THE REAPING AND SPLITTING NUMBERS OF NICE IDEALS

RAFAL FILIPOW

ABSTRACT. We examine the splitting number s(B) and the reaping number
t(B) of quotient Boolean algebras B = P(w)/Z over F, ideals and analytic
P-ideals. For instance we prove that under Martin’s axiom s(P(w)/Z) = ¢ for
all F; ideals and analytic P-ideals with BW property (and one cannot drop
the assumption about BW property). On the other hand we prove that under
Martin’s axiom t(P(w)/Z) = ¢ for all F, ideals and analytic P-ideals (in this
case we do not need the assumption about BW property). We also provide
applications of these characteristics to the ideal convergence of sequences of
real-valued functions defined on reals.

1. INTRODUCTION

Let B be a Boolean algebra. A set S is a splitting set for B if for every nonzero
b € B there is an s € S such that b-s #0#b- (—s). A set D C B\ {0} is weakly
dense if for every b € B there is d € D such that d < b or d < —b. By the splitting
number of B we mean the cardinal s(B) = min{|S| : S is a splitting set for B}, and
by the reaping number of B we mean t(B) = min{|D| : D is weakly dense in B}.
Many results on s(B) and t(B) for various Boolean algebras can be found in [23].

In the sequel we assume that if Z is an ideal on w then [w]<* C 7 and w ¢ 7.

For a set A Cw we put A=A and A! = w \ A.

Let Z be an ideal on w. By ZT = P(w) \ Z we denote the coideal of Z. A set A
T-splits B if both BN A°, BN A' € Zt. A family R C It is T-unsplittable if no
single set Z-splits all members of R. An Z-splitting family is a family S C P(w)
such that each A € Tt is Z-split by at least one S € S.

In this paper we are interested in the splitting and reaping numbers of quotient
Boolean algebras of the form B = P(w)/Z where T is an F, ideal or analytic P-
ideal on w (see Section 2 for definitions of F,, and analytic P-ideals). We write then
$(Z) = s(P(w)/Z) and t(Z) = v(P(w)/Z). In this case the definitions of s(Z) and
t(Z) can be rephrased in the following manner:

$(Z) = min{|S|: S CZT, S is an Z-splitting family},
and
t(Z) = min{|R|: R € T, R is Z-unsplittable}.
In the case of the ideal Z = Fin of all finite subsets of w, we obtain the classical
cardinal characteristics of the continuum: s = s(Fin) and v = t(Fin) (see e.g. [2]
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and [27]). It is well known that s and v are uncountable and if we assume Martin’s
Axiom (MA) then s =t =c.

In Section 3 we show that s(Z),t(Z) are uncountable for every F, ideal (Propo-
sition 3.1) and we prove that if we assume MA then s(Z) = v(Z) = ¢ for every F,
ideal (Theorem 3.2).

In Section 4 we prove that t(Z) is uncountable for every analytic P-ideal (Propo-
sition 4.1) and we also prove that if we assume MA then t(Z) = ¢ for every analytic
P-ideal (Theorem 4.2).

In [9] the authors proved that s(Z7) = w <= the ideal Z does not have BW
property (see Section 2 for the definition of BW property). We prove that if we
assume MA then s(Z) = ¢ for analytic P-ideals with BW property (Theorem 4.3).

The splitting, reaping and other cardinal characteristics (e.g. a, p and t) of the
quotient Boolean algebras P(w)/Z were already considered in some papers, see e.g.
[1], [3], [8], [13], [15], [16] and [26].

In Section 5 we apply the results on s(Z) and t(Z) to the ideal convergence of
sequences of real-valued functions defined on reals.

2. PRELIMINARIES

2.1. Nice ideals. By identifying sets of natural numbers with their characteristic
functions, we equip P(w) with the Cantor-space topology and therefore we can
assign topological complexity to ideals of sets of integers. In particular, an ideal Z
is F,, (resp. analytic) if it is an F, (resp. analytic) subset of the Cantor space.

An ideal 7 is a P-ideal if for every countable family {A,, : n € w} C T there is
A € T such that A, \ A is finite for every n € w.

A map ¢: P(w) — [0,00] is a submeasure on w if ¢(@) = 0 and ¢ (4) <
$p(AUB) < ¢(A) + ¢(B) for all A,B C w. In the sequel we assume that
»({n}) < oo for every submeasure ¢ and n € w. A submeasure ¢ is lower
semicontinuous (we will write Isc for short) if for all A C w we have ¢ (4) =
lim,, 00 ¢ (AN{0,1,...,n — 1}). For a submeasure ¢ we write

Fin(¢) ={A Cw : ¢(A4) < oo}
and

Bxh(¢) = {ACw : |4, =0},
where [[Al|, = lim, 00 ¢ (A\{0,1,...,n —1}).

Theorem 2.1 ([21],[25]). Let Z be an ideal on w (not necessarily proper).

(1) Z is an F, ideal <= T = Fin(¢) for some lsc submeasure ¢ on w.
(2) T is an analytic P-ideal <= I = FExzh(¢@) for some lsc submeasure ¢ on
w.

2.1.1. Ezamples. For many examples of nice ideals see e.g. [16] or [7]. Below we
list some of them.
(1) The ideal Fin is an F,, P-ideal.
(2) Let f :w — [0,00) be such that ) . f(n) = co. The summable ideal
generated by f

If:{Agw:Zf(n)<oo}

neA
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is an F,, ideal ([21]).
(3) The ideal of sets of asymptotic density 0

Id:{Aszlimsup AN{0, L, — 1} 20}

n—o00 n

is an analytic P-ideal (and it is not an F,, ideal).
(4) Let f: w — [0,+00) be such that
f(n)

Zzz(:)f(z) = +o00 and nh_}n;om =0.

The Erdds-Ulam ideal generated by f

5Z/lf:{ACw : lim MZO}
n—o00 3 ey f(4)
is an analytic P-ideal ([17]). Note that the ideal Z; is an Erdés-Ulam ideal.
(5) Assume that I,, are pairwise disjoint intervals on w, and u,, is a measure
that concentrates on I,. Then ¢ = sup, t, is a lower semicontinuous
submeasure and Exh (¢) is called the density ideal generated by (pin)n. It
is known that Erdds-Ulam ideals are density ideals.
(6) The van der Waerden ideal

W ={A Cw: A does not contain arithmetic progressions of arbitrary length}

is an F, ideal (and it is not a P-ideal).
(7) The eventually different ideal

ED={ACwxw:Imnecwvk>n(|{icw: (ki) e A} <m)}
is an F, ideal (and it is not a P-ideal).

2.2. Ideal convergence. Let 7 be an ideal on w and A C w. We say that a
sequence (zy)nea of reals is Z-convergent tox € Rif {n € A: |z, —x| > e} € T for
every € > 0. We say that an ideal Z on w has BW property (Z € BW, for short) if
for every bounded sequence (x,,)ne,, Of reals there exists A € It such that (z,,)nea
is Z-convergent ([9]).

Proposition 2.2 ([9)]). (1) Every F, ideal has BW property (hence Fin, sum-
mable ideals, W and ED have BW property as well).
(2) Erdds-Ulam ideals (and Zy) do not have BW property.
(3) A density ideal does not have BW-property if and only if it is an Erdds-Ulam
tdeal.

Theorem 2.3 ([9]). Let Z be an ideal on w. Then $(Z) = w <= I does not have
BW property.
2.3. Big intersections. Below we presents some auxilary results which we will

need later (however they seem to be interesting on their own).

Lemma 2.4. Let T be an ideal on w. There is a function x : P(w) — {0,1} such
that
(A" :Aec A ¢T

for every finite and nonempty family A C P(w).
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Proof. Let J be a maximal ideal such that Z C 7. For A € P(w) we define

2(4) = 0 ifA¢JT
)1 ifAeJ.

Since A*(4) ¢ 7 for every A and J is a maximal ideal, so ({A*) : A€ A} ¢ 7.
Thus {A*W : Ac A} ¢ T. O

Corollary 2.5. Let T = Fin(¢) be an F, ideal. There is x : P(w) — {0,1} such
that

o (A" aeA}) = oo
for every finite and nonempty family A C P(w).
Proof. Apply Lemma 2.4 and note that A ¢ 7T < ¢(A4) = cc. O

Corollary 2.6. Let T = Ezh(¢) be an analytic P-ideal. There is x : P(w) — {0,1}
such that

Hﬂ{AI(A) Ae A}Hd) >0
for every finite and nonempty family A C P(w).
Proof. Apply Lemma 2.4 and note that A ¢ Z <= [A|, > 0. O

Below we show that for ideals with BW property we can obtain a strengthening
of the above result.

Lemma 2.7. Let T = Ezh(¢$) be an analytic P-ideal. The ideal T has BW property
if and only if there are § > 0 and x : P(w) — {0,1} such that

[Nitas - ae A}H¢ > 5

for every finite and nonempty family A C P(w).

Proof. (=) By [9, Theorem 3.6] there exists § > 0 such that for every finite partition
A U---UA, =w there exists 1 <14 < n with ||Al||¢ > 6. We will show that this §
is the required one.

For every finite and nonempty family A C P(w) we define

Ca= {w € {0,117 . Hﬂ{Ax(A) tAe A}H¢ > 5}.

We will show that

(1) Ca #0;
(2) Cy is a closed set in {0, 1}7«);
(3) the family {C4 : A is finite and nonempty} is centered.

Then using compactness of the topological space {0, 1}73(“’) we get
x € ﬂ {C4 : A is finite and nonempty} .

It is easy to see that this x is as required. Thus, the proof will be finished as soon
as we show properties (1)—(3).
(1). Take any finite and nonempty A C P(w). Since the family

{ﬂ{AS<A) cAe A} s e o, 1}A}
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is a finite partition of w, so there is s € {0,1}4 with ||[N{A*) : A€ A}||¢ > 4.
Then any z € {0,1}7) such that s C = belongs to C 4.

(2). Take any finite and nonempty A C P(w). Since S ={z [ A:xeC4s} C
{0, 1}4 is finite and Cu = J,cq {z € {0,1}7“) : s C 2}, s0 C.4 is a finite union of
basic clopen sets, hence closed.

(3). Take any finite and nonempty A, ..., A, C P(w). Since A=A, U---UA,
is finite, so C4 # 0 by (1). On the other hand, it is not difficult to see that
CaCCyN---NCyx,.

(<) Let 6 >0 and z : P(w) — {0,1} be such that

[Neas: ae A}H¢ > 5

for every finite and nonempty family A C P(w).
By [9, Theorem 3.6], Z has BW property if and only if there is £ > 0 such that
for every N € w and every partition Ai,..., Ay of w thereis i < N with [|4;]|, > e.
Lete =4. Let N € wand Ay, ..., Ay be a partition of w. Let A = {Ay,..., A, }.
Since A is a partition of w so there is i < N with x(4;) = 0 (otherwise ({A%(4)
A€ A} = 0 hence [|[N{A") : A€ A}||, =0 < §). Thus 4, 2 N{A"W : A € A},
hence

[Aill, > Hﬂ{AI(A) ‘Ae A}H¢ >0 =c.

3. F, IDEALS
Proposition 3.1. Let T = Fin(¢$) be an Fy, ideal. Then s(Z), ¢(Z) > wy.

Proof. ($(Z) > wy.) Let S = {S, : n € w} C ZT. We will show that S is not
an Z-spliting family i.e. we will construct an A € T such that AN SY € Z or
AN S} e for every n € w.

Let ¢ € {0,1}* be a sequence such that (,.,, S;* € ZT for every n € w. By Isc
of ¢, we can find finite sets F, (n € w) such that F,, C (., S;' and ¢(F,) > n.

Let A={J, Fr. Then A€ Zt and AN S, C U, F; € T for every n € w.

(t(Z) > w1.) Let R = {R, : n € w} € Z". We will show that R is not an
Z-unsplittable family i.e. we will construct a set A C w such that R, N A° € T+
and R, N A' € T for every n € w.

By lsc of ¢, we can find pairwise disjoint finite sets Ff, (i,n € w, k € {0,1})
such that F¥, C R, and ¢(FF,) > i for every i,n € w,k € {0,1}.

,n —

Let A = U, new Fin- Ifnewandke{Ol} then R, N A* D,

1, MEW iCw z n and

hence R, N AF € T+. O
Theorem 3.2. Assume MA. Let T = Fin(¢) be an F, ideal. Then s(Z) =+v(Z) =c.

Proof. (s(Z) =c¢.) Let S C P(w) be such that |S| = k < ¢. We will show that S is
not an Z-splitting family.

Let z : P(w) — {0,1} be as in Corollary 2.5. Let F = {S**) : § € §} and
P = [w]<¥ x [F]<“. For (s, A), (t, B) € P we define (s, A) < (¢, )
(1) s Ot,and
(2) AD B, and
(3) s\t NB.
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Then it is not difficult to show that (P, <) is a ccc poset.
Define
(1) Dp ={(s,A) e P: F € A} for every F € F.
(2) D, ={(s,A) € P: ¢(s) > n} for every n € w,
It is easy to see that Dp is dense for every F'. We show that D,, is also dense for
every n.

Let (s,A) € Pand A = {Fy,...,Fin_1}. Let F; = Sf(si), S; € S for i < m.
Since VA =(Njcon Fi = Nicrm Sf(si), 50 ¢ (N A) = oo. By Isc of ¢ there is a finite
set t C () A such that ¢(¢) > n. Then (sU¢, A) € D, and (sUt, A) < (s, A).

Applying Martin’s Axiom, there is a filter G C P such that GN D,, # () and
GNDp # () for every n € wand F € F. Let

X=|[s:(s,4) €G}.

Clearly X € Z%, and X is not Z-split by any member of S because if F' = §*(%) ¢ F
and (s, A) € GN Dp, then X N S'#(5) C 5 and hence X N S*~*(%) ¢ 7.

(¢(Z) =c¢.) Let s <cand F = {F, : a < K} CZT. We will show that there is a
set which Z-splits all members of F.

Let P = 2<“. Then (P, D) is a ccc poset.

Define

Don=1{s€P:¢(s"(0)NFE,) >nAd(s"(1)NE,) >n}

for every n € w and « < k. Using Isc of ¢ it is not difficult to show that sets Dg .,
are dense in P.

Applying Martin’s Axiom, there is a filter G C P such that G N D, , # 0 for
every n € w and « < k. Let

f=JGand X = £ 1(0).

Then it is easy to see that X € ZTT. We will show that X Z-splits all sets in F.
Let o < k. For any n € w there is s, € GN Dy, . Since F, N X" D F, N s, (i)
for i = 0,1 and every n, we have ¢(F, N X%) > n for i = 0,1 and every n, and so
FanNXieT (i=0,1). O

4. ANALYTIC P-IDEALS

Proposition 4.1. Let T = Ezh(¢$) be an analytic P-ideal. Then t(Z) > w;.

Proof. Let F ={F, € I : n € w}. We will show that there is a set which Z-splits
all members of F.

Let 8, > 0 be such that ||F,[[, > 0, for every n € w. Let (G, : n € w) be a
sequence such that {G,, :n € w} = {F, :n € w} and {k € w: G, = F,} is infinite
for each n € w. Let f:w — w be such that G, = Fy(,) for every n € w. We will
construct sequences (s, : n € w) and (¢, : n € w) such that

(1) 8y, tn are finite,

(2) Snytn C G, \{0,1,...,n—1} for every n € w,

(3) spnNskp=0,t, Nty =0 and s, Nty =0 for every n, k € w,
(4) ¢(sn) > d1nys G(tn) > dp(n)-
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Suppose that we have already constructed s;,t; for i <mn. Let s =sqgU---Us,, and
t=toU-- Uty Let G = Gpy1\ (sUT). Since s Ut is finite so |G|l 4 > df(nt1)-
By the definition of ||-||, and lsc of ¢ there is a finite set s,41 € G\ {0,1,...,n}
with ¢(sn+1) > 0f(nt1)- Applying the definition of ||-||; and Isc of ¢ again, there is
a finite set t,41 C G \ Sp+1 With ¢(tn+1) > 5f(n+1)-

Let X = U,c, 5n- Then s, € G, \{0,1,...,n —1} = 5\ {0,1,...,n — 1}
for every n € f71(0). Thus ¢(X \ {0,1,...,n —1}) > ¢(s,) > dp > 0 for every
n € f7(0), hence || X||, > d > 0. We will show that X Z-splits all sets in the
family F.

First of all, we will show that F,N X € Z*. Let i € w. Then there isn € f~1(k)
with n > 4. Then ¢((FrNX)\{0,1,...,i—1})) = o((G,NX)\{0,1,...,i—1}) >
o((Gn N X)\{0,1,...,n = 1}) > ¢(sn) > dk. Thus |[F N X[, > & > 0.

Using the same argument as above one can show that Fi, \ X € Z7. O

Theorem 4.2. Assume MA. Let T = FExh($) be an analytic P-ideal. Then v(Z) =
c.

Proof. Let k < cand F = {F, : « <k} CI". Let do > 0 be such that ||Full, > da
for every a < k.

Let P = 2<“. Then (P, D) is a ccc poset.

Define

Doyp={seP:¢((Fans '(4))\{0,1,...,n—1}) > 6, for i = 0,1}

for every n € w and a < k. It is not difficult to show that D, ,, is dense in P.
Applying Martin’s Axiom, there is a filter G C P such that G N D, , # 0 for
every n € w and o < k. Let

f=JG and X = f71(0).

Then X € ZT and X Z-splits all sets in F.
([

Theorem 4.3. Assume MA. Let T = Ezh(¢) be an analytic P-ideal with BW
property. Then s(T) = .

Proof. Let § C P(w) be such that |S| = k < ¢. We will show that S is not an
Z-splitting family.
Let § > 0 and = : P(w) — {0,1} be as in Lemma 2.7.
Let F = {S*(%) : § € S} and P = [w]<¥ x [F]<%. For (s, A), (t, B) € P we define
(s,A) < (¢,B) if
(1) s 2t,and
(2) A2 B, and
(3) s\tCNB.
Then it is not difficult to show that (P, <) is a ccc poset.
Define
(1) D, ={(s,A) €P:¢(s\{0,1,...,n —1}) > 2} for every n € w,
(2) Dp ={(s,A) e P: F € A} for every F € F.
Clearly Dp is dense for every F' € F. We will show that sets D,, are dense.
Let (s,A) e Pand A = {Fy,..., Fy_1}. Let F; = Sf(si), S; € Sfori < m. Since

NA= My Fr = Nicn ST, 50 [N A]l, = 6. Since VA, = limyoo o(N A\
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{0,1,...,k —1}) so ¢(NA\{0,1,....,n — 1}) > 2. By Isc of ¢ there is a finite
set t C A\ {0,1,...,n — 1} such that ¢(t) > 3. Then (sUt,A) € D, and
(sUt,A) < (s, A).

Applying Martin’s Axiom, there is a filter G C P such that GN D,, # () and
GNDp # () for every n € wand F € F. Let

X = U{s : (s, 4) € G}.

Clearly, || X||, > g so X € IT, and X is not Z-split by any member of S because
if S8, F=5%9 and (s,A) € GN Dp, then X N S*—*(9) C s, O

5. APPLICATIONS

It is not difficult to prove that the Bolzano-Weierstrass theorem (that every
bounded sequences of reals has a convergent subsequence) fails if we consider se-
quences of functions instead of reals (i.e. there exists a uniformly bounded sequence
(fn)new of real-valued functions defined on R such that no subsequence of (fy,)new
is pointwise convergent). The ideal versions of this result is presented below (in
this case we have to consider two cases: either 7 is a “somewhere” maximal ideal
or not).

Let Z be an ideal on w and A C w. We say that a sequence (f,)nca of real-
valued functions defined on a set X is pointwise Z-convergent to f : X — R if for
every € X the sequence of reals (f,(x))nea is Z-convergent to f(x). (See [18],
[20] and [6] for description of pointwise Z-limits of continuous functions; in [12], [5]
and [11] the authors consider also ideal version of discrete and equal convergence
of sequences of functions.)

For an ideal Z on w and A C w we define theideal Z | A= {B Cw: BNA€T}.

Proposition 5.1. Let T be an ideal on w. Let f,, : R - R (n € w) be a uniformly
bounded sequence of functions.
(1) IfZ is a mazimal ideal then (fn)new is pointwise I-convergent.
(2) If there is A € I such that T | A is a mazimal ideal then the subsequence
(fn)nea is pointwise T-convergent.

Proof. (1). Follows from the fact that every bounded sequence of reals is Z-
convergent for a maximal ideal Z.
(2). Follows from (1). O

Proposition 5.2. Let T be an ideal on w such that T [ A is not maximal for
any A € IT. There ewists a uniformly bounded sequence of functions fp, : R — R
(n € w) such that (fn)nea s not pointwise I-convergent for any A € TT.

Proof. Let {0,1}¥ = {sq : @ < ¢} and R = {z, : @ < ¢}. We define f, : R = R by
fa(za) = sa(n) (n €w,a < ¢).

Let A € Z*. Then there are B,C C w such that A = BUC, BNC = () and
B,CeIt.

Let « be such that s,(n) =0 for n € B and s,(n) =1 for n € C.

Since Zt 3 C C {n: fo(xa) #0} and ZT 2 B C {n: fu(za) # 1}, 80 (fn)nea
is not Z-convergent. U

Saks asked the question (see [24]) if for every uniformly bounded sequence
(fn)new of real-valued functions defined on R there exists an infinite set A C w
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such that the subsequence (f,(x))nea is convergent for uncountably many x € R.
This question was answered in the negative by Sierpiniski ([24]) under the assump-
tion of the Continuum Hypothesis (CH). Later, Fuchino and Plewik proved ([14])
that if s > w; then the answer to the question is positive. In fact, they proved that
for every uniformly bounded sequence f, : R — R and every X C R, |X| < s there
exists an infinite A C w such that (f, | X)neca is pointwise convergent. The ideal
versions of these results are presented below.

First, if Z is a “somewhere” maximal ideal then the answer to ideal version of
Saks question is positive (by Proposition 5.1).

Second, if an ideal Z ¢ BW then there exists (in ZFC) a uniformly bounded se-
quence f, : R — R (n € w) such that for every A € ZT the subsequence (f,,(2))nea
is not pointwise Z-convergent for any = € R. (Indeed, let (z,,)ne. be a bounded
sequence such that (x,,)nea is not Z-convergent for any A € Z7. Then the functions
fu(x) = 2 (n € w,z € R) are as required.) Thus, the answer to ideal version of
Saks question is negative.

Below (Corollaries 5.4 and 5.6) we prove that in the third case (i.e. Z € BW
and Z [ A is not a maximal ideal) the answer to ideal version of Saks question is
independent of ZFC for F, ideals and analytic P-ideals.

Proposition 5.3. Let T be an ideal on w. If v(Z) = ¢ then there exists a uniformly
bounded sequence (fn)new of real-valued functions defined on R such that for every
A €T" the subsequence (fn())nea is Z-convergent for less than ¢ many x € R.

Proof. Let R ={x, :a <c}and It = {A, : a < ¢}. We defined f, : R — R by

0 forneS,,
fn(xa)_{l for n € w\ Sa,

where S, € Z7 is a set that Z-splits the family {As : 8 < a} (there is one since
la| < (7).

Let A = Ag € I*. We will show that the subsequence (fy,(2q))nea is not
Z-convergent for every o > 8 and that will finish the proof.

Let > 3. Then {n € A: f(zq) =0} = AgNSe €It and {n € A: f,(za) =
1} = Ag\ Sa € ZT. Thus (fn(za))nea is not Z-convergent. O

Corollary 5.4. Assume CH. Let T be an F, ideal or analytic P-ideal on w. There
exists a uniformly bounded sequence (fy)necw of real-valued functions defined on R
such that {z : (fn(2))nea is Z-convergent} is countable for every A € T+.

Proof. Apply Proposition 5.3 and Proposition 3.1 or 4.1 respectively. ([l

Proposition 5.5. Let 7 be an ideal on w with BW property. Let f, : R — R
(n € w) be a uniformly bounded sequence of functions. Let X C R be such that
| X| < s(Z). There exists A € It such that (fn | X)nea is pointwise Z-convergent.

Proof. The proof is a slight modification of the proof of [14, Lemma 4]. We provide
it for the completeness.

Let |X| = k < s(Z). For every z,y € Rlet C¥ = {n € w: f,(z) < y}. Let
C={Cl:qeQuze X}. Since |C|] < s(Z), so there exists A € Z* such that
ANCeZor A\C €T for every C € C.

We claim that (f, [ X)neca is Z-convergent to the function f: X — R given by
fl)=inf{yeR:{ncA: f(z)<yleZIt}=inf{fycR: ANCY eIt}
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Let r€ X ande > 0. Let By={n€ A: f(z) < f(z) —e} and Bo={n € A:
ful@) > f(2) +<).

Since {n € A : |fu(z) — f(z)| > e} = B1 U Bo, so it is enough to show that
Bi,Bs €T.

Suppose that B; € Z+. Since AN CL™ ™ = B, € T+, so f(z) = inf{y € R :
ANCY eIt} < f(x) — e, a contradiction.

Suppose that By € ZT. Let ¢ € Q be such that f(z) < ¢ < f(z) + €. Since
By CA\CY, s0 A\CI ¢ Z. But CZ € C and C does not Z-split A4,s0 ANCI e T.
So f(z) =inf{y e R: ANCY € IT} > ¢, a contradiction. O

Remark. The assumption that Z has BW property is necessary in Proposition 5.5.
Indeed, let Z be an ideal without BW. By Theorem 2.3, §(Z) = w. If (fn)new is
the sequence defined above Proposition 5.3, and X = {0}, then |X| < s(Z) but
(fo I X)nea = (Tn)nea is not Z-convergent for any A € ZT.

Corollary 5.6. Assume MA and ~CH. LetZ be an F, ideal or analytic P-ideal with
BW property on w. For every uniformly bounded sequence (fn)new of real-valued
functions defined on R there exists A € IT such that the subsequence (fn(z))nea
is Z-convergent for uncountably many x € R.

Proof. Apply Proposition 5.5 and Theorems 3.2 and 4.3 respectively. O

Mazurkiewicz proved [22] that if one takes a uniformly bounded sequence of
continuous functions f, : R = R (n € w) then there always exists a perfect set
P C R and an infinite set A C w such that (f,(z))nca is convergent for every
x € P. (Since perfect sets are uncountable so his result yields a positive answer
to Saks question in the realm of continuous functions.) In [10] the authors proved
that ideal version of Mazurkiewicz’s result holds for F, ideals and analytic P-ideals
with BW property.

Mazurkiewicz’s result shows (taking into account that perfect sets are of cardi-
nality ¢) that for a uniformly bounded sequence of continuous functions ( f,,)ne. one
always finds an infinite A C w such that the subsequence (f,(x))neca is convergent
for ¢ many x € R. Of course, Sierpinski’s result shows that under CH there is a
uniformly bounded sequence (f,,)new such that there is no infinte A C w such that
(fn(2))nea is convergent for ¢ many = € R. Ciesielski and Pawlikowski [4] proved
that it is consistent with the axioms of ZFC that for every uniformly bounded se-
quence (fy)new of real-valued functions defined on R there exists an infinite A C w
such that the subsequence (f,(2))neca is convergent for ¢ many x € R. We do
not know if the result of Ciesielski and Pawlikowski can be generalized for ideal
convergence.

It is known (see e.g. [4] or [19]) that assuming MA for every uniformly bounded
sequence (fn)new Of real-valued functions defined on R and every |X| < ¢ there
exists an infinite A C w such that the subsequence (f,, [ X)nea is pointwise con-
vergent, and on the other hand, there exists a uniformly bounded sequence (fy,)new
of real-valued functions defined on R such that for every infinite A C w the subse-
quence (f,(x))nea is convergent for less than ¢ many = € R.

Corollary 5.7. Assume MA. Let Z be an F, ideal or analytic P-ideal with BW
property on w. For every uniformly bounded sequence (fn)new of real-valued func-
tions defined on R and every | X| < ¢ there exists A € I+ such that the subsequence
(fn T X)nea is pointwise T-convergent.
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Proof. Apply Proposition 5.5 and Theorems 3.2 or 4.3 respectively. O

Corollary 5.8. Assume MA. Let T be an F, ideal or analytic P-ideal on w. There
exists a uniformly bounded sequence (fy)necw of real-valued functions defined on R
such that for every A € I the subsequence (fn(z))neca is Z-convergent for less
than ¢ many x € R.

Proof. Apply Proposition 5.3 and Theorems 3.2 or 4.2 respectively. O
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