EXTENDING THE IDEAL OF NOWHERE DENSE SUBSETS OF
RATIONALS TO A P-IDEAL

RAFAL FILIPOW, NIKODEM MROZEK, IRENEUSZ RECLAW, AND PIOTR SZUCA

ABSTRACT. We show that the ideal of nowhere dense subsets of rationals can-
not be extended to an analytic P-ideal, Fi, ideal or maximal P-ideal. We also
consider a problem of extendability to a non-meager P-ideals (in particular, to
maximal P-ideals).

Our notation and terminology conforms to that used in the most recent set-
theoretic literature. The cardinality of the set X is denoted by |X| and X means
the closure of X. The set of all natural numbers is denoted by w. An ideal on w is a
family of subsets of w closed under taking finite unions and subsets of its elements.
If not explicitly said we assume that an ideal is proper (# P (w)) and contains all
finite sets. If Z is an ideal then by ZT and Z* we mean a coideal and a dual filter
toZ,ie. It =P (w)\Z and Z* = {w\ A : A € Z}. We can talk about ideals on
any other countable set by identifying this set with w via a fixed bijection. We say
that A C w is almost contained in B C w (A C* B in symbols) if A\ B is finite.
An ideal 7 is a P-ideal if for every family {A, : n € w} of sets from Z there is an
A € T such that A,, C* A for all n.

By nwd we denote the ideal of nowhere dense subsets of rationals,

nwd = {A C Q: A is nowhere dense in R}.

It is not difficult to observe that nwd is not a P-ideal. Indeed, for every rational
r € Qlet (¢} )new be a one-to-one sequence of rationals which is convergent to r. Let
A, ={q], : n € w} and suppose that nwd is a P-ideal. Then there is a set A € nwd
which almost contains every set A,.. But that means that the set A has points
which are arbitrarily close to any rational, so it is dense in Q—a contradiction.

In [2], Dow proved that it is consistent with ZFC (in particular it holds under
the Continuum Hypothesis) that the ideal nwd can be extended to a P-ideal (his
construction of this extension is implicit in the proof of [2, Theorem 3.4].) In the
same paper, Dow asked a question (see also Dow’s Questions [9, Question 12])
whether the ideal nwd can be extended to a P-ideal in ZFC.

In Section 1 we show that nwd cannot be extended in ZFC to an analytic P-ideal.
In Section 2 we note that nwd cannot be extended to an F, ideal or maximal P-
ideal. In Section 3 we show that under the Continuum Hypothesis the ideal nwd can
be extended to a non-meager P-ideal. In this section we also give some necessary
conditions for ideals which can be extended to a non-meager P-ideal.
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1. ANALYTIC IDEALS

By identifying sets of naturals with their characteristic functions, we equip P (w)
with the Cantor-space topology and therefore we can assign the topological com-
plexity to the ideals of sets of integers. For instance an ideal Z is analytic if it is a
continuous image of a G subset of the Cantor space.

A map ¢: P(w) — [0,00] is a submeasure on w if ¢ (@) = 0 and ¢ (A) <
$p(AUB) < ¢p(A)+ ¢ (B) for all A,B Cw. It is lower semicontinuous if ¢ (A) =
lim, 400 @ (AN{0,1,...,n}) for all A C w. For any lower semicontinuous sub-
measure on w, let |-[,: P (w) — [0,00] be the submeasure defined by [|A], =

lim, 00 @ (A\ {0,1,...,n}). It is easy to see that Exh (¢) = {A Cw : [|A4],= O}
is an ideal (not necessarily proper) for an arbitrary submeasure ¢. All analytic P-

ideals are characterized by the following theorem of Solecki.

Theorem 1.1 ([7]). Z is an analytic P-ideal <= I = Ezh(¢) for some lower
semicontinuous submeasure ¢ on w.

The following theorem will be essential to prove that nwd cannot be extended
to an analytic P-ideal.

Theorem 1.2. Let T be an analytic P-ideal on Q. For every countable set C C R\Q
there exists a set X C Q such that X ¢ T and ’Yﬂ C| <1.

Proof. Let ¢ be a lower semicontinuous submeasure with Z = Exh (¢). Let Q =
{¢; : i€w}land C={¢; : i €w}. Let

azliﬁnqb((@\{qi s i<n})>0.

We have two cases:

(1) for each n € w there exists set V,, open in R such that ¢, € V, and
(Vi NQ) < 5375
(2) thereis § > 0and N € w such that for any open set V' 3 ¢y, ¢(VNQ) > S.

In the first case we can take X = Q\ |, o, V. Clearly, X N C' = (). Since ¢ is

lower semicontinuous we have

¢(Um@) Il Ep D

new

new necw new
SO
Uvang| < %
new 1)
On the other hand
(%
a=Qll, <IXl,+||JVanQ| < X1 + 5
new @

hence [| X[, > 0, s0 X & Z. Therefore, we will assume the second case in the sequel.
Moreover, we will assume that N = 0. We define a sequence (Uy,),, of open subsets
of R, and a sequence (X,,), of subsets of Q such that for each natural number
n > 0:

(1) co ¢ Uy, and {c1,¢2,...,cn} C Uy;

(2) Ulgign X;NU, =0and X, N U1§i<nﬁi = 0;
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(3) X, CQ\{¢; : i<n}and ¢(X,) > 5.
Let U; be an open set such that ¢y ¢ Uy and ¢; € U;. Then by lower semicontinuity
of ¢ there is a finite set X; C Q\ ({go} UU;) such that ¢(X;) > 3. Inductively, let
U,, be an open set with

{c1,62...,¢n} CU, and | {co} U U X, | nU, =0.

1<i<n

Then there is a finite set

X, CQ\ ({a s i<npuJT
i<n
with ¢(X,,) > . Let X =, ¢,, Xn- Since ¢(X,,) > g and X,,N{qo,q1,---,qn} = 0
for each n, || X[ > B hence X ¢ Z. By (2) X N U, ¢, Un = 0, and so by (1)
Yﬁ C Q {Co}. |

Remark. Let ¢ € R\ Q and (¢;)ie,, be a sequence of rationals convergent to c. Let
T={t;:icw}and

IT={ACQ : ANT is finite}.
T is an analytic P-ideal and for every C' with c € C, if X ¢ T then c€ X NC. So,
in Theorem 1.2 we cannot assert that X N C = 0.

Remark. In Theorem 1.2 we can replace R with any Hausdorff topological space
and Q with any countable set (not necessarily dense).

Note that if Z is an ideal, nwd C 7 and X ¢ T then X contains an interval, and
so X N C is infinite for every dense set C. So, we have the following corollary.

Corollary 1.3. There is no analytic P-ideal Z such that nwd C 7.

In [2], Dow considered the assertion Mel: “there are disjoint countable dense
subsets A, B of R\ Q and a P-ideal Z on Q such that for each X € ZT both
X NAand XNB are non-empty”. He proved that Mel is consistent with ZFC. The
following corollary shows that an ideal Z in Mel cannot be analytic.

Corollary 1.4. Let T be an analytic P-ideal on Q. For every disjoint countable
dense sets A,B C R\ Q there exists a set X C Q such that X ¢ T and either
XNA=0orXNB=4.

Proof. Use Theorem 1.2 with C' = AU B. O

2. MAXIMAL IDEALS AND IDEALS WITH BOLZANO-WEIERSTRASS PROPERTY

An ideal T satisfies FinBW (finite Bolzano-Weierstrass property) if for any
bounded sequence (%, )ne, of reals there is an A € ZT such that (z,)nea is con-
vergent ([3]). By the well-known Bolzano-Weierstrass theorem the ideal of finite
subsets of w satisfies FinBW. By a folklore argument the same is true for every
maximal P-ideal. In [3] we have shown that every F, ideal satisfies FinBW. In
the same paper we have also shown that the ideal nwd does not possess Bolzano-
Weierstrass property.

Proposition 2.1 ([3, Prop. 4.1)). IfZ,J are ideals, T C J and J satisfies FinBW
then T satisfies FinBW.
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Hence, nwd cannot be extended to an ideal with FinBW property. In particular
we get the following corollary.

Corollary 2.2. The ideal nwd cannot be extended to any F, ideal or to a mazimal
P-ideal.

Remark. In [10] Zapletal proved that if an analytic ideal J can be extended to a
maximal P-ideal Z then there is an F, ideal K such that 7 C K C 7.

3. NON-MEAGER IDEALS

All ideals with Baire property are characterized by the following theorem proved
independently by Jalali-Naini [4] and Talagrand [8].

Theorem 3.1 ([4], [8]). The following conditions are equivalent for an ideal T on
w.

(1) Z has the Baire property;
(2) Z is meager;
(3) there exists ng < ny < ... such that for every A €T

3NGu.)vk>N {nk + 13 e ank+1} ,@ A.

Theorem 3.2. Assume the Continuum Hypothesis. There exists non-meager P-
ideal T such that nwd C 7.

Proof. Fix a bijection o: w — Q identifying Q with w. Let nwd = {4, : o € w1},
and {(n{)kew @ @ € w1} be a family of all increasing sequences of naturals. Firstly,
we will construct a sequence {Gy, : & € wy} such that

(1) G, is dense in Q for each « < wy,

(2) Gg C*F G, for a < B < wy,

(3) GoN A, =0 for each o < wy,

(4) Gonol[{ng +1,...,n5,,}] = 0 for infinitely many k.
Let {B,, : n € w} be a basis of the topology on Q. Suppose that we have already
constructed sets Gg for 3 < a. Let

{H, : newy={Gg : B<a} ifa>0,
H,=Qforeachn cw if a =0.

For every n € w we take

where k(n) = min{k: {bo,b1,...,bp—1} C o[{0,1,...,n}]} (Recall that since
{H,}n is almost-decreasing, Hy N Hy N ---N H, is dense in Q.) We put

Go={b, : new}\ Aa.
Note that for all n € w

Ga No Hn‘,:(n) + 1, ey ’I’Lg(n)+1}:| = @
Define
I={ACQ : |[ANG4| < w for some a}.

Since Z D nwd it is enough to show that 7 is a non-meager P-ideal. First we
show that 7 is a P-ideal. Indeed, let {C), : n € w} be a countable family of sets
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from Z. For every n € w there is o, < wy with |C,, N G,, | < w. Let oo = sup,, .
Then |C,, NG| < w for each n, and so C, C* w \ G, € T for every n € w.

Next, observe that for each increasing sequence (nx)rew = (N3 )rew there exists
A=Q\ G, €T such that o[{n} +1,...,n¢,;}] C A for infinitely many k. Thus,
by Theorem 3.1, Z cannot be meager. O

Problem 1. The authors do not know if it is possible to prove that nwd can be
extended to a meager P-ideal (under CH, for example).

Using notation of Laflamme ([6]), the game G(X,[w]<“,)) is played by two
players I and II as follows: at stage k < w, I chooses X} € &', then II responds with
finite s, € Xj. At the end of the game, II is declared the winner if [ J, s € V.

Lemma 3.3 ([6], Th. 2.15). Player I has no winning strategy in G(Z*, [w]<“,Z*)
if and only if T is a non-meager P-ideal.

Let
FinxFin={ACwxw: (3N ew)(¥n>N) {k: (n,k) € A} is finite}.

We say that an ideal Z contains an ideal isomorphic to the ideal Fin x Fin if there
exists a bijection 0: w — w X w such that 0~1[A] € Z whenever A € Fin x Fin.

Lemma 3.4 ([5], Le. 2). Player I has a winning strategy in G(Z*, [w]<*,Z7") if and
only if T contains an ideal isomorphic to Fin x Fin.

For a given ideal Z, Debs and Saint Raymond in [1] defined the rank of Z. In
particular, the rank(Z) < 1 if and only if Z can be separated from its dual filter by
an F, set, i.e. if there exists an I}, set K such that Z C K and Z7* N K = 0.

Lemma 3.5 ([1], Th. 7.5). If T is an analytic ideal then rank(Z) < 1 if and only
if T does not contain an ideal isomorphic to Fin x Fin.

Proposition 3.6. If 7 is a P-ideal which is non-meager then every analytic ideal
J C T can be separated from its dual filter by an Fy, set, i.e. rank(J) < 1.

Proof. Consider two games G; = G(Z*, [w|<%,Z*) and Gy = G(Z*, [w]<¥,Z7T). By
Lemma 3.3, I has no winning strategy for G;. Since the game G, is easier for II,
I has also no winning strategy for Go. Thus, by Lemma 3.4, Z does not contain
an ideal isomorphic to Fin x Fin. Hence J does not contain an ideal isomorphic to
Fin x Fin, and thus, by Lemma 3.5, J can be separated from its dual filter by an
F, set. O

Recall that nwd is an analytic ideal and rank(nwd) =1 (see [5]).
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