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LClassic results
L Metric Hodge Theory

A metric g on an oriented manifold M of dimension n gives rise
to the isomorphisms
h: X*— QF
and
O X3 X ux0 e Q'

where 6 is a volume form associated with g. Their composition,
¢~ Q3 € 1,10 € Q77 is therefore an isomorphism,
usually denoted as .
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Using = we can define the codifferential

§: Qs (1) xdxe,
and the space of harmonic forms

H* = kerd Nker.
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The main result in the Hodge theory is the following
Theorem (Hodge)
On a compact manifold M there is an orthogonal decomposition

QK(M) = HE(M) & dQF—1 (M) & 60K+ (M).

In particular each cohomology class contains exactly one
harmonic representant.



Brylinski Conjecture for Orbifolds
L Classic results

L Symplectic Hodge Theory

Let now M be a symplectic manifold of dimension 2n with
symplectic structure w. Nondegeneracy of w gives the
isomorphism

bs: X' — QF

while the volume form v = “;—," gives the isomorphism
ds: X2 X xv e Q"

Again we compose them to obtain the symplectic star operator

*s§ = ¢sbg1§ = bl
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Again, we define the codifferential

bs: Qs (—1)F T sgdxs ¢
and the space of symplectically harmonic forms

Hs = kerd Nkerds.
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L Symplectic Hodge Theory

Due to w being nonsymetric, Hodge’s result doesn’t hold in
symplectic case. Still, Brylinski showed, that for compact
Kahler manifold, every cohomology class contains at least one
symplectically harmonic form, and conjectured that

Conjecture (Brylinski)
On compact symplectic manifold every cohomology class
contains at least one symplectically harmonic representant.
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L Symplectic Hodge Theory

Soon, Mathieu proved:

Theorem (Mathieu)

On any symplectic manifold (M, w), the following conditions are
equivalent:

1. every cohomology class contains symplectically harmonic
representant,

2. (M,w) satisfies Hard Lefschetz Property, ie.

Lk H'=K(MY — H™R (M)

is surfective.
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Idea of proof

Space Q*(M) admits a structure of s/(2)-module by the
representation

» Y L: QK56 wAg e Q2
> X s N QK5 € wslxs £ € QK2
» A H: QK3 ¢ (n— k)¢ € QF,
Definition
Form ¢ is called primitive iff A = 0.
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L Symplectic Hodge Theory

|dea of proof, continued

Primitive forms P*(M) c Q*(M) are important for two reasons.
1. Lefschetz decomposition

Q* (M) = P*(M) @ LP*(M) ® L*P*(M) @ ... .,

2. [d7 /\] == (53.
From the latter we see, that every closed, primitive form is

indeed harmonic. Together with the former it proves the
theorem.
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For an arbitrary pseudogroup of local diffeomorphisms I on a
manifold M, the '-invariant forms constitute a subcomplex

QF (M) c Q*(M). The key observation is that for I'-invariant
symplectic form w € Q2(M), the subcomplex Q(M) is an
sl(2)-submodule as well, and Mathieu’s Theorem translates to

Theorem
The following conditions are equivalent:

1. every I'-invariant cohomology class contains symplectically
harmonic representant,

2. ring Hf (M) satisfies Hard Lefschetz Property.
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» Let M be a manifold with foliation § and transversally
symplectic form w.

» Foliation § is described by a family of submersions
{pi: M > U; — V; c R?"}, and a Haefliger's cocycle
{hij: VinV; = V;n V;};; satistying f; = h; jf.

» If we now take the transverse manifold T = LJ;V; and the
pseudogroup I generated by Haefliger's cocycle, then
Q5(M, §) is chain isomorphic to QF(T).
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Now applying the “invariant Mathieu’s theorem” we obtain

Theorem
For the foliated, transversally symplectic manifold (M, §,w) the
following conditions are equivalent:

1. every basic cohomology class contains transversally
symplectic harmonic representant,

2. ring Hg(M) satisfies Hard Lefschetz Property.
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It is well known fact, that every orbifold X can be realised as a
space of leaves of a foliated manifold (M, §), and there is a
chain isomorphism Q*(X) = Qg(M, 3).

Now we can apply the foliated result to obtain

Theorem

On any symplectic orbifold X, the following conditions are
equivalent:

1. every cohomology class contains symplectically harmonic
representant,

2. X satisfies Hard Lefschetz Property.
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Let us now consider orientable foliated manifold (M, §) with any
metric g and transversally symplectic form w. We can mix b
along the leaves and b transversally into isomorphism

bm = X* 3 X = (X)) +bs(X') € Q.

Volume form v A 6 induces an isomorphism ¢, and again we
obtain a star operator «m, = ¢mbm' Q* (M) — QPFT2n=*(M).
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» This operator was considered by Pak, who studied the

Mathieu’s type theorem on basic forms for transversally
symplectic flows.

» He stated that the theorem holds with additional, geometric
condition on the flow - tensness.
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To obtain a similar result for a foliation of arbitrary dimension,
we have to ensure that [d,A] = +6n

It can be checked that on basic forms [d, A] = s and

Omé = (= 1)PED(Ss€ + 1,-1(,,€), Where « is the mean curvature
form of §.

The proof will follow for foliations with vanishing mean
curvature, i.e. the taut foliations.
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For the special case of Riemannian foliations on compact
manifolds, a number of results concerning mean curvature form
have been obtained. In particular:

Ton. tense foliation = (tautness < minimalizability of leaves),
Dom. Riemannian foliation on compact manifold is tense,
Masa minimalizability < HXY™S(M, F) # 0.



Brylinski Conjecture for Orbifolds
L Further Problems

Recently, Yau and Tseng introduced a new approach to
symplectic Hodge theory. Their new cohomology has a number
of interesting properties: it admits Lefschetz decomposition,
each class has unique harmonic representative, and therefore
may be better suited for study of symplectic manifolds. It might
be interesting to check, whether this cohomology may be
foliated preserving those properties.
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