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The notion of the ideal convergence is dual (equivalent) to the notion of the
filter convergence introduced by Cartan in 1937 ([Car37]). The notion of the filter
convergence is a generalization of the classical notion of convergence of a sequence
and it has been an important tool in general topology and functional analysis since
1940 (when Bourbaki’s book [Boud0] appeared). Nowadays many authors prefer to
use an equivalent dual notion of the ideal convergence (see e.g. frequently quoted
work [KSWO01]).

In this paper we survey ideal convergence of sequences of reals and functions. We
focus on three aspects of ideal convergence that are connected with the following
well-known results.

(1) Every bounded sequence of reals has the convergent infinite subsequence.
(Section 2.)

(2) The limit of a convergent sequence of continuous functions need not be
continuous. (Section 3.)
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(3) The set of points where a sequence of continuous functions is convergent
forms an Fis set. (Section 4.)

1. PRELIMINARIES

An ideal on N is a family of subsets of N closed under taking finite unions and
subsets of its elements. We can speak about ideals on any other infinite countable
set by identifying this set with N via a fixed bijection. If not explicitly said, we
assume that an ideal is proper (# P(N)) and contains all finite sets. By FIN we
denote the ideal of all finite subsets of N.

A filter on N is a family of subsets of N closed under taking finite intersections
and supersets of its elements. For an ideal Z we define 7 = {A : N\ A € 7} and
call it the dual filter to Z; and for a filter F we define 7* = {A: N\ A € F} and
call it the dual ideal to F. The filter FIN™ is called the Fréchet filter.

Let Z be an ideal on N. Let z, € R (n € N) and z € R. We say that the
sequence (x,,) is Z-convergent to x if

{neN:|z, —z|>c} el

for every € > 0. We write Z — limx,, = x in this case. If Z = FIN, then Z-
convergence is equivalent to the classical convergence.

By identifying subsets of N with their characteristic functions, we equip P(N)
with the product topology of {0, 1}. It is known that P(N) with this topology is
a compact Polish space without isolated points (it is homeomorphic to the Cantor
set). An ideal 7 is an F, ideal (analytic ideal, respectively) if 7 is an F, subset of
P(N) (if it is a continuous image of a Gs subset of P(N), respectively.)

A map ¢: P(N) — [0,00] is a submeasure if ¢ (0) = 0, ¢ is monotone (i.e.
¢(A) < ¢(B) whether A C B) and ¢ is subadditive (i.e. (AU B) < ¢(A) + ¢(B)).
We will assume also that ¢(N) > 0.

For a submeasure ¢ we define Z (¢) = {A C N: ¢(A) = 0} and Fin(¢) = {A C
N: ¢(A) < oo}. For any A C N we define

14l = lim ¢(A\{0,1,....,n—1}).

[[[l s is also a submeasure on N.

A submeasure ¢ is lower semicontinuous (lsc, in short) if for all A C N we
have ¢ (4) = lim, 00 #(AN{0,1,...,n—1}). For example, FIN = FIN(¢) for
d(A) = card(A).

Theorem 1.1 ([Maz91)). An ideal T is F, if and only if there exists an lsc sub-
measure ¢ such that T = Fin(¢).

Example 1.2 ([Maz91]). Let f : N = [0, 00) be such that ) f(n) = co. We define
Iy ={ACN:> 4f(n) <oo} Anideal T is a summable ideal if T = Zy for
some f. Every summable ideal is an F, ideal. (Zy = FIN(¢), ¢(A) = >, 4 f(i).)

For an lsc submeasure ¢ we define Exh (¢) = Z (H||¢) An ideal 7 is a P-ideal
if for every family {4, : n € N} C 7 there exists A € Z such that A, \ A is finite
for all n.

Theorem 1.3 ([Sol99]). An ideal Z is an analytic P-ideal if and only if there exists
an lsc submeasure ¢ such that T = Ezh ().
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Example 1.4 ([JK84]). Let f : N — [0,00) be a function such that ) f(n) = oo
and lim,, f(n)/(3_,<,, f(i)) =0 We define EUy = Z (dy), for

_ i neny J (@
ds(A) = limsup 2 €A{OL, .. ‘1} ( )
n— o0 Zi<n f (Z)
An ideal Z is called the Erdds-Ulam ideal if T = EUy for some f. Every Erdés-Ulam
ideal is an analytic P-ideal, i.e. U = Exh (¢), where

Zz‘eAn{O,l,...,n—l} f(Z) .
Zan(Z_) :neNZ.

Example 1.5. For f(n) =1 (n € N) we define the upper asymptotic density of a
set A as

¢(A) = sup {

d(A) = d;(A) — limsup AN L = 1))

n—oo n

We define Zy = Uy and call it the ideal of asymptotic density zero sets. Ig4-
convergence appeared to be equivalent to the statistical convergence which was
introduced by Steinhaus ([Fas51]).

Using Solecki’s characterization it is easy to show that every analytic P-ideal is
in fact an F,4 subset of P(N).

Example 1.6 ([FS03]). The ideals
NWD = {ACQn]J0,1]: A is nowhere dense in QN [0,1]},
NULL = {ACQnJ0,1]:cljpq)(A) has Lebesgue measure zero}
are F,5 subsets of P(N) but they are not P-ideals.

2. IDEAL CONVERGENCE OF SUBSEQUENCES OF REALS

Let Z be an ideal on N. Let 2, e R (n € N) and x € R. Let ACN, A¢ 7. We
say that the subsequence (z,)nea is Z-convergent to x if

{neA:jz,—z|>e} el

for every € > 0.
We say that an ideal Z on N has:

e the Bolzano-Weierstrass property (shortly BW property, Z € BW) if for ev-
ery bounded sequence (x,,) of reals there is A ¢ 7 such that the subsequence
(zn)nea is Z-convergent;

e the finite Bolzano-Weierstrass property (shortly FinBW property, Z €
FinBW) if for every bounded sequence (x,) of reals there is A ¢ Z such
that the subsequence (2, )nca is convergent [FMRS07].

It is easy to see that for any ideal Z, FinBW property of Z implies BW property
of Z, and the reverse implication does not hold. BW property and FinBW property
coincide for P-ideals ([FMRSO07]).

Example 2.1. By the well-known Bolzano-Weierstrass theorem, the ideal FIN of
all finite subsets of N has FinBW property.

Example 2.2 ([FMRSO07]). Every F, ideal has FinBW property.

Example 2.3 ([FMRS07]). No Erdés-Ulam ideal has BW-property. (For the ideal
T4 of asymptotic density zero sets it was already shown in [Fri93].)
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Example 2.4 ([FMRS07]). The ideals NWD and NULL do not have BW property.

For more examples of ideals with(out) BW-like properties we refer the Reader
to [FMRS07].

2.1. Nonatomic submeasures. An ideal Z of subsets of naturals is called nonatomic
if there exists a sequence (P,,) of finite partitions of N such that each P, is refined
by Pn+1, and whenever (A,,) is a decreasing sequence with A, € P, for each n,
and a set Z C N is such that Z \ A, is finite for each n, then Z € .

Theorem 2.5 ([BFMS11]). An ideal Z does not have FinBW property if and only
if it is nonatomic.

A submeasure ¢ is strongly nonatomic ([DLO08a]), if for each £ > 0 there exists
a partition of N on finitely many sets Ag, Ai,..., A,—1 such that ¢(4;) < e for
each i = 0,1,...,n — 1. In [DLO8b] the authors showed that the ideal Z (¢) is
nonatomic for every strongly nonatomic submeasure ¢. And they also showed that
the converse does not hold.

Theorem 2.6 ([BFMS11]). If a submeasure ¢ is strongly nonatomic, then Z (¢)
does not have BW property.

It is not possible to prove the converse of Theorem 2.6. The counterexample
is the submeasure defined by ¢(A) = 0 if w(A) = 0 and ¢(A) = 1 otherwise, for
7 being the upper Banach density ([BFMS11]). However, Theorem 2.5 can be
reversed for ¢ being the limsup of Isc submeasures ([BFMS11]). For an analytic
P-ideal one can prove the following equivalence.

Theorem 2.7 ([FMRSO07]). An analytic P-ideal T = Exh(¢) has BW property if
and only if the submeasure ||-||, is not strongly nonatomic.

2.2. Splitting families. A family S C P(N) is an Z-splitting family if for every
A ¢ 7T thereis S € S such that ANS ¢Z and A\ S ¢ Z.

Theorem 2.8 ([FMRSO07]). An ideal Z has BW property if and only if does not
exist a countable L-splitting family.

Let s(Z) denote the smallest cardinality of an Z-splitting family. For Z = FIN
we write s = §(FIN) and it is called the splitting number (for more about s, see e.g.
[Blal0] or [vD84]).

The above theorem shows that s(Z) = Xq for every ideal without BW property.
It is known that s = ¢ if we assume Martin’s Axiom. In [Fil] it was shown that if
we assume Martin’s Axiom then §(Z) = ¢ for every F, ideal, and for every analytic
P-ideal with BW property.

2.3. Katétov order and extendability to F, ideals. Let Z, 7 be ideals. We
write Z <g J if there exists a function h : N — N such that h='[A] € J for all
A € T. The relation <y is called Katétov order and was introduced in [Kat68] and
used in [Kat72] for study of filter convergence of sequences of functions.

By CONYV we denote the ideal of all subsets of QN [0, 1] which have only finitely
many cluster points.

Theorem 2.9 ([MAO09]). An ideal T has FinBW property if and only if CONV £k
T
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Let Z and J be ideals. We say that:
o J extends an ideal Z if 7 C J;
e T contains an isomorphic copy of an ideal J if there is a bijection A : N — N
such that h=*[A] € T for each A € J.
It is known that Z contains an isomorphic copy of the ideal CONV iff CONV <y 7T
([BFMS13)).
In [Hrull] the author asked if for a Borel ideal Z, CONV €x Z <= Z can be
extended to a proper F, ideal. Using Theorem 2.9 this question can be reformulated
in the following way.

Problem 1 ([Hrull]). Let Z be a Borel ideal. Are the following conditions equiv-
alent?

(1) Z has FinBW property.

(2) Z can be extended to a proper Fy ideal.

In [FMRSO07] the authors proved that the implication (2) = (1) holds for every
ideal.

Since every analytic P-ideal is Borel (in fact F,s) so the following theorem gives
a partial answer to the Hrusdk’s question. (As far as we know, this question in its
general version is still open.)

Theorem 2.10 ([FMRS07], [BFMS13]). Let Z be an analytic P-ideal. The follow-
ing are equivalent.

T has FinBW property.

T can be extended to a proper F, ideal.

CONV Lk T.

T does not contain an isomorphic copy of the ideal CONV.

An ideal 7 is called mazimal if there is no proper ideal J extending Z.

Theorem 2.11 ([FMRS07]). Assume the Continuum Hypothesis. Let T be an
analytic P-ideal. The following are equivalent.

e T has FinBW property.
e 7T can be extended to a maximal P-ideal.

The dual filter to a maximal ideal is called an wltrafilter. Recall that the set
of all ultrafilters defined on N with an appropriate topology is the Cech-Stone
compactification BN of the set of natural numbers N. Dual filters to maximal P-
ideals are called P-points in the Cech-Stone compactification SN realm and it is
known that its existence is independent from the axioms of ZFC ([She82]).

2.4. Combinatorics. The Ramsey theorem is one of the most known theorems
of combinatorics. This theorem has many generalizations. For example Frankl,
Graham and R&dl provided its iterated density version for the submeasure d—
i.e. upper asymptotic density—defined in Example 1.5. Recall that by [N]? we mean
a family of all two-element subsets of N, i.e. [N]? = {{z,y} : 2,y e Nz #y}. In
this section we will use the word “coloring” instead of “partition”.

Theorem 2.12 ([FGR90]). For every coloring [N]? = CoUCL U...UC, there exist
d=09(r) >0 and i <r such that

E({mEN:E({yEN:E({ZGN:{x,y},{x,z},{y,z}eC’i}) 2(5}) 26}) > 4.
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An analogous result is true for every analytic P-ideal.

Theorem 2.13 ([FS10]). Let T = Ezh () be an analytic P-ideal. Then for every
coloring [N]? = C; UCy U ... UC, there exist § = 6(r) and i < r with

{:UEN: H{yGN: [{z € N: {z,y}, {z, 2}, {y, 2} € Ci}l, 2(5}“¢ 26}H¢ > 0.

We have the following stronger version of the above result for ideals with Bolzano-
Weierstrass property.

Theorem 2.14 ([FMRS11]). Let T = Exh(¢) be an analytic P-ideal with BW
property. Then there exist 6 = §(¢) such that for every finite coloring [N]? =
CiUCyU...UC, there existi <r and A C N with HA||¢ > b such that for every
r€eA

[{veatizeamy foa) ey eyl 25} =0

Corollary 2.15. An analytic P-ideal has the Bolzano-Weierstrass property if and
only if the constant § in Theorem 2.13 can be found independently on the number
of colors r.

Proof. The implication “=" follows from Theorem 2.14. Now we show the impli-
cation “<”. Let Z = Exh(¢) be an analytic P-ideal without BW property and
suppose that there is § > 0 such that for every coloring [N]? = C; UCy U...UC,
there is 7 < r with

‘ {x eN: H{y eN:|{z e N: {z,y}, {z, 2}, {y, 2} € Ci}|, > 5}H¢ > 6}“ > 4.
¢
Since Z does not have BW property so by Theorem 2.7, there is a partition
N=A;U---UAp such that [|4;]|, < d/2 for every i < N.
For k,1 < N let

Ciy = {{Q:O,xl} IS [N]2 :3ie{0,1} (x; € A and z1_; € Al)} .
Since [N]? = Uk,lSN C.1, there are ko, lp < N with

H{x eN: H{y eN:|{z e N:{z,y},{z,2},{y, 2} € Cho o}, = 6}H¢ > 5}H¢ > 0.

It is easy to check that if {x,y}, {z, 2}, {y, 2} € Ck,.1, then Ax, N A;, # (. Since
sets Aq,..., Ay are pairwise disjoint, so kg = ly. Thus

{Z eN: {x,y}, {I,Z},{:%Z} € Cko,lo} g Ako

SO

”{Z eN: {x,y}, {x,z},{y&} € Ckoylo}||¢ < ”Akqub < 5/2‘
Then

{y eN: ”{Z eEN: {sr:,y},{sc,zh{y,z} € Cko,lo}||¢ Z 6} = @
SO

{Jc eN: H{y eN: |{zeN:{x,y}, {z,2},{y, 2} € Cko,lo}||¢ > 6}H¢ > 6}H¢ =0,

a contradiction. O O
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Another well-known theorem from infinite combinatorics is the Schur theorem
which says that for every coloring of the set of natural numbers N=CyU...UC,,
there exist ¢ < r and x,y,z € C; with  +y = 2. This theorem also has many
generalizations. Bergelson and Hindman provided density version of the Schur
theorem for the submeasure d.

Theorem 2.16 ([BHS88]). For every coloring N = Co U Cy U ... UC, there exist
d=09(r) >0 and i <r such that

d({zreN : d{yeN : z,y,z+yeC})>d}) >4

We will say that a submeasure ¢ is invariant under translations if ¢ (A+1t) =
¢ (A) for each AC Nandt €N (where A+t={a+t: ac A}). In [FS10] it was
shown that it is possible to generalize Theorem 2.16 on any submeasure of the form
[[Il4, for [|-|| s being invariant under translations (in particular, d is of this form).

Theorem 2.17 ([F'S10]). Let Z = Exh(¢) be an analytic P-ideal with ||-|| ; invariant
under translations. Then for every coloring N = C1 U Cy U ... U C, there exists
d=4(r) and i < r with

H{xeN c {yeN : m,y7x+yeci}|\¢25}H¢25_

Theorem 2.18 ([FS10]). Let Z = Ezh(¢) be an analytic P-ideal such that ||-||, is
invariant under translations. The ideal Z has the BW property if and only if there
exists 6 > 0 such that for every r € N and every coloring N = C; UCy U ... UC,
there is 1 < r with

H{xGN [y eN - x,y,x+yeci}|\¢25}H¢25,

Note that the constant § in Theorems 2.16 2.17 depends on the number of colors
r. Theorem 2.18 yields the following corollary.

Corollary 2.19. An analytic P-ideal T = Ezh($) with |||, invariant under trans-
lations has the Bolzano-Weierstrass property if and only if the constant § in Theo-
rem 2.17 can be found independently on the number of colors r.

In this context it seems to be interesting to find out in which density theorems
(see e.g. [FGRI0, Th. 3.1, 5.2, 6.1]) the condition “the constant § does not depend
on the number of colors” characterize non strongly nonatomic submeasures.

3. IDEAL CONVERGENCE OF SEQUENCES OF FUNCTIONS

Let @ be a fixed kind of convergence of sequences of real-valued functions (e.g.
pointwise convergence, equal convergence or discrete convergence, or their ideal
counterpart). For a family F of real-valued functions defined on X there is the
smallest family B®(F) of all real-valued functions defined on X which contains
F and which is closed under the process of taking ®-limits of sequences. This
family is called the Baire system with respect to ® generated by F. One method
of generating B®(F) from F is by iteration of ®-limits:

o By (F)=F;
o BY(F) = LIM® (Um Bg(f)) for a > 0,
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where LIM?® (G) denotes the family of all ®-limits of sequences from G. This system
was described in 1899 by Baire in the case when @ is the pointwise convergence
and F is the family of all continuous functions defined on a topological space X.
In this case we write B, (X) instead of B*(C(X)), o < wy. In particular, By (X)
denotes the class of all Baire class one real-valued function defined on X, i.e.
f e B(X) < f = lim, f, for some sequence (f,) of continuous real-valued
functions defined on X.

3.1. Pointwise convergence. Let f, (n € N) and f be real-valued functions
defined on a set X. We say that the sequence (f,) is pointwise Z-convergent to f
if Z —lim f,, () = f(x) for every € X. We write f = Z — lim,, f,, in this case.

By B%(X) we will denote the Z-Baire class one of real-valued function defined on
Xie. fe€BE(X) <= f=71I-1lim, f, for some sequence (f,) of continuous real-
valued functions defined on X. It is well-known that each Baire class one function
is Borel measurable. One can expect that the same holds for the class Bf(X) for
all ideals Z. Unfortunately, this is not true. The following example shows that the
ideal limit of a sequence of continuous functions need not to be measurable nor
have the Baire property.

Example 3.1. Let X = P(N) be identified with the Cantor space {0, 1} with the
product topology. Let Z be a maximal ideal on N. We define h,, : P(N) — R by

hn(A){o ifn¢ A,

1 otherwise.

Then each h,, is continuous and Z — lim,, h,, = xz (the characteristic function of
7). It is well-known that for a maximal ideal Z, x7z is not measurable and does not
have the Baire property (see e.g. [BJ95]).

It is easy to see that By (X) C B¥(X) for every ideal Z which contains all finite
sets. Laczkovich and Rectaw [LR09] (for Borel ideals), and independently Debs and
Saint Raymond [DSR09] (for analytic ideals), investigated for which ideals Z and
topological spaces X the equality B1(X) = B¥(X) holds. Recently Bouziad [Boul2]
solved this problem in a general case (for all ideals).

For a given class I' C P (X) and disjoint sets A, B C X we say that A can be
T'-separated from B if there exists F € T with A C E C X \ Bl

Theorem 3.2 ([DSR09], [LR09], [Boul2]). For every ideal T and an uncountable
perfectly normal topological space X the following conditions are equivalent:

(1) Bi(X) = Bf (X);

(2) Z and I* can be F,-separated.

Solecki [Sol00] proved that every F,s ideal can be F,-separated from its dual
filter. Thus, B1(X) = B¥(X) for NWD, NULL, for all F,, ideals and for all analytic
P-ideals.

By FIN x FIN we denote the ideal of all subsets A C N x N such that

IN e NVn > N ({k € N:(n,k) € A} is finite).
n this section we use only Fs-separability of Z and Z*. In Section 4.2 we introduce the

definition of the rank of an ideal Z; the rank of Z is equal to 1 if and only if Z and Z* can be
F-separated.
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Theorem 3.3 ([DSR09], [LR09], [BFMS13]). Let X be an uncountable Polish space
and T be an analytic ideal. The following conditions are equivalent:

(1) By(X) = Bf (X);

(2) T does not contain an isomorphic copy of the ideal FIN x FIN;

(3) FINx FIN £ T.

It is not possible to generalize Theorem 3.3 on the class of all ideals. This is a
consequence of the fact that a maximal ideal is a P-ideal if and only if it does not
contain an isomorphic copy of the ideal FIN x FIN. Thus, using Example 3.1 for Z
being a maximal P-ideal we get xz € B¥ (X)\ B1(X). However, the following weak
version of Theorem 3.3 holds for any ideal Z.

Theorem 3.4 ([Recl2]). For any ideal Z and an uncountable Polish space X the
following conditions are equivalent:

(1) By(X) = Bf(X) N Bor(X)* ;

(2) Z does not contain an isomorphic copy of the ideal FIN x FIN.

Recall also that BZ(X) C Bor(X) for every analytic Z and a Polish space
X [DSR09].

3.2. Ideal Baire classes. Let X be a topological space and a be a countable
ordinal.
For an ideal Z and a topological space X we define Z-Baire classes:

o Bi(X) =C(X);
o BE(X) =T~ LM (Uj., BE(X)), for a >0,

where for any family £ C R¥ | T — LIM (€) is the family of all Z-limits of pointwise
ZT-convergent sequences of functions belonging to the family £.

Theorem 3.5 ([FS12]). Let X be a perfectly normal topological space. Let T be
an ideal such that T and T* can be F,-separated. Then B, (X) = BZ(X) for every
countable .

In [LRO9] the authors proved the above theorem for Polish spaces, Borel ideals
which do not contain FIN x FIN and finite ordinals «.

Theorem 3.6 ([FS12]). Let X be an uncountable Polish space and I be an analytic
ideal. Let o > 1 be a countable ordinal. The ideal T does not contain an isomorphic

copy of the ideal FIN x FIN if and only if Bo(X) = BZ(X).

3.3. Equal and discrete convergence. Let f, (n € N) and f be real-valued
functions defined on a set X. The sequence (f,) is:
e cqually convergent to f (e-limf,, = f) if there exists a sequence of positive
reals (¢,) such that lim, e, = 0 and for every z € X there is N with
|fn(z) — f(z)| < &, for every n > N;
o discretely convergent to f (d-limf,, = f) if for every x € X there is N with
fn(z) = f(x) for every n > N.
The notions of discrete and equal convergence were introduced by Csészar and
Laczkovich [CL75]. It is known that if (f,) is uniformly convergent to f then
(fn) is equally convergent to f; and if (f,) is equally convergent to f then (f,)

2Here Bor(X) denotes the class of all Borel functions on X.
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is pointwise convergent to f; and if (f,) is discretely convergent to f then (f,) is
equally convergent to f.

For a family of functions £ C R¥ by the symbol d-LIM (€) (respectively: e-LIM (£))
we denote the family of all discrete limits (equal limits, respectively) of discretely
convergent (equally-convergent, respectively) sequences of functions from the family

£.

Analogously to the definition of Baire classes (with respect to pointwise conver-
gence) one can define discrete Baire classes B&d)(X ) and equal Baire classes B,(f)(X )
([CL75]).

d e
o By (X) =By (X) = C(X);
e B (X)=dLIM (U5<a B(Bd) (X)), for every a > 0;

o BY(X) = eLIM (U5<a B(;) (X)), for every a > 0.

The ideal versions of discrete and equal convergence and Baire classes were in-
troduced in [FS12] in the following manner. Let Z be an ideal on N. A sequence
(fn) is:

o equally* T-convergent to f (Z — e*-limf, = f) if there exists a sequence
of positive reals (g,) such that lim, e, = 0 and for every x € X the set
{neN:|fo(x) - f(z)| 2 e,} €T?

e discretely T-convergent to f (Z — d-limf,, = f) if for every z € X the set
{neN: fu(z) # f(z)} € L.

For a family £ C R¥ by the symbol Z — d-LIM (£) (Z — e*-LIM (£), respectively)
we denote the family of all discrete Z-limits (equal Z-limits, respectively) of all
discretely Z-convergent (equally* Z-convergent, respectively) sequences of functions
belonging to £. And finally, ideal discrete and equal* Baire classes are defined in
the following way.

By (X) =By (X) = ¢(X);
B(I 9 (X) Z — d-LIM (U/3<QB(I 9 (X )),for every o > 0;
o B )(X) =7 —e*-LIM (U6<a B(ﬁz ¢ (X)), for every a > 0.

Theorem 3.7 ([FS12]). Let X be a perfectly normal topological space. Let T be an
ideal such that T and Z* can be F,-separated. Then

o B (X) = BY (X) for every countable ordinal o.

o B )(X) =B (X) for every finite ordinal .

Theorem 3.8 ([FS12]). Let X be an uncountable Polish space and T be a Borel
ideal. Let o > 1 be a countable (finite, respectively) ordinal. The ideal T does not
contain an isomorphic copy of the ideal FIN x FIN if and only if B&Ifd) (X) =
BY (X) (B((lz_e*)(X) = B((f)(X), respectively).

As far as we know, the answer to the question if B&I_e*)(X) =B (X) for every
Borel ideal which does not contain an isomorphic copy of the ideal FIN x FIN and
for all 1 < o < wy is unknown.

3We use here the “star” notation, since in this section we will also introduce another variant
of the definition of “equal Z-convergence” which seems to be more adequate to the “without star”
notation.
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The ideal version of equal convergence of sequences of functions was also intro-
duced in [DDP]. However, the authors did it in a different way. Namely, they
say that a sequence (f,) is equally Z-convergent to f if there exists a sequence
of positive reals (g,,) such that Z — lim, e, = 0 and for every x € X the set
{neN:|fu(x)— f(x)] > e} € Z. We will write Z — e-limf,, = f in this case. The
only difference between the definitions in [FS12] and [DDP] is that in the latter pa-
per the authors only require that the sequence (g, ) is Z-convergent (not necessary
convergent) to zero. (So if Z — e*-limf,, = f then Z — e-limf,, = f.)

In [FS] the authors compare both definitions of ideal equal convergence and
among others proved the following characterization.

Theorem 3.9 ([FS]). Let X be a nonempty set. Let I be an ideal on N. The
following are equivalent.

(1) For every sequence (f,) of real-valued functions defined on a set X, T —
e*-limf, = f < Z —elimf, = f.
(2) Z is a P-ideal.

Problem 2. Describe Baire systems with respect to ideal convergences generated
by other families of functions: Borel functions; functions possessing the Baire prop-
erty or quasi-continuous functions.?

4. SETS OF IDEAL CONVERGENCE OF SEQUENCES OF FUNCTIONS

Let (f,) be a sequence of continuous real-valued functions defined on a metric
space X. It is not difficult to show that the set {x € X : (fn.(x)), is convergent}
is Fy5. On the other hand, Hahn ([Hahl9]) and Sierpiriski ([Sie21]) proved inde-
pendently that for every F,s set A C X there exists a sequence (f,) of continu-
ous real-valued functions defined on a metric space X such that A = {x € X :
(fn(x))n is convergent}.

Further research (see e.g. Kornfel'd [Kor63] and Lipinski [Lip61] [Lip63]) in-
volved also sets of points where the sequence is divergent to infinity and the like.
The full description of these sets was given by Lunina [Lun75] (see Theorem 4.1
below).

Let f = (fn) be a sequence of real-valued functions defined on a set X. We
define seven types of sets of convergence and divergence of the sequence f

EYf) = {a: (fu(z)) is convergent},

E2(f;) = {x: lim f,(z) = —occ},

E‘S(f;) = {z: lim f,(z) = +o0}, o

E4(]i) = {2: —oco<lim fu(z) <lim fu(z) < 400},
E5(f_) = {z: —oco=lim fu(2) <lim f,(x) < +o0},
ES( _} = {z: —oco<lim f,(x) < lim fn(z) = +o0},
E7(f) = {z: —oco=lim f,(r) and lim f,(z) = +oo}.

It is easy to see that {EX(f),..., E7(f)} is a partition of X.

Let F C R¥ be a family of real-valued functions defined on a set X. Let E; C X
(i=1,...,7). The sequence (E*,..., E7) is called a Lunina’s 7-tuple for F if there
is a sequence f = (f,), fn € F (n € N) such that E' = Ei(f) fori =1,...,7. The
family of all Lunina’s 7-tuples for F is denoted by A(F).

4The definition of quasi-continuous functions can be found in the next section.
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Theorem 4.1 ([Lun75]). Let X be a metric space. Let E* C X (i = 1,...,7).
Then (E',...,E7) € A(C(X)) <
(1) {E',...,E"} is a partition of X,
(2) EY,E? E3 are F,5 in X,
(3) E2UE°UE",E>UESUE" are G5 in X.
The following theorem is an extension of Lunina’s theorem on all Baire classes
(and it answers a question posed by Wesotowska in [Wes01]).

Theorem 4.2 ([Bor|). Let X be a separable metric space. Let o be a countable
ordinal. Then (E',...,E") € A(B,(X)) <=

(1) {E',...E"} is a partition of X,

(2) BY,E? E® are 1), 5,

(3) B2UE°UE", E3UECUE" are IT_,

Let X be a topological space. A function f: X — R is quasi-continuous if
F7HV] C cl(int(f~1[V])) for any open set V C R (i.e. the set f~1[V] is semi-
open). Let OC(X) denote the family of all quasi-continuous real-valued functions
defined on X.

Theorem 4.3 ([NW]). Let X be a dense in itself separable metric Baire space.
Then (E,...,E") € A(QC(X)) <=
(1) {E',...E"} is a partition of X,
(2) E' = (G;\ P,)UQ;, where G; is regular open, P;, Q; are meager in X, P; C
Gi, GiNQ; =0 foralli=1,...,7, and moreover P;NQ; are nowhere dense
for (i,7) € ({1,4} x {2,3,5,6,7}) U ({2,5} x {3,6,7}) U ({3,6} x {2,5,7}).
Let M be a family of subsets of X. By Faq we denote the class of all M-
measurable real-valued functions defined on X, i.e. f € Fpq iff f7G] € M for
each open G C R. It is easy to observe that if M is a o-algebra of subsets of X, then
(El,...,E") € A(Fp) < {E',...E"} is a partition of X onto M-measurable
sets.
The above results can be generalized by considering ideal convergence of se-
quences of functions.
Let Z be an ideal on N. Let f = (fn) be a sequence of real-valued functions
defined on a set X. We define seven types of sets of Z-convergence and divergence
of the sequence f

~—

{z: (fn(z)) is Z-convergent},

{z:Z —lim f,(z) = —o0},

{z:Z —lim f,(z) = 400},

{z: —oco<Z—lim f,(z) <Z—1lim f,(z) < 400},
{z: —co =7 —lim f,(r) <Z —lim f,(x) < 400},
{z: —oco<Z-lim f,(2) <T—lim f,(x) = 400},
{z: —oc0o=7 —lim f,(x) and Z — lim f,(x) = +o0},

Tt TR T s !
1

Htg] HD; thw Hm» Ht?o Hmw Htl»j—‘
—"
|

~—"

where
Z—-limz, =400 if {neN: z, <M}eZforany M >0,
Z-limz,=-00 if {neN: z,>M}eTforany M <0,
Z-limz, = inf{a:{n:z,>a}ecl},
Z-limz, = sup{a:{n:z,<a}el}.
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It is casy to see that {EL(f),..., EL(f)} is a partition of X. Moreover, we have
Ei(f) = EL(f) for i =1,2,...,7 and T = FIN.

Let F C RX be a family of real-valued functions defined on a set X. Let E* C X
(i=1,...,7). The sequence (E',..., E7) is called an Z-Lunina’s 7-tuple for F if
there is a sequence f = (f,), fu € F (n € N) such that Ei = Ezz(f) fori=1,...,7.
The family of all Z-Lunina’s 7-tuples for F is denoted by Az(F).

Let Z,J be ideals. We write 7T <gg J if there exists a function h : N — N
such that A € Z <= h™1[A] € J. (The relation <g is called the Rudin-Keisler
order.)

Proposition 4.4 ([BR10]). Let X be a set. Let Z,J be ideals. Let F be a family
of real-valued functions defined on X. If T <pi J then Az(F) C Az (F).

Since FIN <gpg Z for every ideal Z with the Baire property ([Tal80]) so we get
the following corollary.

Corollary 4.5 ([BR10]). Let X be a set. Let I be an ideal with the Baire property.
Let F a family of real-valued functions defined on X. Then A(F) C Az(F).

For ideals without the Baire property it is possible that Az(F) # A(F) even for
F = C(X), which is shown by Example 4.6.

Example 4.6. Let f: (n - hp)n (where h, are defined as in Example 3.1). Then
EL(f) = Z, and for a maximal ideal Z, EL(f) does not have the Baire property.

Hence by Theorem 4.1, EL( f) # E1(§) for any sequence § of continuous functions.
Thus Az(F) # A(F).

4.1. F, ideals.

Theorem 4.7 ([BR10]). Let X be a metric space. Let I be an Fy, ideal. Then
Az(C(X)) = A(C(X)).

Theorem 4.8 ([BR10]). Let X be a metric space which contains a subspace home-
omorphic to the Cantor space. If A(C(X)) = Az(C(X)) then T is an F, ideal.

Theorem 4.9 ([Bor]). Let M be a o-additive and (finitely) multiplicative family
of subsets of a set X. Let M® = {X\ M: M € M} and Fp be the family of
M-measurable functions. Let T be an F, ideal. If {E',... ,E™} € Az(Fpq) then
(1) EYE? E? € (M%),s ,
(2) E°UE°UE" and E3UESUE" are Ms in X.

Corollary 4.10 ([Bor]). Let X be a separable metric space. Let T be an Fy ideal.
Then Az(Bo(X)) = A(Bo(X)) for every countable ordinal c.

Corollary 4.11 ([Bor]). Let Z be an F, ideal and M be a o-algebra of subsets of

Theorem 4.12 ([NW)). Let X be a dense in itself separable metric Baire space.
Let T be an F, ideal. Then Az(QC(X)) = A(QC(X)).

4.2. Borel ideals and continuous functions. Let F be a family of real-valued
functions defined on a set X. Let Z be an ideal on N. We define the following
families of subsets of X:
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EXF) = {EM]):feF),
E(F) = {B(f): feF}
EF) = {Bif):[eF)

The sequence (E', E?, E?) € X? is called an Z-Lipinski’s triple for F if there
is a sequence f = (f,), fu € F (n € N) such that E' = Elz(f) for i = 1,2,3.
The family of all Z-Lipinski’s triples for F is denoted by A3(F). We write A3(F)
instead of Adyy (F).

Theorem 4.13 ([Recl2]). Let X be a metric space, F = C(X) and T be an ideal.
IfT €I\ Us<a H% for some countable ordinal o then
(1) E4F) UEHF) UENF) C TIS.
(2) If X is a separable zero-dimensional metric space, then EX(F) = E2(F) =
EXF) =T110.
(3) If @ = 3 then EH(F) = E3(F) = E(F) = I,
(4) If X =R then EX(F) = IV,

Problem 3 ([Rec12]). Is Theorem 4.13(4) true for the plane? (Is it true, in general,
for all Polish spaces?)

Theorem 4.14 ([Lip63]). Let E* CR (i =1,2,3). Then (E', E?, E3) € A3(C(R))
—

(1) EY,E? E? are F,;,

(2) E'UE"? can be F,-separated from E7 for (i,5) = (2,3),(3,2).

Using Theorem 4.1 one can show that the above result characterizes also A?(C(X))
for every metric space X.
In [DSR09] the authors defined the rank of an ideal Z:

rk(Z) = min{€ < wq : T is E?Jrg—separated from Z*},

It is known that analytic ideals have countable rank; if Z € TIY then 1+7k(Z) < a,
and rk(Z) = 1 for every II} ideal Z [DSR09)].

Theorem 4.15 ([Recl2]). Let X be a metric space and F = C(X) and T be a
10 -ideal. If (E', E?, E%) € A3(F) then

(1) EY, E? E? c II%;

(2) EYUE? can be E?Jrrk(z)-sepamted from E7 for (i,j) = (2,3),(3,2).

For a = 4, the 2(1) +rk(z)-Separation simply means Fj,-separation, and the previ-
ous result can be reversed.

Theorem 4.16 ([Rec12]®). Let X be a metric space, F = C(X) and T be a TI-
ideal. Then A3(F) = A3(F).

In particular, Theorem 4.16 characterizes Z-Lipinski’s triples for all analytic P-
ideals (in particular: for the statistical convergence, i.e. for the ideal Z = Z (3) of
sets of asymptotic density 0). It cannot be generalized on o = 5, since FIN x FIN
is a TID ideal of rank 2.

5In fact, Rectaw proved this theorem for Hg—ideals. By [DSR09, Th. D], this result can be
easily extended on all I1¢-ideals.
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Problem 4 ([Rec12]). Can Theorem 4.15 be reversed for a > 4 (at least for Polish
spaces or zero-dimensional spaces)?

The following theorem gives some partial answer to the problem.

Proposition 4.17 ([Recl2]). Let X be a separable, zero-dimensional metric space,
F=C(X) andletT € Hg\UB<a H% be an ideal. Assume that A, B are TIY, subsets

of X such that A can be Xy, (1)-separated from B. Then (A, B,0) € A3(F) and
(4,0, B) € AF(F).
4.3. Non-Borel ideals and continuous functions.

Proposition 4.18 ([Recl2]). Let X be a Polish space and F = C(X). For each
triple of pairwise disjoint sets A, B,C C X there is an ideal T such that (A, B,C) €
A3(F).

It is not difficult to show that if Z is a maximal ideal then every sequence (z,,) of

reals is either Z-convergent or Z —lim z,, = +00. Hence EL(f)UE2(f)UE3(f) = X
for any sequence f = (fy), fn € C(X) (n € N).

Proposition 4.19 ([Recl2]). Let X be a Polish space and F = C(X). For each
partition {A, B,C} of X there is a mazimal ideal T such that (A, B,C) € A3(F).
Proposition 4.20 ([Recl2]). Let X be a Polish space and F = C(X).

(1) There is a coanalytic ideal T such that (A, B,C) € A3(F) for each triple of
pairwise disjoint Borel sets A, B, C.

(2) There is a mazimal ideal Z such that (A, B,C) € A3(F) for each partition
of X on three Borel sets A, B,C.

Observe that for any Polish space X and F = C(X) there is no ideal Z such
that the set A3(F) is equal to the set of all triples of pairwise disjoint Borel sets.
Indeed, if Z is Borel then, by Theorem 4.13(1), all sets in the triples from A3 (F)
are of limited class. Now assume that Z is not Borel. Let f be the sequence from
Example 4.6. Then EL(f) = T is not Borel.

4.4. Discrete convergence. Let Z be an ideal. Let f: (fn) be a sequence of
real-valued functions defined on a set X. By Dz( f) we denote the set of all x € X
for which the sequence (f,(z)) is discretely Z-convergent. Clearly, Dz(f) C EL( 7.
For a family F of real-valued functions defined on X we define

DiF) = {Dz(f): = (fu) fa € Fne N},
Ar(F) = {(Dz(f)BYH): = (fa). fu € Fon €N}

For Z = FIN we write D(F) instead of Dz(F) and A(F) instead of Az(F).

Classes D(F) for various families of functions F have been considered by Wesotowska
in [Wes01], [Wes04]. In particular, she showed that D(B, (X)) = 0, for any
a < wi. The same arguments as in the case of pointwise convergence imply the
following results.

Proposition 4.21. If an ideal T has the Baire property then D(F) C Dz(F) and
A(F) € Az(F).

Proposition 4.22. If M is a o-additive and (finitely) multiplicative family on X
and T is an F, ideal then Dz(Frq) C (MC),.
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Theorem 4.23. Assume that I is an F, ideal and X is a separable metric space.
For any o < wy, Dz(B(X)) = D(Bu(X)) = Eg+2. In particular: Dz(C(X)) =
D(C(X)) = Fo.

Proposition 4.24. Assume that T is an F, ideal. If M is a o-algebra of subsets
of X then Az(Fpm) = A(Fm) ={(4,B) e M x M: AC B}.

Problem 5. Characterize pairs Az(F) for other classes of functions: B, (X) for
a > 0, or quasi-continuous functions.
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