ON HINDMAN SPACES AND THE BOLZANO-WEIERSTRASS
PROPERTY

RAFAL FILIPOW

ABSTRACT. We examine relationships between two classes of topological spaces
defined with the aid of the Hindman ideal. We also do the same for another
ideal — instead of sums, as in the Hindman ideal, we consider differences.

1. INTRODUCTION

In the sequel we assume all our topological spaces to be Hausdorff. The set
of natural numbers we denote by the symbol w. By YX we denote the set of all
functions from X into Y, and in case of X C w the set YX is the set of all sequences
(Yn)nex With y, €Y forn € X. Let Y <% =], o, Y{0L-n=1,

An ideal on w is a family 7 C P(w) (where P(w) denotes the power set of w)
which is closed under taking subsets and finite unions. In the sequel we assume
that all considered ideals contain all finite sets and are proper (i.e. w ¢ T).

Let Z be an ideal on w. It seems interesting to describe the class of topological
spaces X such that for every sequence (,)ncw € X there exists a converging
subsequence (2, )kew such that {ny : k € w} ¢ T (i.e. the set of indexes is large
in sense of the ideal Z). (Note that for the ideal Z of all finite subsets of w we
obtain the class of all sequentially compact spaces.) This question was already
considered in the literature. In [7] Kojman examines the above property for the
van der Waerden ideal

W = {A Cw: A does not contain arithmetic progressions of arbitrary length},

in [3] Flaskovd examines the ideal Z; , = {A Cw: Y, .4 = < oo}, in [1] and [2] the
authors characterize ideals Z for which the above property holds for some subclass
of topological spaces.

However, this property seems to be too strong for some ideals. For instance,
in [6, Theorem 3], the author proved that there is no uncountable space X which

satisfies the above property for the Hindman ideal
H ={A Cw: there is no infinite set D C A with FS(D) C A},

where FS(D) = {3, cpn: F C D is nonempty and finite} .

One can cope with this difficulty by changing the hypothesis that the subsequence
is convergent by other kinds of convergence related to the ideal Z. For example, in [4]
the authors introduced IP-convergence (see Section 3 for the definition) and proved
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that there are uncountable spaces X such that for every sequence (x,)necw € X%
there exists a subsequence which is IP-convergent. In [6], the author calls them
Hindman spaces. On the other hand, in [1] and [2] the authors, using the Z-
convergence (see Section 2 for the definition), examine ideals Z and spaces X such
that for every sequence (z,)ncw € X“ there exists a subsequence which is Z-
convergent (in this case they say that (X,Z) has BW property).

In Section 3 we study the relationship between Hindman spaces and spaces X
such that (X, H) has BW property.

In Section 4 we consider an ideal similar to the Hindman ideal and examine
topological spaces defined with this ideal in the similar manner as Hindman spaces.

2. BOLZANO-WEIERSTRASS PROPERTY

Let X be a topological space, Z an ideal on w and A C w. We say that a sequence
(Tp)nea € XA is T-convergent to x € X if

{neAd:z,¢Urel

for every open neighborhood U C X, x € U. We say that the pair (X,Z) has BW
property if every sequence (2, )new € X has an Z-convergent subsequence (z,,)nea
with A ¢ 7.

We write (X,Z) € BW if the pair (X,Z) has BW property; we say that an ideal
T has BW property (Z € BW, in short) if the pair ([0,1],Z) € BW. For examples
and properties of ideals with(out) BW property see [1] where this definition was
introduced.

In the sequel we will use the following characterization of BW property.

Proposition 2.1 ([1, Proposition 3.3]). An ideal T has BW property if and only
if for every family {As : s € {0,1}<“} fulfilling the following conditions

(T1) Ap = w,

(T2) As = ASAO U As“l;

(TS) Ag~gNA—~1 = (Z),
there exist x € {0,1}* and B Cw, B ¢ T such that B\ Ay, € T for all n.

We say that sets A, B are almost disjoint if AN B is finite.

Let A be a pairwise almost disjoint family of infinite subsets of w. Define a
topological space W(A) as follows: the underlying set of ¥(A) is w U A, the points
of w are isolated and a basic neighborhood of A € A has the form {A} U (A\ F),
with F finite. (The space ¥(A) was introduced in [8].) It is known that the space
U(A) is Hausdorff, regular, locally compact, first countably and separable; if A is
infinite then ¥(.A) is not compact (see [8] or [10, Section 11]). Moreover, it is easy
to see that

o AU{A} is compact in U(A) for every A € A;
e K N A is finite for every compact K C U(A);
o (K\U(K NA))Nuw is finite for every compact K C U(A).

Let ®(A) = ¥(A)U{co} be the one-point compactification of U(A). (Recall that
open neighborhoods of oo are of the form ®(A) \ K for compact sets K C U(A).)
Thus, ®(A) is Hausdorff and compact. It is not difficult to show that ®(A) is
separable and first countable at every point of ®(A) \ {oo}; if A is infinite then
®(.A) is not first countable at the point co. If A is a mad family on w (i.e. infinite
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maximal pairwise almost disjoint family of infinite subsets of w), then ®(A) is
sequentially compact (see [7, Theorem 6]).

Theorem 2.2. Let T be an ideal on w. If A C T is a mad family on w, then
(®(A),I) € BW.

Proof. Let Y = U(A), X = ®(A), (z)new € X*. We have 3 cases:
(1) B={new:z, =0} ¢TI
(2) B={new:z, € A} ¢ T;
3) B={n€ew:a, cw} ¢TI
In case (1) the subsequence (z,,),cp is Z-convergent to oo and B ¢ 7.
In case (2) we have two subcases:
(2a) thereis Aec AwithC={neB:x,=A} ¢ T,
(2b) {ne B:xz, =A} €T for every A € A.

In case (2a) the subsequence (2, )ncc is Z-convergent to A and C ¢ 7.

In case (2b) the sequence (2, )nep is Z-convergent to co and B ¢ Z. Indeed, let
K CY be a compact subset of Y. We will show that {n € B:x, ¢ X \ K} € Z.
Let KNA={A,...,An}. Let F; ={n€ B:xz, = A;} (i =1,...,m). Since
FieZforeveryi=1,....myso{n€eB:z, ¢ X\K}=FU---UF,, €T.

In case (3) we have 3 subcases:

(3a) thereisr e wwithC={neB:x, =1} ¢TI

3b) {neB:a,=r} eI foreveryrcwand C={neB:x, € A} ¢ T for

some A € A;
(3c) {neB:x,=r}eIforeveryr €wand{ne€B:z, €A} €T for every
Ae A

In case (3a) the subsequence (zy,)nec is Z-convergent to r and C ¢ 7.

In case (3b) the subsequence (z,)nec is Z-convergent to A and C' ¢ Z. Indeed,
let F C A be a finite set. We will show that {n € C : z,, ¢ {A}U(A\ F)} € T.
Let F={r1,...,7m}. Let F;={n€ B:x, =r;} (i=1,...,m). Since F; € T for
everyi=1,....m,so{neC:z, ¢ {AJUA\F)} SR U---UF, €T.

In case (3c) the subsequence (z,)nep is Z-convergent to oo and B ¢ Z. Indeed,
let K CY be a compact subset of Y. We will show that {n € B:z, ¢ X\ K} € .
Let KNA={A1,....,4,}. Let F; ={neB:x, € A} (i =1,...,m). Let
F=(K\A4U---UA)Nw={r,...,7x}. Let G; = {n € B:z, =r;}
(j =1,...,k). Since F;,G; € Zforeveryi=1,...,m, j=1,...,k,s0{n € B:
wnd X\KYCFU---UF, UG U---UGj €T O

3. HINDMAN IDEAL
For A C w we write

FS(A) = {Z n: F C A is nonempty and finite } ,
neF

i.e. FS(A) is the set of all finite non-repeating sums of members of A. A set A C w

is called an IP-set if there is an infinite D C A with FS(D) C A.

Theorem 3.1 (Hindman [5]). If an IP-set is partitioned into finitely many parts,
then one of the parts is an IP-set.
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Let H denote the family of all non-IP-sets A C w. Then by Hindman’s theorem
‘H is an ideal, and we call it the Hindman ideal.

An infinite set D C w is called sparse if for every x € FS(D) there is a unique
nonempty finite set ¥ C D with = ) _pn. It is not difficult to show that for
every infinite D there is an infinite sparse £ C D.

For A,B C w we write A+ B={a+b:a¢€ AANb € B}. If n € w then
A+n=A+{n}.

Lemma 3.2. If E C w is an infinite sparse set then FS(EN{0,1,...,m —1}) +
FS(E\{0,1,...,m —1}) € H for every m € w.

Proof. Let m € w. f EN{0,1,...,m — 1} = 0, then FS(EN{0,1,...,m —1}) +
FS(E\ {0,1,...,m —1}) = € H. Now suppose that £ N{0,1,...,m — 1} # 0.
Since FS(E N {0,1,...,m — 1}) is finite so FS(E N {0,1,...,m — 1}) + FS(E \
{0,1,...,m — 1}) is a finite union of sets of the form
(14 +z,) +FS(E\{0,1,...,m —1})

for distinct x1,...,2, € EN{0,1,...,m—1} and n > 1. If we show that each of the
above sets is in H then FS(EN{0,1,...,m—1})+FS(E\{0,1,...,m—1}) € H.

Let A= (z1+ - +z,) +FS(E\{0,1,...,m — 1}) where z1,...,2, € EN
{0,1,...,m — 1} are pairwise distinct. We will show that the sum of any two
different elements from A is not in A. Thus there is no infinite subset of A all of
whose finite sums belong to it.

Suppose it is not the case. Then there are e, ..., e, € E\{0,1,...,m—1} (pair-
wise distinct), fi,..., fp € E\{0,1,...,m — 1} (pairwise distinct) and g¢1,...,g; €
E\{0,1,...,m — 1} (pairwise distinct) such that

(1'1+"'+$n+€1+"'+€k)+($1+"'+$n+f1+"'+fp)

=1+ F+Ton+an+--+g.
Then

(014 b a) + (14 e) + (i 4o fp) = g1+ oo+ g1 € FS(EB).

We know that every element of FS(FE) has a unique representation as a sum of some
elements from E. But g; # x; for every i, j, a contradiction. O

A filter on w is a family F C P(w) which is closed under taking supersets and
finite intersections. A maximal filter is called ultrafilter.

For ACw wedefine A—n={kcw:k+nc A}

An ultrafilter U on w is called idempotent if U = U + U, where

U+tU={ACw:{ncw:A—neclU}elU}.
It is known that there are idempotent ultrafilters (see e.g. [9, p. 68]).
Theorem 3.3. The Hindman ideal H has BW property.

Proof. Let {A; : s € {0,1}<¥} satisfy (7'1) — (T'3) from Proposition 2.1. Let U be
an idempotent ultrafilter on w.
Since U is an ultrafilter, so if AUB € Y and AN B = (), then either A € U or
B € U. Thus there is (a unique) z € {0,1}* such that A, € U for every n € w.
We define a sequence (b, : n € w) such that
(1) for i € {0,1,...,n} and a € FS({b;, bi11,...,b,}) one has that a € A,
and (Ag;; —a) Nw € U and
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(2) if i < n, then bj41 > by + -+ b;.
Take any by € Azj0 = w. Suppose we have already constructed by,...,b, as

required. Let
A:ﬂ m (Agpi —a) Nw.
i<n aEFS({bi,bi+1,...7bn})

Since A is an intersection of finitely many sets from U so A € U. Sinced =U + U
so{k €ew: (Agmt1 —k)Nweldleldand{kcw: (A-—k)Nw e U} e U.
Let bp1 € Agpnyr such that (Agppe1r —bpt1) Nw € U, (A —bpi1) Nw € U and
bn+1 >b0++bn

It is not difficult to check that (b, : n € w) satisfies the required conditions.

Let B=FS({b, : n € w}) ¢ H. We will show that B\ A, € H for every n € w.
Let n € w. Since
B =FS({bo,...,bp—1})UFS({b; : i > n})U(FS({bo,...,bp_1}) + FS({b; : i > n})).
and FS({b; : i > n}) C Ay, so
But {b, : n € w} is a sparse set so FS({bg,...,bp—1}) + FS{b; : i > n}) € H by
Lemma 3.2. Thus finally B\ Ay}, € H. O

It was shown in [1, p. 505] that if Z € BW then (X,Z) € BW for every uncount-
able compact metric space.

Corollary 3.4. If X is an uncountable compact metric space, then (X, H) € BW.

Let D C w be an infinite set and X a topological space. A sequence (z)ners(p),
T, € X is IP-convergent to x € X if for every open neighborhood U C X, x € U
there is m € w such that

{2, :n € FS(D\{0,1,...,m—1})} C U.

A topological space X is Hindman if for every sequence (Z,)new, Tn € X there is
an infinite set D C w such that (z,),erg(p) is IP-convergent to some z € X ([6,
Definition 4]).

Proposition 3.5. If X is a Hindman space then (X,H) € BW.

Proof. Let (p)new € X“. Let D C w be an infinite set such that (2,,)ners(p) is
IP-convergent to some x € X. We can assume that D is sparse. Let B = FS(D).
We claim that (x,)nep is H-convergent.

Obviously B ¢ H. Let U C X be an open neighborhood of z. Since (z,)nep is
IP-convergent to x, so there is m € w with {z,, : n € FS(D\{0,1,...,m—1})} CU.
Then

{neB:x, ¢ U} CFS(DN{0,1,...,m—1})+FS(D\{0,1,...,m—1}).
By Lemma 3.2, FS(D N {0,1,...,m — 1}) + FS(D \ {0,1,...,m — 1}) € H, so
{neB:x,¢U} cH. O

In [6, Theorem 11] it is shown that every topological space X satisfying the
following condition:
(%) closure of every countable set in X is compact and first countable

is Hindman.

Corollary 3.6. If a space X satisfies condition (x) then (X, H) € BW.
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Below we show that BW property for a space is weaker that being Hindman.

Theorem 3.7. There exists a Hausdorff, compact, sequentially compact, separable
space X which is first-countable at all points but one such that (X,H) € BW but
X is not Hindman.

Proof. Let A be a mad family such that A C H. Let X = ®(A). By Theorem 2.2
(X,H) € BW and by [6, Theorem 10] X is not Hindman. O

4. DIFFERENCES INSTEAD OF SUMS

For A,BCwwewrite A—-B={a—b:ac A,be B,a>b}and D(4) = A— A.
A set A C w is called D-set if there is an infinite E C w with D(E) C A. Let D
denote the family of all non-D-sets A C w.

Proposition 4.1. D is a proper ideal on w.

Proof. Clearly D is proper and closed under subsets. We will show that it is closed
under finite unions. Let A, B € D and suppose that AU B ¢ D. Thus there is
an infinite £ C w with D(E) C AU B. We define a coloring ¢ : [E]?> — {0,1} by
c¢(n,m) =0 <= |m —n| € A. By Ramsey’s theorem there is an infinite F C FE
which is homogeneous for c¢. If it is 0-homogeneous then D(F) C A and if it is
1-homogeneous then D(F) C B. In both cases we get a contradiction. O

Proposition 4.2. D CH and D # H.

Proof. Let A ¢ H. Then there is an infinite B = {b,, : n € w} with FS(B) C A. Let
E={}" b :n€w}. Then E is infinite and D(E) C FS(B) C A. Thus A ¢ D.
Now we show that D # H. Let A= {Y>"" ;4" :k,n € wAk <n}. Then A ¢ D
since D(B) C A, where B = {}_"" /4" : n € w}. Suppose that A ¢ 7. Then there
is an infinite C' C A with FS(C) C A. We have two cases:
(1) There are z =Y 1, 4%y =" 4% € C such that z < y and ks < ny;

i=kq . i=ko .
(2) For every o =Y ", 4"y =312, 4" c C,if v <y then ny < ky.

In the first case, the base 4 representation of x 4+ y has a block of 2’s, whereas the
members of A are those numbers whose base 4 representation consists of a block of
1’s followed by a (possibly empty) block of 0’s, a contradiction.

Now, consider the second case. Let x = Y ", 4%,y =", 4% 2 =371 4 ¢
C such that £ < y < z. Then ny < ko < k3. Since x + z € A so there are n < k
such that x4+ 2z = Y7, 4. Thus 2 + 2 =Y, 4" 4+ 30, 4 =377, 4% but A is
a sparse set, a contradiction. ([l

A set A C w is D-sparse if for every k € D(A) there is only one pair n,m € A

with k = m —n.

Proposition 4.3. (1) If A Cw is D-sparse and n € w, then A+n € D.
(2) For every infinite A C w there is an infinite D-sparse B C A.
(3) The ideal D is dense (i.e. every infinite A C w contains an infinite B C A
with B € T).

Proof. (1). Suppose that there is an infinite £ C w with D(E) C A + n. Let
a<b<c<deFE Thend—a—-nd—b—nc—b—nc—a—n € A and
d—b—n# d—a—mn. On the other hand,

(d=b—n)—(c—=b—n)=(d—a—n)—(c—a—n) € D(A),
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a contradiction.
(2). Straightforward.
(3). Follows from (2). O

Theorem 4.4. The ideal D has BW property.

Proof. Let {As : s € {0,1}<%} satisfy (T'1) — (T'3) from Proposition 2.1. We will
construct E, C w and j, € {0,1} (n € w) such that
(1) E, is an infinite set,
(2) En 2 Enga,
(3) D(En) € AGjoju,e.jn1)-
Let Ey = w. Suppose that we have already constructed Fj and ji for k < n.
We define a coloring ¢ : [E,]> — {0,1} by

C(avb) =] < ‘a - b‘ € A(j07j17---7jn—17j)'

By Ramsey’s theorem there is an infinite F,, 11 C E,, and j, € {0,1} with ¢(a,b) =
jn for every a,b € E, 1. That finishes the construction.

Let £ C w be an infinite set such that F,, = E\ F,, is finite for every n € w. By
Proposition 4.3 we can assume that E is D-sparse.

Let B =D(FE) and z € {0, 1}* such that x(n) = j, for each n € w. Then B ¢ D
and we claim that B\ A, € D for every n € w (and that will finish the proof by
Proposition 2.1).

Let n € w. Then B\ Ay, CD(F, U(ENE,))\ Az = [D(F,) UD(ENE,) U
(Fn - (E N En)} \A:c[n C D(Fn) U (Fn - (E N En))'

The set D(F,) € D as a finite set. Moreover, Iy, —(ENEy) = Uycp, (ENE, —a)
is a finite union of translations of the D-sparse set, hence, by Proposition 4.3,
F, — (ENE,) € D. Thus B\ Ay, € D. 0

It was shown in [1, p. 505] that if Z € BW then (X,Z) € BW for every uncount-
able compact metric space.

Corollary 4.5. If X is an uncountable compact metric space, then (X,D) € BW.

Let A C w be an infinite set and X a topological space. A sequence (Zr)nep(a),
Ty, € X is R-convergent to x € X if for every open neighborhood U C X, z € U
there is m € w with

{2n:neDAN\{0,1,...,m—1})} CU.

A topological space X is an R-space if for every sequence (zp,)new, Tn € X there is
an infinite set A C w such that (z,),ep(a) is R-convergent to some z € X.

Proposition 4.6. Fvery Hindman space is an R-space.

Proof. Let X be a Hindman space and (2, )ne,, € X*. Then there is an infinite A =
{an :n € w} (an < apyy for every n € w) such that (z,)nerg(a) is IP-convergent
to some z € X. Let B = {}. ja; : n € w}. We will show that (z,),ep(p) is D-
convergent to . Let U C X be an open neighborhood of z. Then there is m € w
such that {x,, : n € FS(A\{0,1,...,m —1})} CU. Let N € w such that ay > m.
Let k=" a;. Then {z, :n € D(B\{0,1,...,k—1})} CU. 0

Proposition 4.7. If X is an R-space then (X,D) € BW.
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Proof. Let X be an R-space and (z,,)ncw € X“. Then there is an infinite £ C w
such that (z,)nep(r) R-converges to some x € X. Let F' C E be an infinite D-
sparse set. Let B = D(F). Then B ¢ D and we claim that (z,)nep D-converges
to . Indeed, let U C X be an open neighborhood of . There is m € w such that
{zp :neD(F\{0,1,...,m—1})} CU. Thus

(n€B:x, ¢ UYCDHO,1L,...,m—1DU((F\{0,1,...,m—1}) —{0,1,...,m—1}).

But D({0,1,...,m — 1}) € D as a finite set. Moreover, (F'\ {0,1,...,m —1}) —
{0,1,...,m — 1} € D as a finite union of translations of D-sparse sets (by Propo-
sition 4.3). 0

By Proposition 4.6 and [6, Theorem 11] we get the following corollary.
Corollary 4.8. If X satisfies (x)-property then X is an R-space and (X,D) € BW.
Finally, we show that BW property for a space is weaker than being R-space.

Theorem 4.9. There exists a Hausdorff, compact, sequentially compact, separable
space X which is first-countable at all points but one such that (X,D) € BW but
X is not an R-space.

Proof. Let A be a mad family such that A C D. Let X = ®(F). By Theorem 2.2
(X,D) € BIWW. Below we will show that X is not an R-space.

Let x, = n for every n € w. We claim that this sequence does not have an
R-convergent subsequence. Suppose that there is an infinite £ C w such that
(Tn)nep(g) is R-convergent to z € X. Obviously = ¢ w, hence we have two cases:

(1) ze Aor
(2) =z = oc.

In the first case, let # = A € A. Then for U = AU {A} there is m € w with
{zp, :n e DE\{0,1,...,m —1})} CU. Thus D(E\ {0,1,...,m —1}) C A, so
A ¢ D, a contradiction.

Now consider the second case. Let B,, = D(E'\ {0,1,...,m —1}). Let B Cw
be an infinite set such that B\ By, is finite for every m € w. Since D is dense
(by Proposition 4.3) so there is C C B with C' € D. Since A is maximal so there
is Ae Awith |ANC| =w. Let U = X \ (AU {A}). Then there is m € w with
{zn, :n € D(E\{0,1,...,m—1})} CU. Thus B,, N A =0 so C N A is finite, a
contradiction. g

5. PROBLEMS

Problem 1. Does there exist an R-space which is not a Hindman space?
Problem 2. Is there a relationship between “(X,H) € BW” and “(X,D) € BW”?
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