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ABSTRACT. We point out that Z,-convergence (where Z,, stands for the ideal
of uniform density zero sets) is not equivalent to the convergence on a set
from the dual filter. Moreover, we show that there are bounded sequences
which are not Z,,-convergent on any set with a positive uniform density, i.e. Z,,
does not have the Bolzano-Weierstrass property. We also study relationship
between the Bolzano-Weierstrass property and nonatomic submeasures. The
Borel complexity of the ideal Z,, is determined in the last section.

1. PRELIMINARIES

Anideal on N (by N we mean the set of all natural numbers) is a family Z C P (N)
(where P (N) denotes the power set of N) which is closed under taking subsets and
finite unions. We assume that all considered ideals are proper (# P (N)) and contain
all finite sets unless something opposite is explicitly said.

The cardinality of a set X is denoted by | X]|.

Let AC Nand n € N. Put

S$p(A) =min|[AN{m,m+1,...,m—+n—1},
meN

Sp(A) :ma§|Aﬂ{m,m—|—1,...,m—|—n—1}|.
me

It is known that the following limits exist

w(4) = tim ) 7(4) = Tim o2
n—00 n n—r00 n

They are called lower and upper uniform density of A. If u(A) = u(A), then
u(A) = u(A) =u(A) is called the uniform density of A. The family

Z.={ACN : w(A) =0}

forms an ideal which is called the ideal of uniform density zero sets.
Let Z be an ideal on N. We say that a sequence (x,,)nen of reals is Z-convergent
to x € R if

{neN : |z, —z|>e} el

for every € > 0.
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2. CORRECTION

Recall that an ideal Z is a P-ideal if for every sequence (Ay), oy of sets from 7
there is A € 7 such that A, \ A is finite for all n.

In [2, Theorem 3] authors say that a sequence & = (2, )nen i8 Z,-convergent to
z if and only if there exists a set K C N with «(K) = 1 such that the subsequence
(Zn)nex is convergent to x. By [9, Theorem 3.2] this is equivalent to the fact that
T, is a P-ideal. However, in [7, p. 299] it is shown that Z, is not a P-ideal (the
authors of [7] use the equivalent notion of the AP0 property of submeasure @.) So,
Theorem 3 from [2] is not true (we know that this fact was pointed out earlier by
several other mathematicians.)

In the next proposition we consider another property of Z-convergence which is
equivalent to the statement that Z is a P-ideal.

Proposition 1. An ideal T is a P-ideal if and only if for every sequence (xy)nen
which is T-convergent to x there exists a sequence (yn)nen convergent to x and a
sequence (zn)nen Z-convergent to 0, such that x, = y, + 2z, for alln € N and
{neN: z,#0} €T

Proof. («<). Take any sequence (,,)nen which is Z-convergent to x. There exists a
sequence (Y )nen convergent to x and a sequence (2, )nen Z-convergent to 0, such
that @, =y, + 2zp foralln e Nand {n €N : 2z, 40} €Z. Pt K ={neN :
zn, = 0}. Obviously N\ K € 7 and z,, = y, for all n € K. Then a subsequence
(zn)nek is convergent to x. Thus Z is a P-ideal (by [9, Theorem 3.2]).

(=). Take any sequence (2, )nen which is Z-convergent to z. By [9, Theorem 3.2]
there exists a set K C N such that N\ K € 7 and (z,,)nex is convergent to . Let
Yn = X, and 2z, =0 for n € K and y,, = x and z, = x,, — x for n ¢ K. Obviously
Tp =Yn+2p foralln e Nand {n eN : z, #0} =N\ K € Z. Moreover, (Yn)nen
is convergent to x and (2, )nen is Z-convergent to 0. O

3. BOLZANO-WEIERSTRASS PROPERTY AND NONATOMIC SUBMEASURES

We say that an ideal Z on N has:

(1) the Fin-BW property if for any bounded sequence (z,,)nen of reals there is
A ¢ T such that (z,)nea is convergent;

(2) the BW property if for any bounded sequence (x,, )nen of reals there is A ¢ 7
such that (x,)nea is Z-convergent.

In the first case we say that Z has the finite Bolzano-Weierstrass property, in
the second case we say that Z has the Bolzano- Weierstrass property. By the well-
known Bolzano-Weierstrass theorem the ideal Fin, of all finite sets, has the Fin-BW
property. Clearly every ideal which has the Fin-BW property has also the BW
property. For the discussion and applications of these properties see [6], where
both the BW and Fin-BW properties are examined.

By 2V (2<N] 2") we mean the set of all infinite sequences of zeros and ones
(the set of all finite sequences of zeros and ones, the set of all sequences of zeros
and ones of length n, respectively.) If s € 2™ and ¢ € N then by s "¢ we mean
the sequence of length n 4+ 1 which extends s by i. If z € 2Y¥ and n € N, then
z In=(x(0),z(1),...,z(n—1)).

In this section we will use the following characterizations of the BW and Fin-BW
properties.
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Proposition 2 ([6, Proposition 3.3]). An ideal Z has the BW property (the Fin-BW
property) if and only if for every family of sets { A, : s € 2<NY} fulfilling the following
conditions

(S1) Ap =N,
(82) As:As”OUAs”la
(83) As“OmAsAlz(m

there exist x € 2V and B C N, B & T such that B\ Az, € I (B\ Az is finite,
respectively) for all n.

An ideal 7 of subsets of naturals is called nonatomic if there exists a sequence
(Pn) of finite partitions of N such that each P, is refined by P, 11, and whenever
(4,) is a decreasing sequence with A, € P, for each n, and a set Z C N is such
that Z \ A,, is finite for each n, then Z € Z.

A function ¢ : P (N) — [0, 400) is called a submeasure if ¢() = 0, ¢ is monotone
(iie. AC B= ¢(A) < ¢(B)) and ¢ is subadditive (i.e. (AU B) < ¢(A) + ¢(B)).

A submeasure ¢ is called strongly nonatomic if for every € > 0 there exists a
finite partition Ay, ..., Ax of N such that ¢(4;) < ¢ for every i.

In [4] authors showed that the ideal Z (¢) = {A C N : ¢(A) = 0} is nonatomic
for every strongly nonatomic submeasure ¢. And they also showed that the converse
does not hold.

For more information on strongly nonatomic submeasure and nonatomic ideals

see e.g. [3], [4], [10], [L], [5)-

Proposition 3. An ideal T does not have the Fin-BW property <= it is
nonatomic.

Proof. (=). It is obvious by Proposition 2.

(«<). Let (Py) be a sequence of finite partitions of N which shows that Z is
nonatomic. Let P, = {P" : i < ky}.

Let U, ey Pn = {@n : 7 € N} be an enumeration such that if Q, = PF, Q,, = P},
and n < m, then either k£ <[, or k =1 and 7 < j.

Let Ay = N. Suppose that we have already defined sets A, for s € 2 for k < n.
For every s € 2™ we define As-g = AsNQ, and As~1 = A\ Q.

It is not difficult to see that the family {A; : s € 2<N} fulfills the conditions (S1),
(82), and (S3) of Proposition 2. On the other hand, there is no = € 2N and B C N,
B ¢ T such that B\ A, is finite for all n (for {4, : s € 2kt Tk}t P U {0} for
every n € N). Thus Z does not have the Fin-BW property (by Proposition 2). O

Theorem 4. If a submeasure ¢ is strongly nonatomic, then Z (¢) does not have
the BW property.

Proof. For every n € N we have a partition P, = {P] : i < kj,,} such that ¢(P]") <
% for every i,mn € N. We can assume that each P, is refined by P,41.

Let a family {A, : s € 2<} be defined as in the proof of Proposition 3. Then
this family fulfills the conditions (S1), (S2), and (S3) of Proposition 2.

Suppose that there is x € 2Y and B C N, B ¢ Z (¢) such that B\ A, € Z ()
for all n. Then

1
¢(B) < A(B N Axhottkn)) T OB\ Azphotthn)) < —+0
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for every n € N (for {A : s € 2kot+ka} P, U {0} for every n € N). Thus
¢(B) = 0, hence B € Z(¢), a contradiction. So Z (¢) does not have the BW
property (by Proposition 2). O

In [10] authors showed that % is a strongly nonatomic submeasure. Thus by
Theorem 4 we get the following corollary.

Corollary 5. The ideal Z,, does not have the BW property.

We cannot prove the converse of Theorem 4. Indeed, let ¢ be a submeasure
defined by ¢(A) = 0 if w(A) = 0 and ¢(A) = 1 otherwise. Then it is easy to see
that ¢ is not strongly nonatomic. On the other hand, Z (¢) = Z, and it does not
have the BW property (by Corollary 5).

Below, we show that for some subclass of submeasures Theorem 4 can be con-
versed.

A submeasure ¢ is called lower semi-continuous (or lsc, in short) if ¢(A4) =
lim, o0 (AN {0,1,...,n}) for every A C N. We say that ¢ is the limsup of Isc
submeasures if there is a sequence of lsc submeasures (¢, )nen, such that ¢(A) =
lim sup,,_, o ¢n(A) for every A C N.

Proposition 6. Let ¢ be the limsup of lsc submeasures such that Z (¢) contains
all finite sets. A submeasure ¢ is strongly nonatomic <= the ideal Z (¢) does not
have the BW property.

Proof. By Theorem 4 we only have to prove (<).

By Proposition 2 there is a family {A, : s € 2<N} fulfilling conditions (S1), (52),
and (S3) of Proposition 2 such that there is no z € 2% and B C N, B ¢ Z (¢) with
B\ Ay € Z(9) for all n.

We will show that for every € > 0 there is n € N with ¢(As) < ¢ for every s € 2"
(this means that ¢ is strongly nonatomic.)

For the sake of contradiction, suppose that there is € > 0 such that for every
n € N there is s, € 2" with ¢(A4,,) > e. Since A; D A; for s C t, using Konig
Lemma we can find z € 2V with ¢(A,p,) > € for every n € N.

Since ¢ is the lim sup of submeasures ¢,, and each ¢,, is Isc, we can construct a
sequence kg < k1 < ... of natural numbers and a sequence Fy, F1, ... of finite sets
such that F,, C Ay, and ¢y, (Fy,) > €.

Let F' = J, ey - Then ¢(F) = limsup,,_,  ¢n(F) > limsupy_,, ¢n, (F) >
€ > 0, hence F' ¢ Z (¢). On the other hand, F'\ Ay, C FoU---U F,,_q is finite
(hence in Z (¢)) for every n € N, a contradiction. O

Remark. Tt is not difficult to show that @ is the limsup of Isc submeasures.

4. BOREL CLASS OF Z,,

By identifying sets of naturals with their characteristic functions, we equip P (N)
with the Cantor-space topology, and therefore we can assign a topological complex-
ity to ideals of sets of integers.

In the proof of the next proposition we will use the ideal of asymptotic (statistical)
density zero sets

Ty= {A CN :limsupd,(4) = 0} )

n— oo

where d,,(A) = [AD{0. L, =1}

n
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Theorem 7. 7, is a proper Fys subset of P (N), i.e. Z,, € Fy5 \ Gso-
Proof. First we show that Z,, is F,s. By definition

Sn(A 1
T, = {A S P(N) S VeINVasN # < k}

- {AEP(N) VEINYns NV [AN{m,m+1,...,m+n—1}| < %}

Let Fynm={A€PN):[An{m,m+1,...,m+n—1} < %}. Then

Fynm = U {AePN): An{m,m+1,....m+n—-1} =1},
IEAk,n,m

where Agnm = {1 C{m,m+1,...,m+n—1}:[I| < 2}. Observe that Fy nm
is a finite union of basic clopen sets, therefore a closed set in P(N). Consequently,
Iu = ﬂk UN ﬂn>N ﬂm Fk,n,ma S0 Iu € FU‘S'

It is enough to show that Z,, is not Gs,. In [8] it was shown that Z; is not a G,
subset of P (N). Let us describe a continuous function f: P (N) — P (N) such that
f~Y(Z,) = Z;. This implies that Z, also cannot be a G5, subset of P (N).

Let Bpy = {i: 2" <i < 2" AK[i — 27 +1}. For A € P(N) let E,(A) =
[1/d,,(A)], where [r] denotes the integer part of r.

We define f: P (N) — P (N) by the following formula

o0

f(A) = U By E,(4)

n=0

Observe that the initial segment of f(A) is determined by the initial segment of A,
so the function f is continuous.

We show that f~!(Z,) = Z. Suppose that A € Z; and choose ¢ > 0. Since
lim;, o0 dp (A) = 0, we can find N such that E, (A) > é for each n > N. Hence for
n>N

Sp(f(A) < 2N £ ne 41,

This implies that lim,_, W < e. Hence f(A) € Z,,.
Suppose that A & Z,. Hence there exists ¢ such that d,,(A) > & for infinitely
many n. For each such n

S2"L+1(f(A)) > 2”50 —1.
Consequently, u(f(A)) > % and f(A) € Z... O

REFERENCES

1. Noga Alon, Lech Drewnowski, and Tomasz Luczak, Stable Kneser hypergraphs and ideals in
N with the Nikodym property, Proc. Amer. Math. Soc. 137 (2009), no. 2, 467-471.

2. Vladimir Bal4z and Tibor Salat, Uniform density u and corresponding I, -convergence, Math.
Commun. 11 (2006), no. 1, 1-7.

3. Lech Drewnowski and Tomasz Luczak, On nonatomic submeasures on N, Arch. Math. (Basel)
91 (2008), no. 1, 76-85.

, On nonatomic submeasures on N. II, J. Math. Anal. Appl. 347 (2008), no. 2, 442-449.

5. Lech Drewnowski and Pedro J. Paidl, The Nikodym property for ideals of sets defined by
matriz summability methods, Rev. R. Acad. Cienc. Exactas Fis. Nat. (Esp.) 94 (2000), no. 4,
485-503, Perspectives in mathematical analysis (Spanish).

6. Rafat Filipéw, Nikodem Mrozek, Ireneusz Rectaw, and Piotr Szuca, Ideal convergence of
bounded sequences, J. Symbolic Logic 72 (2007), no. 2, 501-512.




6

10.

PAWEL BARBARSKI, RAFAL FILIPO’W7 NIKODEM MROZEK, AND PIOTR SZUCA

. A. R. Freedman and J. J. Sember, Densities and summability, Pacific J. Math. 95 (1981),
no. 2, 293-305.

. Haseo Ki and Tom Linton, Normal numbers and subsets of N with given densities, Fund.
Math. 144 (1994), 163-179.

. Pavel Kostyrko, Tibor Salat, and Wiadystaw Wilczytiski, Z-convergence, Real Anal. Exchange

26 (2000/01), no. 2, 669-685.

Christopher E. Stuart and Paul Abraham, Generalizations of the Nikodym boundedness and

Vitali-Hahn-Saks theorems, J. Math. Anal. Appl. 300 (2004), no. 2, 351-361.

E-mail address: pbarbarski@mat.ug.edu.pl

E-mail address: rfilipow@mat.ug.edu.pl
URL: http://rfilipow.mat.ug.edu.pl/

E-mail address: nmrozek@mat .ug.edu.pl
E-mail address: pszuca@radix.com.pl

INSTITUTE OF MATHEMATICS, UNIVERSITY OF GDAKSK, UL. WITA STWOSZA 57, 80-952 GDANSK,

PoLAND



