define a function A;: P — R by A;(z) =0 for z € B and A;(z) =1
for x € P\ B. Since P is linearly independent over rationals, we can extend
A; to an additive function A:R — R such that A|P = A;. We see that
the function A is bounded on the set P € (s) \ (so). Suppose that A is (s)-
measurable. Then, by Theorem 2.1, there is a perfect set D C P such that
A|D is continuous. Take an x € DN B (it can be done because B is Bernstein
set in P). Then we can find a sequence (z,)ne, such that lim, .. x, = x
and z,, € D\ B since P\ B is Bernstein set too. But A(x,) = 1 for all
n and A(z) = 0 so A|D is not continuous, a contradiction. Thus A is not
(s)-measurable. m

Theorem 3.7 There exists an invariant under translations and reflections
extension of the Lebesque measure which does not have the Steinhaus prop-
erty.



Proof. See [6, p. 148, Proposition 2|. m

Theorem 3.8 There exists an invariant under reflections extension of the
Lebesgque measure which does not have the weak Ostrowski property.

Proof. This extension was constructed in [7, Example 2]. That extension
is not complete and the completion of this measure may have the weak Os-
trowski property. But one can change a little the definition of that measure
to get a complete measure which does not have the weak Ostrowski property.
]

But we do not know if there exists an invariant under translations ex-
tension of the Lebesgue measure which does not have the (weak) Ostrowski

property.

4 Generalization of Erdos’ result

Let A denote o-algebra of subsets of a group G and J C A denote o-ideal
on G.

4.1 'Trivial generalization

In order to repeat the Erdds’ proof (showing that the family of Lebesgue
measurable functions does not have the difference property) for a family
of A-measurable functions we only need that the pair (A, J) has the weak
Ostrowski property and the sentence S(.A, J) is true. Thus we get a theorem,
essentially due to Erdos.

Theorem 4.1 Suppose that a pair (A, J) has the weak Ostrowski property.
If S(A, J) holds then the family of A-measurable functions does not have the
difference property.

Proof. The proof is the same as Erdos’ one but we sketch it here for the sake
of completeness. By S(A, J) we have a set S C G such that S is J-almost
invariant and S ¢ A. Put f = xs. Now we show that the function f is a
witness for a lack of the difference property for the family of A-measurable
functions.

Since {z € G: Apf #0} ={x € G: xs-n(z) # xs(x)} = (S—h)AS € T
we get that the function Ay, f is A-measurable for every h € G. Now suppose
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that f = g + A where g is A-measurable and A is a homomorphism. Then
there is n such that a set B = g~!([—n,n]) is in A\ J thus homomorphism
A is bounded on B since f and g are bounded on B. By the weak Ostrowski
property, function A is A-measurable. Thus the function f = yg is A-
measurable as a sum of two A-measurable functions. But the set S is not
A-measurable, a contradiction. m

Corollary 4.2 Let G be a locally compact topological group and let i be a
left invariant Haar measure on G. If S(L,N) holds then the family of L-

measurable functions does not have the difference property.
Proof. It follows from Theorems 3.4 and 4.1. m

Corollary 4.3 Let G be a topological group. If S(B, M) holds then the fam-
ily of B-measurable functions does not have the difference property.

Proof. It follows from Theorems 3.5 and 4.1. =

4.2 Less trivial generalization

Now we shall show that we do not need the weak Ostrowski property for a
pair (A, J) in order to prove that a family of A-measurable functions does
not have the difference property (in some cases).

Theorem 4.4 Let A be an invariant under reflections o-algebra on a group
G and J C A be o-ideal on G. If S*(A,TJ) holds then the family of A-

measurable functions does not have the difference property.

Proof. Let A C G beaset such that A ¢ A, A = —Aand (A+g)AA € J for
all g € G. Such a set A exists by an assumption that the sentence S*(.A, J)
is true. Let f = ya. We will show that the function f is a witness for a lack
of the difference property of the family of A-measurable functions.
At first, it is easy to see that a function A, f is A-measurable for every g € G.
Now suppose that f = k + h where k is A-measurable and A is a homomor-
phism. We define a function F by a formula F'(z) = f(z)+ f(—x). Then we
have F(z) = (k(z)+h(z))+ (k(—z)+h(—2z)) = k(x) + k(—x) so the function
F is A-measurable (since A4=-A).
But on the other hand we have F(x) = f(z) + f(—x) = xa(x) + xa(—z) =
Xa(z) + x—a(x) = 2xa(x). And, since A ¢ A, we get that the function F is
not A-measurable.

We have reached a contradiction which shows that the function f is not
a sum of suitable functions. m



5 On the sentence S*(A,J) and S(A,J)

We have seen that in both generalizations, section 4.1 and 4.2, a weak point
is an assumption that the sentence S(A,J) or S*(A,J) is true. Hence we
shall examine these sentences in order to check when they are true.

Let A be a o-algebra on a group G and J be a o-ideal on G. Let |G| = &
and G = {g, : @ < Kk} be an enumeration of elements of the group G. By
G, we denote a group generated by a set {gs : f < a}. For any a < & let
Qo = Gag1 \ Go. Now for every set T' C  let Ay = |, or Qa-

Lemma 5.1 Ifnon(J) = |G| then a set Ar is J-almost invariant and Ay =
—Ar for every set T C k.

Proof. It is easy to see that for every set T' C k and every g € G the set
(A7 +g) \ Ar is in J. Indeed, take any set 7' C x and any element g of the
group G. Then

(Ar+9)\ Ar = | J(Qa+9)\ | Qo = J(Gar1 + 9)\ (Ga+9)]\ [ Qo

a€eT aeT aeT acT

But there is § < k such that for every a > 3 we have g € G, so

(Ar+g\Ar = | {J @ut+9)U | Gar\G)|\J Qu € J(@Qu+9),
T3a<p T3a>p3 aeT a<p

And the last set is in J, by an assumption that non(J) = |G|, so the set

(Ar+g)\ Az isin J. Similarly we get that a set Ar\ (Ar+g) is in J hence

(AT + Q)AAT € j

Now one can easily check that A7z = —Aqp for every subset T C k. It
follows from a fact that @), = —Q, for every a < k. m

The construction of almost invariant sets appears in papers devoted to
extensions of invariant measures. And the above construction appeared in
[5] and [15] among others.

We see that to prove the sentence S*(A, J) we have to show that there
is a set T" such that Ar is not in A. But it will be done for every case sepa-
rately. We see that we had to assume that non(J) = |G|. Moreover, for some
cases we will need to assume something more. It is no wonder that we need
some assumptions since the Erdos theorem is proved under the Continuum
Hypothesis (and under the Continuum Hypothesis our assumptions will be
fulfilled). Moreover, we prove that there are some families for which those
assumptions are fulfilled in ZFC.



5.1 Measure case

Theorem 5.2 Let i be a o-finite measure on a group G. If |G| is less than
the first real-valued measurable cardinal and non(N') = |G| then S*(L,N).

Proof. By Lemma 5.1 we see that to prove the theorem we must find at
least one set T" C k such that the set Ar is not L-measurable. Suppose
that for every set T' C k the set Ar is L-measurable. By Proposition 2.2 we
have a finite measure v which is equivalent to p. Then we can define measure
7: P(k) — [0,400] by 7(T) = v(Ar). This is diffused, finite measure which
measures all subsets of k so by Theorem 2.3 there is a real-valued measurable
cardinal < k = |G|, a contradiction. Hence there is a set T C x such that
the set Ar, is not v-measurable. Thus, the set Ag, is not £-measurable, as
well. m

Corollary 5.3 If a measure i is invariant under reflections then under the
assumptions of Theorem 5.2 we get that the family of L-measurable function
does not have the difference property.

Proof. Apply Theorems 4.4 and 5.2. =

5.2 Category case

Theorem 5.4 Let G be a topological group. If |G| is less than the first
measurable cardinal and non(M) = |G| then S*(B, M).

Proof. We see that to prove the theorem we must find at least one set
T C k such that the set Ar is not B-measurable again. In this case we
have to modify the proof. At first we show that there is T" C x such that
Ar ¢ M and G\ Ay ¢ M. Suppose that for every T' C k we have Ap € M
or G\ Ar € M. Then the family {T" C k : Ar € M} is a prime o-ideal
on k containing all of the singletons. Thus by Proposition 2.5 and Theorem
2.3 there is a measurable cardinal < k = |G|, a contradiction. So there is
Ty C k such that Ay ¢ M and G\ Ap, ¢ M what implies that the set Ay,
does not have the Baire property. Indeed, suppose that A, € B than there
is g € G such that (Ap, +9) N (G\ Ag,) ¢ M hence (Ar, +g) \ Ap, ¢ M, a
contradiction since the set A, is M-almost invariant by Lemma 5.1. m

Corollary 5.5 Under the assumptions of Theorem 5.4 we get that the family
of B-measurable functions does not have the difference property.

Proof. Apply Theorems 4.4 and 5.4. =
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5.3 c.c.c. case

Now we generalize the measure and category case for a case where there is
given a o-algebra A and a o-ideal J on a group G such that the pair (A, J)
satisfies the c.c.c.

Theorem 5.6 Let A be a o-algebra on a group G and J be a proper o-ideal
on G such that the pair (A, J) satisfies the c.c.c. If |G| is less than the first
quasi-measurable cardinal and non(J) = |G| then S*(A,J).

Proof. Once more we see that to prove the theorem we must find at least one
set T" C k such that the set Ar is not A-measurable. Suppose that Ar € A
for every T C k. Let Z = {T C k: Ar € J}. Then it is not difficult to check
that Z is a proper o-ideal containing all of the singletons. Since the pair
(A, J) satisfies the c.c.c. we get that the pair (P(k),Z) satisfies the c.c.c. as
well. But it means that the ideal Z is wy-saturated. So by Proposition 2.6
there is a quasi-measurable cardinal < |G|, a contradiction. So there is a set
T C k such that Ar ¢ A. =

Corollary 5.7 If A is invariant under reflection then under assumptions of
Theorem 5.6 the family of A-measurable functions does not have the differ-
ence property.

Proof. Apply Theorems 4.4 and 5.6. =

Remark. Despite the family of Lebesgue measurable sets and the family
of sets with the Baire property satisfy c.c.c. Theorem 5.6 does not imply in
general Theorems 5.2 and 5.4. Indeed, if there exists a model with measurable
cardinal then there exists a model for Martin’s Axiom and with a quasi-
measurable cardinal < ¢ (see e.g. [4]). In that model there is no real-valued
measurable cardinal < ¢c.

5.4 Results in ZFC

Now we show that there are o-algebras and o-ideals for which the sentence
S*(+,-) is true in ZFC and, by Theorem 4.4, suitable families of functions
does not have the difference property (in ZFC).
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5.4.1 (s)-measurable sets
Theorem 5.8 S*((s), (so)) holds in ZFC.

Proof. We have to construct an (s)-non-measurable set A such that A = —A
and (A4 )\ A € (so) for every x € R. It will be a slight modification of
Sierpinski construction [13]. Let R = {r, : @ < ¢} and {F, : @ < ¢} be an
enumeration of reals and perfect sets respectively. And let L, be a linear
space over rationals which is spanned by {rs : 8 < a}. We will construct two
sequences {x, : a < ¢} and {y, : @ < ¢} as follows. Take

To € Po\ (Lo + ({xz5: B <a}U{tys: [ <a}))
and

Yo € P\ (Lo + ({F25: f < 0} U{tys : 6 < a})).

Now we put S = |, (La £ 24).

We see that S = —S. To show that S is not (s)-measurable we check that
S is a Bernstein set. One can see that SN P # () for every perfect set P since
o € S for every a < ¢. On the other hand suppose that there is 3 < ¢ such
that yg ¢ R\ S. Thus there is « such that yz € L, £ z,. If 5 > « then we
get a contradiction with the definition of points y,. So a > . But in that
case T, € L, = ys a contradiction.

Now we will show that S is (sg)-almost invariant. We only show that
|(S+7)\S| < ¢ forevery r € R since all sets of cardinality less than continuum
are in (sp). Take r € R. Then there is § < ¢ such that r = rg. Since 3 € L,
for every o > 3 we can write (S +15) \ S = (Uyco(La £ 20 +15)) \ S =

(Uacp(La £ 20 +75) UlUgop(La £ 7)) \ S = (Ugep(La £ 2o +175) \ S) U

(Uasp(La £26) \ ) = (Uacs(La £ 7a+75) \5) C Uacs(La £ 70 +7p) and
the last set is of cardinality less than continuum. m

Corollary 5.9 The family of (s)-measurable functions does not have the dif-
ference property.

Proof. Apply Theorems 4.4 and 5.8. =

Remark. Corollary 5.9 was already proved in [3]. There, it was proved
directly whereas we use general theorem (Theorem 4.4) which is useful in
many others cases as well.

Remark. Since the sentence S*((s), (so)) is true we get that the sentence
S((s), (s0)) is true as well. But we cannot use Theorem 4.1 instead of The-
orem 4.4 to prove Corollary 5.9 since by Proposition 3.6 the pair ((s), (so0))
does not have the weak Ostrowski property.
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5.4.2 Subgroup of the real line with measure

Let X be a subset of the real line which is of positive outer Lebesgue measure.
Define Lx = {ANX : A is Lebesgue measurable} and my: Lx — [0, 400] by
mx(B) = m°(B) where m? denotes the Lebesgue outer measure and B € L.
Then it is not difficult to check that Ly is a o-algebra and myx is a measure

on Lx. We also have non(N(mx)) = non(N(m)).

Theorem 5.10 There is a subgroup G of the real line such that the sentence
S*(La, N(mg)) is true (in ZFC).

Proof. Let X C R be a Lebesgue non-measurable set of cardinality x =
non(N(m)). Let G be a group generated by the set X. Then we have |G| = k.

Since |G| = non(N(m)) hence by Theorem 2.7 |G| is less than the first
real-valued measurable cardinal. Moreover, non(N (mg)) = non(N(m)) =
|G|. Thus by Theorem 5.2 we get that the sentence S*(Lg, N (mg)) is true.
u

Corollary 5.11 The family of mg-measurable functions does not have the
difference property (in ZFC).

Proof. Apply Theorems 4.4 and 5.10. m
Remark. One can see that Theorem 5.10 is true for every Lebesgue non-
measurable group of cardinality non(N(m)).

5.4.3 Subgroup of the real line with topology

Theorem 5.12 There is a subgroup G of the real line such that the sentence
S*(B, M) is true (in ZFC).

Proof. Let X C R be a set without the Baire property of cardinality x =
non(M(R)). Let G be a group generated by the set X U Q. Then we have
|G| = k.

Since |G| < ¢ hence by Theorem 2.4 |G| is less than the first measurable
cardinal. Moreover, non(M(G)) = non(M(R)) = |G| since the group G is
dense in R. Thus by Theorem 5.4 we get that the sentence S*(B(G), M(G))
1s true. =

Corollary 5.13 The family of functions with the Baire property on G does
not have the difference property (in ZFC).
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Proof. Apply Theorems 4.4 and 5.12. m
Remark. One can see that Theorem 5.12 is true for every dense group
without the Baire property of cardinality non(M(R)).

The author would like to express his thanks to Ireneusz Rectaw for fruitful
discussions.
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