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Abstract

We consider invariants and differential invariants of Lie group of symmetry of nonlinear
Schrodinger equation and Lie group of equivalence transformations of Riccati equations.
We use the Tresse theorem in order to construct functional basis of differential invariants for
studied Lie groups. By using founded basic invariants we propose some criteria of integrability
of Riccati equations and study some group-theoretical properties of nonlinear Schrédinger
equation.

1 Basic notions and definitions

We use the notation z = (z1,2s,...,2,) € V C R™,

u denotes a function u(xy,...,x,) : V — R,

u,, denotes the partial derivative

oz’

u denotes the set of all partial derivatives of the order k of a function u,
D, denotes the operator of the total differentiation over z;.

G denotes a Lie group of transformations depending on (x, u),

X = &9, +nd, denotes infinitesimal generator in the Lie algebra of G,
X denotes the extension of the m - th order of X to the space

(1, T9, ...ty u, Uyl ooy u ) and define it by the formula
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where ("% are the following

i k k
CZl = Di1,-..,ip (TI - u$k£ ) + uzil"“’$ip’$ik§ ’

Definition 1.1. Let G be a given Lie group of transformations, x € V C R", u:V — R.
A function F(x,u) is called an invariant of the group G, iff

vcpEG F(SO(‘T’U)) = F(x,u)

Definition 1.2. A function F(z,u,u,...,u) is called a differential invariant (of the m-th order)

of G iff

Veea F(p(@uu, .. u))=Fluuy, .. u)

Definition 1.3. Let G be a Lie group of transformations depending on (z,u). We denote by G
the extension of the group G to the space (z, Uy U, .y U ).

m

The general (or universal) differential invariant of the m-th order is the set of all differential
invariants from the order zero to the order m inclusive,

A maximal set of functionally independent invariants of the order r < m of a Lie group G is called
a functional basis of the m~th order differential invariants of G,

Q is called an operator of the invariant differentiation, if for any differential invariant F
of the group G the expression QF is also the differential invariant of the group G.

T =mxcosa—ysina
Example 1.1. The group of rotations in R3: { 7 = xsina + ycosa
u=1u
with infinitesimal generator X = —y0, + 0,.
Invariants of the order zero satisfy the equation Xw = 0 and they are

2 2
Wor = U, Wo2 =T~ + Y

First order invariants are
2 2
Wil = Uy + Uy, Wiz = TUg + YUy

The second order basic invariants are
2 2
Wal = TUyUyy — Ylglpe + (TUz — YUy )Upy, Wz = Uplgy + Uy Uyy + 2UglyUgy,
Woz = Ugy + Ugyy

Example 1.2. The Lorentz group in (z,y,u) € R® with the generator X = y0, + x0,.
Invariants of the order zero have the form

First order basic invariants are



2 The Tresse theorem

In the theory of differential invariants of Lie group the most important role plays the following
theorem.

Theorem 2.1. (Tresse, 1894)

For a given r—dimensional Lie group of transformations G (r < +00), depending on variables
(r,u), €V CR" u:V — R there exists a finite basis of functionally independent invariants
and exist operators of the invariant differentiation ) such that an arbitrary fixed order invariant
of G can be obtained in a finite number of invariant differentiations and functional operations on
invariants from the basis.

Lemma 2.1. Let A be the Lie algebra of the Lie group G from the Tresse theorem, operators X, =
E (z,u)0y, + 1, (2,u)0, for v =1,...,1 be the generators of A and &' (x,u) = &1, ... &), n(x,y) =
[7717 B3 nr]T

Then the properties of the functional basis from the Tresse theorem are the following

1) This finite basis of invariants is included in the general differential invariant of the minimal
order s > 1 such that

r =rank |£(z,u),n(z,u), " (z,u, y),...,{il""’is—l(w,u,...,u )] :

s—1

2) Operators of the invariant differentiation are defined by

S

Q= )\k(CC,’LL,’llL, ey U) Dy,

where X\ satisfies the condition

XX =D, (€).

3) If a group G acts in the space of n independent and k dependent variables, then the number of
elements in a functional basis of the m~—th order is given by the formula

R(m) =n+k- (”“”) s

n

where 1, is a rank of the matrix of coefficients of the m~—th extension of operators X,,.

4) If all invariants of the order s can be obtained from invariants of the order s — 1 by a finite
number of invariant differentiation and functional operations then the basis of invariants from the
Tresse theorem is included in the general invariant of the order s — 1. Analogical property holds
for the invariants of lower orders.

5) The basis of differential invariants from the Tresse theorem of a Lie group G with the operators
of invariant differentiation uniquely define G.

T =xcosa—ysina
Example 2.1. Consider the group of rotations in R®: { 7 = xsina +ycosa ,
u=u
with infinitesimal generator X = —y0, + x0,.

Operators of invariant differentiation have the form

1 = uy Dy +uy Dy, Q2= —uyD, +u,D,.



Invariants of the order zero satisfy the equation Xw = 0 and they are
wor = U, wez = x° + 3>

g(: —Y0, + 20y — uyOy, + U0y,

The basis of a general invariant of the first order consists of four elements

1
u, ¥+, ul+ UZQ, = Q1(wor), Tuy + yu, = 5@1(6002)

3 Differential invariants connected with the nonlinear
Schrodinger equation

Consider the NSE of the form

where # € R! and W is an arbitrary smooth function.
It admits the four-dimensional, solvable Lie algebra of symmetry with generators of the form

7
X1 — 8t, X2 — ax, X3 — wﬁw - w*ﬁw, X4 == tax + §$(lp8w - w*aw*)
The commutation relations are as follows

(X1, X0 =0, [X1,X3]=0, [X1,X4]=2X,, [Xs X3=0,

)
(X2, Xy = §X3> (X3, Xy] = 0.

The invariant of the order zero is wy = ¥* = ||
The first order invariants are

* 2 * *\ 2

Note that w;, i =0,1,2,3 are functionally independent (over R) and form the maximal system
of the first order invariants of this algebra.

One can easily seen that general second order differential invariant of this Lie algebra have 10
generators and among these we have w; for ¢+ =0,1,2, 3.

We find the invariant differentiation operators ()1, Q2 and show that w;, i =0,1,2,3 and Q1, Q-
suffice to express all second order invariants.

According to Tresse theorem from equation
XX=\D,, (&)

for X, X5 we obtain that A not depend on ¢,xz. For X3, X; we have

AL AL AL AL AL 0
P * p* P * Py * Vi
. — . + . _|_ z — . — - . — ,
v [)\TQP] g [)\%ﬁ*] v v L@j v [)\?ﬁf] g [)\12/’1] [O]
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5:51/1' z2 — wa : z2. + (§x1/1t - wm) : + (éw + szbx) : x, —
Z’ * *

)‘3&:] N (£¢*+jx¢*> , [)‘zlz)] _ [O] .
Ao 202 2 IR
Solving this system we obtain

)\1 0 /\1 ¢¢*
= V = .
b I Y s

Hence the invariant differentiation operators are in the form

Note that the coefficients of the invariant differentiation operators are real and all basic second
order differential invariants one can obtain from the first order ones by invariant differentiation.

Wij = Qi(wj), 1= ].,2, ] = 1,2,3.

3.1 Construction of NSE using differential invariants

Consider a new invariants wy, €2

wy = — — ==, D=1 -wy+wy=1i—+ )
Yo Y2 Yo
Now we take invariant equation
0= F(u)()),

where F' is an arbitrary function. Hence

.wt z/):mc 2

1— + = F(]¥]7).

Y (1417

Now multiplying by v and putting F'(|1|*) = —W (|¢|) we obtain the studied nonlinear Schrodinger
equation i)y + Yy, + W(|¢|) - ¢ = 0.

3.2 Nonlinear Schrodinger equation - special case

Consider the NSE of the form

It admits the five-dimensional, solvable Lie algebra of point symmetry

Xl = ata X2 = axa X3 = ¢aw - w*ad)*?
X, = td, + %x(waw — P Oye), X5 = 20, + 10y — 1h0y — 1Dy
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where ¢* is the complex conjugation of ¢ and y* = |1)|?.

Further we calculate cardinal number of functional basis and differential invariants for this Lie
algebra.

2+0 2+1

R(O):2+2.( ; >—4=o, R(l):2+2-< ) )—5:3, R(2) =9

_ e W :m_(m»2 :w:.<@y
ST TR T e\l BT pe T ol

Wy = |¢|2¢2 <w:m"w ?ﬂ ) wz = w_47

¢tmw — ¢xwt 2(¢¢; _ %W) <wmz 1/}2) o =T
) 5 — Wh,

R ] TR

we = leﬁ[W*Dt< ) iy — Yat") Do(Q)], wg =W
where (= % — <%> .
Operators of invariant differentiation are
1 (Y — Path)
= —Dq, D,
T

and it appears that all second order differential invariants can be obtained from the first order
ones.
We have the invariant form of the studied NSE

iWQ+W4+1:O

g (Ve — 7)) +

. ¢t ¢x
ﬁww*(ww) |w%2

4 Differential invariants of equivalence transformations of
Riccati equations and their applications

Let us consider the family of general Riccati equations, described by three arbitrary functions
a(x),b(x), c(x) in the form

y = a(z)y® +b(x)y + c(x)
Equivalence transformation of the family of general Riccati equations is a nonsingular change of
variables

xr = Oé(l’,y>> g: ﬁ(x,y),

preserving the set

Qr ={y =alz)y” + b(x)y + c(z) : y,a,b,c: R — R},



i.e. carrying every equation ' = a(z)y? + b(x)y + c(x) from Q to equation
§'=a@y’ +b(@)j + @),
where functions 6,5, ¢ may be different from a, b, c.

We use the infinitesimal technique of finding the Lie algebra of Lie group Gg of equivalence
transformations of Riccati equations. Treating a, b, ¢ as new dependent variables we are searching
for the symmetry operators

X = &(2,9)0, +n(x,9)0, + p' (2, y,a,b,¢)04 + p*(2,y, a,b,c)Op+

+/L3<Z', Y, a, ba C)ac

of the system of equations

v =ay*+by+c

Oa 0b Oc
P, Lo, Lo
oy T Oy " Oy

Theorem 4.1. The Lie algebra A of Lie group Gg is generated by the operators

X = A(z)0, + (B(z)y* — C(z)y + D(x))0,+
)

+((C(m) — A'(z))a+ B(x)b+ B'(x )8a—|—
+(2B(z)c — 2D(x )a—A’ IQU)) b+
+(D'(z) = D(2)b — (A'(x (x))c) 0.,

where A(z), B(z),C(x), D(x) are arbitrary smooth functions.

By integrating Lie equations for each operator we obtain the group transformations
for A(x)

Xa=A0,—A'ad, — A'b9, — A'cd.

Equivalence group transformations are in the form

where A(s) = / Aci‘;.

for B(x)

Xp = By*0, + (Bb+ B')9, + 2Bc 9,

T

y

X

1 —eB(x)y



for C'(z)

Xo=-Cyd,+Cad, — C'0y— Cco,

I=ux
g —q . 6_5'0(7:)

Xp = Do, — 2Dad, + (D' — Db)d,

for D(x)

{§=y+€-D($)

4.1 Basic invariants of equivalence transformations of Riccati equa-

tions

Invariants of whole group Gr do not exist, therefore we find basic invariants for some subgroups

of G R-
In particular for subgroups generated by operators X4, Xg, X¢, Xp.

Basis of Basic differential invariants Invariant
subalgebra with y ‘ with a,b, c different.
b 1
XA Y ! E _Daz
a a , a
b 1 1
Xp 24z ¢, 2ac— =b* — i + b D,
2¢c y 2 c
7
Xc ay ac, 4 +b D,
a
b 1 !
Xp -+ 2y a, 2ac — b + 4 — b D,
a 2 a
b 1 20 b>  bc—bc’ 1
X4, X 24z oy _remue D,
(X Xp) 20+y c +202 c3 c
2 ! !/
ay 1 a ¢ 1
X4, X, — —_— | —— —+2b D,
(Xa, Xc) c V/ac| (a c * ) V/|ac|
b c b? ba — bd 1
X4, X L) pf _ 2 2870 =D,
( A, D) a + Yy a 2@2 + CL3 a
2 !/ " 12 b /
(X, Xe) | =4+b—= |0 —dac+20 —2— +35- —2°— | D,
Yy c c c c
/ " 712 b !/
(Xe, Xp) || 20y + b6+ 2 | 02 —dac—2v — 2% 132 41222 | D,
a a a? a

4.2 Applications of differential invariants of subgroups of G

We construct criteria of equivalence (necessary condition).



Theorem 4.2. (I.Tsyfra) Let wy,wo,...,w,, where w; = wi(z,a,b,a’ ¥, ....a® b®)) for k € N,
are differential invariants of Lie group generated by operator X .

Assume that Riccati equation with a = a1(x),b = by(z),c = c1(x) can be transformed by some
change of variables from Gr in Riccati equation with a = as(x),b = by(x),c = co(x) and let

a=ay (@) = A = const.
b=b1 (x)
c=cy (=)

H(wy,wo, ...y wy)

for some smooth function H.
Then

a=ag(z) — )\
b=b (z)
c=co(x)

H(wy,wa, ..., wy)

Example 4.1. We investigate the equivalence of the following equations iy = y? — 222y + z* +
20 +4, 2 =3t22% — 6t%2 + 3t + 665 + 12¢2

We test invariants of successive subgroups of equivalence transformations, starting from trans-
formations with one arbitrary function. Because a,c, ac change, then it is not transformation,
generated by Xg, X¢, Xp. Further we study invariants of X4 and corresponding function H for

the first equation.

by C1
wuz—:—QIQ, wip = — =zt + 2 + 4.
45] ay

They depend on x, hence we calculate function H. We have

2

w11 w11 w11
=4/ |— d = — 4+ 24/|—| +4.
x ‘ — and Wiz 1 + 5 +
The corresponding function H is
H(wi1,w12) = wia — w—%l o | = 4
11, W12 12 1 5 .
Now the second equation yields
b
Wo1 = —2 = —2t6, Woo = C—2 = t12 + 2t3 + 4
a9 a9
We calculate
Wi w21 12 3 12
H((UQ17W22):CU22—T_2 — | =t +2t +4—t —2\/t_6:4

We obtain equality for the basic invariants, then using Lemma p.5 we state that these equations
are equivalent.
Moreover we can find the change of variables that carries one equation to another using invariant

depending on x.

W11

—2

Wa1
-2

= 13,




Example 4.2. Let consider two following equations

2 o
, 9 9 , z z Int 9
- 1 = — 1+1In"¢
Yy vy +at+1, oz t—lt+2t1t+ t(+ )

As above, we check all basic invariants and corresponding function H. We obtain that for (X4, Xc¢)
they are the same. Indeed

wiz = Qwn) = \/|a11—cl|D$(wu) (29;:_1;37
H (w1, w12) 2wty —4¢ 2 = —4,
Wi — W12 Wi — W12
! / _
T ml—i <_ “ut 2b2) e +12r112rlt§3/2’
wop = Q(wa1) = \/ﬁpz(wm) %7

2w
)
H <w217 W22)
- w22 - w22

Further we find the equivalence tmnsformatzons, using invariants with x,y

= —— =1In’t,
Wiy —

aly CLQZ

e y =
C1 Co \/m

x=Int
The change of variables { _ 7 18 the sought equivalence transformation.
y _
Vint
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