ON SOME QUESTIONS OF DREWNOWSKI AND LUCZAK
CONCERNING SUBMEASURES ON N
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ABSTRACT. For a given submeasure ¢ on N a sequence (An)pen of subsets
of N is called a ¢-sequence if ¢ (UneN Fn) = 0 for every choice of finite sets
F, C A, (n € N). We show an example of a submeasure ¢ which is not
the limsup of lower semicontinuous submeasures, but lim ¢(A,) = 0 for any
¢-sequence (An)n. Moreover, we show that it is enough to consider only
decreasing sequences (Ap)y in the above.

We also construct a submeasure on N which is not the core of a o-submeasure,
but has the property that for every sequence (A, )rn of subsets of N if lim ¢(A,) =
0 then there is a subsequence (ny); and finite sets En, C Ay, such that
(Any \ Eny )i is a ¢-sequence.

These answer questions of Drewnowski and Luczak from [2].

1. INTRODUCTION

Let N={0,1,2,...} be the set of all natural numbers. A function ¢ : P (N) —
[0, +o0] is called a submeasure if ¢(f) = 0, ¢ is monotone (i.e. A C B = ¢(A) <
¢(B)) and ¢ is subadditive (i.e. p(AUB) < ¢(A)+ ¢(B)). We always assume that
#(N) > 0 for a submeasure ¢.

A submeasure ¢ is a o-submeasure if it is countably subadditive.

We say that a submeasure ¢ is dominated by a submeasure 9 if for every € > 0
there is § > 0 such that ¢(A) < e whenever 1(A4) < §. We say that submeasures ¢
and ¥ are equivalent if ¢ is dominated by ¥ and v is dominated by ¢.

A submeasure ¢ is lower semi-continuous (or Isc, for short) if ¢p(A) = lim, . ¢(AN
{0,1,...,n}) for every A C N. We say that ¢ is the limsup of lsc submeasures if
there is a sequence of 1sc submeasures (¢y, )nen, such that ¢(A) = lim sup,,_, . ¢n(4)
for every A C N.

For a submeasure ¢, by the core of ¢ we mean the submeasure ¢°® defined by
¢*(A) = lim, 00 #(A\ {0,1,...,n}).

An ideal on N is a family Z C P (N) which is closed under taking subsets and
finite unions.

For a submeasure ¢, we define the ideal Z (¢) = {A C N: ¢(A) = 0} of ¢-zero
sets. It is not difficult to see that if submeasures ¢ and 1 are equivalent then

Z(¢)=2 ().
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For a given submeasure ¢ on N, a sequence (A, )nen of subsets of N is called a
op-sequence if ¢ (UneN Fn) = 0 for every choice of finite sets F,, C 4,, (n € N).

We say that a submeasure ¢ satisfies condition

(A) if limy, 00 #(Ay,) = 0 for every ¢-sequence (A, )nen;

(B) if lim, o ¢(A,) = 0 for every decreasing sequence (A, )nen such that there
isno Z C N with ¢(Z) > 0 and Z \ A, finite for every n € N;

(C) if for every sequence (A, )nen such that lim, . ¢(A,) = 0 there is a sub-
sequence (ny)ken and finite sets E,, C A,, such that (4, \ E,, )ren is a
¢-sequence.

In [2], the authors used conditions (A), (B) and (C) to show the equivalence
of Isc submeasures ¢ and ¢ for which Z (¢°*) = Z (¢*). They also showed that
(A) implies (B), that the lim sup of a sequence of Isc submeasures has (A), and if
a submeasure ¢ is the core of a o-submeasure then ¢ has (C'). They formulated
main theorems of their paper using properties (A), (B) and (C). They asked the
following questions.

(1) Is condition (A) stronger than (B)?

(2) Does there exist a submeasure with property (A) which is not equivalent
to the lim sup of a sequence of lsc submeasures?

(3) Does there exist a submeasure with property (C) which is not equivalent
to the core of a o-submeasure?

We answer these questions in Section 2, 3 and 4, respectively. The answer to
question (3) is only partial (it needs some additional set theoretic assumption).

The authors of [2] focus their considerations on nonatomic submeasures (a sub-
measure ¢ is said to be nonatomic if for every € > 0 there exists a finite partition
Ao, Ay, ..., Apq of N with ¢(4;) < e for each 7). We answer questions (2) and (3)
affirmatively, however our examples are not nonatomic. We do not know the answer
to those questions if we additionally require that a submeasure is nonatomic.

2. THE EQUIVALENCE OF PROPERTIES (A) AND (B)

We say that a submeasure ¢ satisfies property (A’) if lim, _ ¢(A,) = 0 for
every decreasing ¢-sequence (A, )nen.

Proposition 1. Let ¢ be a submeasure. Then the following conditions are equiva-
lent.

(1) ¢ satisfies (A).

(2) ¢ satisfies (A').

Proof. The implication “(1) = (2)” is obvious. The implication (2) = (1) is an
immediate consequence of

Fact 2. For any ¢-sequence (Ap)n, also the sequence (By,),, where B, = Uizn A,
is a p-sequence.

To see this fact, let Fy, C By, k € N, be finite sets. For any k£ < n let F,gn =
Fr, N A,. Note that Fi, = {J,,> F,;n and, if we denote E,, = ., F,;n, then E,,
is finite and E, C A,. Since (An), is a ¢-sequence and J,cy Frn = U en Ens
('b (UnEN Fn) = ¢ (UnEN ET’) =0. O
Theorem 3. Let ¢ be a submeasure such that $({n}) = 0 for every n € N. Then
the following conditions are equivalent.
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(1) ¢ satisfies (A).
(2) ¢ satisfies (A').
(3) ¢ satisfies (B).
Proof. (1) < (2). By Proposition 1.

(2) = (3). Let (A,)n be a decreasing sequence with lim, oo #(A,) # 0. Then
there are finite sets F,, C A, with ¢(U, cy Fn) > 0 (by property (A4')). Let Z =
Unen Fn- Then Z\ A, C FoU---U F,_1 is finite. And ¢(Z) > 0. This shows that
¢ satisfies (B).

(3) = (2). Suppose, that ¢ does not satisfy (A’). Then there is a decreasing
¢-sequence (A, )nen with lim, o ¢(A,,) # 0.

Let A =),cy An. We have two cases.

(1) 6(4) > 0, or
(2) ¢(4) =0.

In the first case, let A = {a, : n € N}. Let F, = {a,} for every n € N.
Then F,, C A, and F,, are finite. On the other hand, ¢(, oy Fn) = #(A) > 0, a
contradiction.

Now, consider the second case. Then, by property (B), there is Z C N such that
¢(Z) >0 and Z \ A, is finite (so ¢(Z \ A,) =0) for every n € N. Let X = Z\ A.
Let G, = XN (A, \ Apt1). Then G, C A4,, and G,, are finite. On the other hand,
Z C(Z\ Ao)UU,en Gn U A, 50 ¢(U,,eny Gn) > 0, a contradiction. O

Remark. The assumption that ¢ vanishes on singletons is only used in the proof of
”» (3) = (2)77 .

Below we will consider properties of submeasures for which the assumption of
Theorem 3 does not hold.

Lemma 4. For a submeasure ¢, let S(¢) = {n € N: ¢({n}) =0}.

(1) ¢ satisfies (A) <= ¢ | P(S(¢)) satisfies (A).
(2) If #(S(¢)) = 0 then ¢ satisfies (A).
(3) IfN\ S(¢) # 0 then ¢ satisfies (B).

Proof. (1). (=). Obvious.

(«). Let (An)n be a ¢-sequence. Clearly, also (A, NS(¢)), and (A, \ S(¢))n
are ¢-sequences. Since ¢ [ P (S(¢)) satisfies (A), lim, o0 ¢(A4, N S(¢)) = 0.
Since ¢({k}) > 0 for all k& ¢ S(¢), A, \ S(¢) = 0 for every n. In consequence,
limy, ¢(An) =0.

(2). Follows from (1).

(3). Let (Ay)n be a sequence of subsets of N such that lim,, ., ¢(A,) # 0. Let
x € N\ S(¢) and Z = {x}. Then Z\ A, is finite for every n € N and ¢(Z) > 0.
Thus ¢ satisfies (B). O

Example 5. There is a submeasure ¢ which satisfies (B) but does not satisfy (A).

Proof. Let N\ {0} = Ag U A; U... be a partition of N\ {0} into infinite pairwise
disjoint sets. We define a submeasure ¢ by ¢(A) = 0if 0 ¢ A and {n € N :
AN A, is infinite} is finite, and ¢(A) = 1 otherwise.

Since ¢({0}) = 1, so ¢ satisfies (B) (by Proposition 4).

Now, we show that ¢ does not satisfy (A). Suppose, to the contrary, that ¢
satisfies (A). Let B, = {J;>,, Ai- Then ¢(B,) =1 for every n € N. So there are
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finite F,, C By, with ¢(U, ey Fa) > 0. Let Z = U, o Fo. Then ZNA4,, C FyU---UF,
is finite for every n € N. Thus ¢(Z) = 0, a contradiction. O

3. A SUBMEASURE WITH PROPERTY (A)

If 7 is an ideal on N, then IT = P (N) \ Z is called the coideal associated with T.
A coideal I is a P-coideal if for every decreasing sequence (A,),, 4, € T,
there is a set A € ZT such that A\ A,, is finite for every n € N.

Lemma 6. Let ¢ be a submeasure which takes only two wvalues 0 and 1, and
¢({n}) =0 for every n € N. Then the following conditions are equivalent.

(1) ¢ satisfies (A).
(2) ¢ satzsﬁes (B).
(3) Z(¢)" is a P-coideal.

Proof. The equivalence of (1) and (2) follows from Theorem 3.

(1) = (3). Let (A,), be a decreasing sequence of sets from Z (¢)*. Denote
A= N,enyAn. If A& Z(¢), then we are done. So suppose that A € Z (¢). Let
B, = A, \A ¢ Z(¢). Since lim,,_, o0 ¢(By) = 180 (By,), is not a ¢-sequence. Thus,
there are finite sets F;, C B, with ¢(|J,cy Fn) > 0. Then B = UnEN F, ¢ Z(¢)
and B\ A,, C FyU---UF,_; is finite for every n € N. Thus, Z ((b) is a P-coideal.

(3) = (2). Let (A,)n be a decreasing sequence such that lim, . #(4,) # 0.
Then A,, ¢ Z (¢) for every n € N. Since Z (¢)" is a P-coideal, so there is Z ¢ Z (¢)
with Z \ A,, finite for every n € N. This shows that ¢ satisfies (B). O

Remark. The assumption that ¢ takes only two values is only used in the proof of
”(1) = (3)”. And the assumption that ¢ vanishes on singletons is only used in the
proof of 7 (2) = (1)”.

By identifying subsets of N with their characteristic functions, we equip P (N)
with the Cantor-space topology and therefore we can assign the topological com-
plexity to the ideals of sets of integers. In particular, an ideal Z is an F,s (analytic)
if it is an F,45 subset of the Cantor space (if it is a continuous image of a G5 subset
of the Cantor space, respectively). Moreover, an lsc submeasure is also lsc (in the
topological sense) when viewed as a function on the Cantor cube.

Fact 7 (Folklore). Let ¢ be the limsup of lsc submeasures. The ideal Z () is an
F,s subset of P (N).

Proof. We provide an argument for the completeness.

el

2()={ACN: 1m g, (4) =0} = U N {ACN o (A4) <

k>1meNn>m

|

is F,5 because the families {A C N: ¢,, (A) < 1/k} are closed in P (N). O

For an ideal Z, we denote by ¢z the submeasure defined by ¢z(A) =0if A €Z
and ¢(A) = 1 otherwise.

If we assume the Continuum Hypothesis, then it is not difficult to show an
example of a submeasure with (A) which is not equivalent to the limsup of a
sequence of Isc submeasures. Namely, under the Continuum Hypothesis there exists
a maximal ideal Z containing all finite sets such that Z is a P-coideal (see e.g. [3]
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where the dual notion of p-point ultrafilters is considered). Then, by Lemma 6, ¢z
satisfies (A). Since any maximal ideal containing all finite sets does not have the
Baire property (see, e.g. [1, Ch. 4, Sec. 4.1, Thm. 4.1.1]), Z is not Fys, so ¢z is not
the lim sup of Isc submeasures (by Fact 7).

In Example 8, we construct a submeasure with the above properties without any
additional set theoretic assumptions.

A coideal Z% is a Q-coideal if for every A € % and every partition A = J,,cy Fr
of A into finite sets there is S C A such that S € Z1 and S intersects each F,, in
one point. A coideal T is selective if it is a P-coideal and Q-coideal.

We say that a family A of subsets of N is almost disjoint if A N B is finite for
every distinct A, B € A.

Example 8. There is a submeasure with property (A) which is not equivalent to
the lim sup of Isc submeasures.

Proof. Let A be an infinite maximal almost disjoint family of infinite subsets of
N such that |JA = N. Let Z4 be the ideal generated by A, i.e. the family of all
subsets of N which can be covered by finitely many sets from A (this ideal was first
considered by Mathias in [4].) Let ¢ = ¢z,.

It is known that Z4 " is a P-coideal (see e.g. [5, Sec. 9, Ex. 2, Le. 1]), hence (by
Lemma 6) ¢ satisfies (A).

Now, we show that ¢ is not equivalent to the limsup of Isc submeasures. By
Fact 7, it is enough to show that Z (¢) = Z 4 is not an F,s subset of P (N). But it
is known that Z 4 is not even an analytic subset of P (N).

Indeed, since Z4 ™" is a selective coideal (see e.g. [5, Sec. 9, Ex. 2, Le. 1]), so by [5,
Sec. 12, Exercise 4] if Z4 was an analytic ideal on N then for every B ¢ T4 there
would be an infinite C' C B such that

C'N A is finite for all A € Z4. (%)

But such C is almost disjoint from any A € A, so by the maximality of the family
A it is an element of A C Z4. Then C' N C is infinite, a contradiction with ().
O

Remark. It can be shown that the ideal Z4 (from the above proof) is of the first
category (hence has the Baire property).

4. A SUBMEASURE WITH PROPERTY (C')

An ideal 7 is dense if for every infinite set A C N there is an infinite set B C A
with B € Z.

Proposition 9. Let T be a dense ideal such that T is a Q-coideal. There is no
o-submeasure ¢ with T = Z (¢*).

Proof. Suppose that there is a o-submeasure ¢ with Z = Z (¢*).

Let A, = {n€N:¢({n})>1} and 4, = {neN: 55 < ¢({n}) < 5x} for
every k € N.

We have two cases.

(1) Thereis k € NU {w} such that Ay, is infinite.
(2) The sets Ay are finite for every k € NU {w}.
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In the first case, it is not difficult to check that there is no infinite B C Ay with
B € 7. But, T is a dense ideal, a contradiction.

Now, consider the second case. Since ¢(N) > 0 and ¢ is a o-submeasure, so
¢ (AwUUpen Ar) > 0. Let K = {k € NU{w} : Ay # 0}. Since I is a Q-coideal,
there is S € ZT such that SN Ay = {ax} for every k € K. On the other hand,

0<6°(8)= lm &(S\{0.1,....n}) < lim 3" &({ax)) =

keK,ap>n
. . 1
Jmo D efahslm 3 x=0
keK\{w},ap>n keK\{w},ar>n
a contradiction. O

An ideal 7 is called a P-ideal if for every family {A,, : n € N} C Z there is an
A € T such that A, \ A is finite for every n € N. It is not difficult to check that we
can assume that A, C A, 41 for every n € N in the definition of a P-ideal.

Proposition 10. If Z is a P-ideal containing all finite sets, then the submeasure
¢z satisfies (C).

Proof. Let ¢ = ¢z. Let (A,), be such that lim, . ¢(A,) = 0. Then there is
nog € N such that A, € Z for every n > ng. Since Z is a P-ideal, so there is A € 7
such that A, \ A is finite for every n > ng.

Let E, = A, \ A for n > ng. We claim that (A, \ Fn)n>n, 18 a ¢-sequence.
Indeed, let F,, C A, \ E, be finite sets. Then

U Fc | A\E)CcAeT,

n>ng n>ngo

S0 (b (Un>no Fn) = 0. O

Theorem 11. Assume the Continuum Hypothesis. There is a submeasure which
satisfies (C) but is not equivalent to the core of a o-submeasure.

Proof. Let T be a maximal ideal containing all finite sets such that ZT is a selec-
tive coideal (there is one under CH, see e.g. [3] where the dual notion of Ramsey
ultrafilter is considered). Let ¢ = ¢7.

Since Z is dense and ZT is a Q-coideal, so there is no o-submeasure v with
Z = Z(#*) (by Proposition 9). Thus, ¢ is not equivalent to the core of a o-
submeasure. On the other hand, Z (¢) = Z is a P-ideal, so ¢ satisfies (C) by
Proposition 10. (Il

Remark. The ideal T4 (from Example 8) is dense and Z4 " is a selective coideal.
Thus, the submeasure ¢z ,, is not equivalent to the core of a o-submeasure (by
Proposition 9). It is not difficult to show that Z4 is not a P-ideal. Thus, by
Proposition 12 (below), the submeasure ¢ does not satisfy (C).

Proposition 12. Let T be an ideal containing all finite sets such that It is a
P-coideal. The submeasure ¢z satisfies (C) <= the ideal T is a P-ideal.

Proof. The part “<” follows from Proposition 10, so it is enough to show the part
u:>”.

Let ¢ = ¢z, and let (A,)n,en be an increasing sequence of sets from Z. Since
¢ satisfies (C) and lim,,_,oc ¢(A4,) = 0, so there is a subsequence (ny) and finite
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E,, C A,, such that (A,, \ En, )i is a ¢-sequence. Let F,, = Ep,, U---UE,,.
Then F),, are finite for every k € N and (A4, \ Fn,)r is also a ¢-sequence.

Let A= Upen(An, \ Fry). If A€ Z then A, \ A is finite for every n € N, so we
are done. Thus, suppose that A ¢ 7.

Let B, = A\U;<x(An, \ Fr;). Then B, ¢ Z and B, D B,,,,. Since It isa
P-coideal, so there is B € Z* such that B\ B,, if finite for every k € N.

Let C = BN A. Since B= (BNA)U(B\A) and B\ A = B\ B,, is finite (hence
inZ),soCeZt.

Let G, = CN(An, \ Fn,). Then G, C B\ B,, are finite and G, C An, \ Fn,.
Moreover, (JyenGny = C ¢ I, 50 ¢(Upen Gny) > 0. But (Ap, \ Fp,)e is a ¢-
sequence, a contradiction. O

The authors do not know if there exists any ZFC example of a submeasure with
property (C) which is not equivalent to the core of a o-submeasure. However, for
the submeasure of the form ¢z it is not very hard to check that one cannot find
such an example for Z being a maximal ideal (¢7 satisfies (C) iff Z is a P-ideal), T
being an F, ideal (¢7 satisfies (C') iff Z is a P-ideal iff ¢z is equivalent to the core
of a o-measure), or Z being an analytic P-ideal (¢7 is equivalent to the core of a
o-submeasure for each Z.)
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