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oL
Euclidean and affine maps in R”

@ E(n) =Iso(R") = O(n) x R™ —the group of isometries of the
Euclidean space R™.
@ A(n) = Aff(R™) = GL,(R) x R™ —the group of affine maps of R".

Remark
Q E(n) C A(n).
Q A(n)={(4,a) | A€ GL(n,R),a € R"} and

V(4,0),(Bb)eAmn) (4, a)(B,b) = (AB, Ab + a).
© The action of the group A(n) (E(n)) on R™:

Y(A,0)cAm)Vzern (4, 0) - 2 = Az + a.
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oL
Euclidean and affine maps in R”

Remark
Q E(n) C A(n).
Q A(n) ={(4,a) | A € GL(n,R),a € R"} and

V(A,a),(B,b)eA(n) (A, CL)(B, b) = (AB, Ab + CL).
© The action of the group A(n) (E(n)) on R™:

Via,a)eam) Vocrn (4, a) -z = Az + a.

Lemma
There is a faithful representation A(n) — GL,+1(R) given by

A a
V(A,a)EA(n) (Ava) = |:0 1:| :
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Bieberbach groups
Crystallographic and Bieberbach groups

Definition

A group T is an n-dimensional crystallographic group if it is a discrete
and cocompact subgroup of E(n). If in addition I' is torsionfree then
we call it a Bieberbach group.
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Bieberbach groups
Crystallographic and Bieberbach groups

Definition

A group T is an n-dimensional crystallographic group if it is a discrete
and cocompact subgroup of E(n). If in addition I' is torsionfree then
we call it a Bieberbach group.

Remark
If ' € E(n) is a Bieberbach group then X = R" /T is a flat manifold
and m (X) =T.
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Bieberbach groups
Two dimensional flat manifolds

Torus Klein bottle
1
F1:<(1561)7(1762)> F2:<(|:é _01:| 7|:8:|)7(I762)>
R2/T : R2/Ts :
Y
A A A
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Bieberbach groups
Bieberbach theorems

Theorem (Bieberbach 1911, 1912)

@ LetT C E(n) be an n-dimensional crystallographic group. The
subgroup T' N (1 x R™) of pure translations of T is free abelian
group of rank n. Moreover it is maximal abelian normal subgroup
of T of finite index.
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Bieberbach theorems

Theorem (Bieberbach 1911, 1912)

@ LetT C E(n) be an n-dimensional crystallographic group. The
subgroup T' N (1 x R™) of pure translations of T is free abelian

group of rank n. Moreover it is maximal abelian normal subgroup
of " of finite index.

© Forevery n € N there are a finite number of isomorphism classes
of crystallogrpahic groups of dimension n.
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Bieberbach groups
Bieberbach theorems

Theorem (Bieberbach 1911, 1912)

@ LetT C E(n) be an n-dimensional crystallographic group. The
subgroup T' N (1 x R™) of pure translations of T is free abelian
group of rank n. Moreover it is maximal abelian normal subgroup
of T of finite index.

© Forevery n € N there are a finite number of isomorphism classes
of crystallogrpahic groups of dimension n.

© Two crystallographic groups of dimension n are isomorphic if and
only if they are conjugate in the group A(n).
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Bieberbach groups
Structure of Bieberbach groups

LetT' C E(n) be a Bieberbach group and X = R"/T..
@ T fits into a short exact sequence

0—72"——>T-5G—1.

@ G —finite group — holonomy group of T" (of X).
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Bieberbach groups
Structure of Bieberbach groups

LetT' C E(n) be a Bieberbach group and X = R"/T..
@ T fits into a short exact sequence

0—72"——>T-5G—1.

@ G —finite group — holonomy group of T" (of X).
@ We get a holonomy representation ¢: G — GL,,(Z):

V.ezncrVgea pg(2) = 929 ",

where 7(g) = g.
@ ¢ is R-equivalent to the holonomy representation of X.
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Hantzsche-Wendt groups
Classical Hantzsche-Wendt manifold

R B s

(e NI NI
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Classical Hantzsche-Wendt manifold

100% -1 0 07 Jo
F—<0—10,§,010,%>CE(3)
0 0 —1| [0 0 0 -1] |3
: Y \

? Y
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Hantzsche-Wendt groups
Classical Hantzsche-Wendt manifold

1 0 0 % -1 0 0 0
r—< 0 -1 01,|3]]. o 1 0]/, % >CE(3)
0 0 1| |0 0 0 -1] |3
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Classical Hantzsche-Wendt manifold
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Hantzsche-Wendt groups
Classical Hantzsche-Wendt manifold
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Hantzsche-Wendt groups
Classical Hantzsche-Wendt manifold

1 0 0 % -1 0 0 0
F—< 0 -1 01,|3]]. o 1 0]/, % >CE(3)
0 0 1| |0 0 0 -1] |3

v

: Y

A

A A

................ )
M Yy
N 17
Y
IRttt St ) ................
aw

Rafat Lutowski (University of Gdansk) | Irreducible euclidean reps of the Fibonacci groups



Hantzsche-Wendt groups
Classical Hantzsche-Wendt manifold
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Classical Hantzsche-Wendt manifold

100% -1 0 07 Jo
F—<0—10,§,010,%>CE(3)
0 0 —1| [0 0 0 -1] |3
: Y \

? Y
— 5

A

,:« A

Rafat Lutowski (University of Gdansk) | Irreducible euclidean reps of the Fibonacci groups

7/1



Hantzsche-Wendt groups
Hantzsche-Wendt manifolds and groups

Definition
Letn € Nbe odd. LetI' C E(n) be a Bieberbach group with holonomy
group G and holonomy representation ¢: G — GL,(Z). If

G = (Zy)" ' and ¢(G) C SL,(Z)

then T is called a Hantzsche-Wendt group (HW-group) and X = R"/T’
— a Hantzsche-Wendt manifold (HW-manifold).
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Hantzsche-Wendt groups
Structure of HW-groups

Theorem (Rosetti, Szczepanski 2005)
Letn € N be odd. LetT be an n dimensional HW-group. Then

r= <(Bz,bz) ’ 1= 1,...,7’L> - E(n),
where
B; = diag(—1,...,-1,1,—1,...,-1)
1—1
andb; € 3Z" fori=1,...,n.
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Hantzsche-Wendt groups
Structure of HW-groups

Theorem (Rosetti, Szczepanski 2005)
Letn € N be odd. LetT" be ann dimensional HW-group. Then

r= <(Bl,bz) ’i: 1,...,7’L> CE(n),

where
B; = diag(—1,...,-1,1,—1,...,—1)
N’
i—1

andb; € 3Z" fori=1,...,n.

Remark

The group ((B;,b;) | i =1,...,n) is a Bieberbach group, hence it is a
HW-group.
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Hantzsche-Wendt groups
Encoding HW-groups

e I' ¢ E(n) — HW-group.
@ ' ((By,b)|i=1,...,n).

Corollary
Up to isomorphism every HW-group is defined by a matrix

[br ... bn] € My(3Z).
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Fibonac groups
Fibonacci groups

Definition
Let ,n € N. The Fibonacci group F(r,n) is a group with presentation

F(r,n) = {(ag,a1,...,an-1 | apay ...ar—1 = a,

aiag ...0ar = Ar41,

Ap—100 - .. Qp—2 = Qp_1).
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Fibonac groups
Fibonacci groups

Definition
Let ,n € N. The Fibonacci group F(r,n) is a group with presentation

F(r,n) = {(ag,a1,...,an-1 | apay ...ar—1 = a,

aiag ...0ar = Ar41,

Ap—100 - .. Qp—2 = Qp_1).

Global assumption
The subscripts will always be taken modulo 7.
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Fibonac groups
Fibonacci groups in geometry

Proposition
Let X be the 3 dimensional HW-manifold. Then

m1(X) = F(2,6).
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Fibonac groups
Fibonacci groups in geometry

Proposition
Let X be the 3 dimensional HW-manifold. Then

m1(X) = F(2,6).

Theorem (Helling, Kim, Mennicke 1998)
Forn > 4 there exists a closed hyperbolic manifold X such that

m(X) = F(2,2n).
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Fibonac groups
Fibonacci groups in geometry

Proposition
Let X be the 3 dimensional HW-manifold. Then

m1(X) = F(2,6).

Theorem (Helling, Kim, Mennicke 1998)
Forn > 4 there exists a closed hyperbolic manifold X such that

m(X) = F(2,2n).

Theorem (Szczepanski, Vesnin 2000)

For odd n € N the Fibonacci group F'(2,n) cannot be a fundamental
group of any hyperbolic manifold of finite volume.
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Fibonac groups
Fibonacci and Hantzsche-Wendt groups

Theorem (Szczepanski 2001)

Letn € N beodd, n > 3. LetT' C E(n) be a HW-group defined by the
matrix

B 0 0 1
2 0
0 1 0 0
0 0 00
IR

Then there exists an epimorphism

®: F(n—1,2n) —» T
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Fibonac groups
Cyclic HW-groups

LetT' C E(n) be as in the previous theorem.
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Fibonac groups
Cyclic HW-groups

LetT' C E(n) be as in the previous theorem.
@ T is "cyclic" because of the form of the matrix which defines it.
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Fibonac groups
Cyclic HW-groups

LetT' C E(n) be as in the previous theorem.
@ T is "cyclic" because of the form of the matrix which defines it.

@ I is "cyclic" because it has generators which behave exactly as
the generators of some Fibonacci group.
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Fibonac groups
Cyclic HW-groups

LetT' C E(n) be as in the previous theorem.
@ T is "cyclic" because of the form of the matrix which defines it.
@ I is "cyclic" because it has generators which behave exactly as
the generators of some Fibonacci group.
Question
Is every HW-group cyclic in the second sense?
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Fibonac groups
Cyclic HW-groups

LetT' C E(n) be as in the previous theorem.
@ T is "cyclic" because of the form of the matrix which defines it.

@ I is "cyclic" because it has generators which behave exactly as
the generators of some Fibonacci group.

Question
Is every HW-group cyclic in the second sense?

More precisely:
Question
Is every HW-group an epimorphic image of some Fibonacci group?
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Euclidean representations of the Fibonacci groups Irreducible euclidean representations

Euclidean representation

Definition

An euclidean representation of a group G is any homomorphism
¢: G — E(n) forsome n € N.
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Ireducible euclidean representations
Euclidean representation

Definition

An euclidean representation of a group G is any homomorphism
¢: G — E(n) forsome n € N.

Example
Let I' be an n-dimensional cyclic HW-group. Then

®: F(n—1,2n) - T C E(n)

is an euclidean representation of the Fibonacci group F'(n — 1,2n).
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Irreducible euclidean representations
Decomposability and irreducibility

Example

Let G = (a,b | [a,b] = 1) be a free abelian group of rank 2. Let

v1,92: G — E(1) be euclidean representations of the group G defined
by

<)Dl(a) = (17 1)7 Sol(b) = (170)7
@2(“) = (170)7 Sol(b) = (17 1)
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Irreducible euclidean representations
Decomposability and irreducibility

Example

Let G = (a,b | [a,b] = 1) be a free abelian group of rank 2. Let

v1,92: G — E(1) be euclidean representations of the group G defined
by

<)Dl(a) = (17 1)7 Sol(b) = (170)7
<)02(a) = (170)a Sol(b) = (17 1)

We get an euclidean representation ¢; @ p2: G — E(2):

solem(a):([é ?H(l)]) 901@902((’):([(1) ﬂm)
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Irreducible euclidean representations
Decomposability and irreducibility

Example

Let G = (a,b | [a,b] = 1) be a free abelian group of rank 2. Let
v1,92: G — E(1) be euclidean representations of the group G defined
by

(,01(61) = (17 1)7 Sol(b) = (170)7
@2(“) = (170)3 Spl(b) = (17 1)

We get an euclidean representation p; @ po: G — E(2):

90169902(@:([(1) 2“3]) 901@902“’):([(1) ﬂm)

The above action of G on V =R @ R is defined as a direct sum, but VV
does not have proper invariant subspace under this action!
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Irreducible euclidean representations
Decomposition of euclidean representations

@ nelN.

@ 7: E(n) — O(n) —given by n(B,b) = B, (B,b) € E(n).
@ ¢: G — E(n) — euclidean representation of a group G.
@ R"=V1®...dV, —decomposition of mp: G — O(n).
@ p;: R" — V; —projections, i = 1,...,n.
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Irreducible euclidean representations
Decomposition of euclidean representations

@ nelN.

@ 7: E(n) — O(n) —given by n(B,b) = B, (B,b) € E(n).
@ ¢: G — E(n) — euclidean representation of a group G.
@ R"=V1®...dV, —decomposition of mp: G — O(n).
@ p;: R" — V; —projections, i = 1,...,n.

Proposition
We have
o=V .. . ®e"

where for every 1 < i < n, 9 : G — Iso(V;) is given by

Voer 00 (0) = (A, pi(a))v = Av + pi(a),

where g € G and (A, a) = pq.
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Irreducible euclidean representations
Decomposition of euclidean representations

@ neN.

@ m: E(n) — O(n) —given by n(B,b) = B, (B,b) € E(n).
@ ¢: G — E(n)—euclidean representation of a group G.
e R"=V®...®V,—decomposition of mp: G — O(n).
@ p;: R" — V; —projections, i =1,...,n.

o gp:go(l)@...@go(k).

Remark

If G =T C E(n) is a crystallographic group, ¢ = idr, then 7¢(T") is a
finite group, hence the decomposition

R'=V1®...5V;

can be made in such a way that V; is irreducible, fori =1,... k.
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Euclidean representations of the Fibonacci groups Irreducible euclidean representations

Decomposition of HW-groups

Corollary

Letn € N be odd. LetT C E(n) be an n-dimensional HW-group
defined b_y a matrix [bij]lgi,jgn- Then

idr = go(l) D...H go("),

where homomorphisms ¢\ : T' — E(1) are given by

Vici<n ¢9 (B}, b;) = <(—1)5”+17 bij) :
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Ireducible euclidean representations
Decomposition of HW-groups

idr = oM @ ... @™

-1 b

L 4 L %ng

(=Lb1) @ @ (=1,0-15) © (1,055) ® (=1, bj115) D .. (=1, bn)
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Ireducible euclidean representations
Decomposition of HW-groups

idr = oM @ ... @™

-1 [ b1 ]

(—=1,b15)
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Ireducible euclidean representations
Decomposition of HW-groups

idr = oM @ ... @™

-1 bj—1,

(=1,bj-1,5)
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Ireducible euclidean representations
Decomposition of HW-groups

idr = oM @ ... @™

1 | by

(]‘7 b]?])
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Ireducible euclidean representations
Decomposition of HW-groups

idr = oM @ ... @™

-1 bjt1

(=1,bj+1,5)
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Ireducible euclidean representations
Decomposition of HW-groups

idr = oM @ ... @™

L 4 L %ng

(_1’ bn,j)
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Ireducible euclidean representations
Decomposition of HW-groups

idr = oM @ ... @™

-1 b

L 4 L %ng

(=Lb1) @ @ (=1,0-15) © (1,055) ® (=1, bj115) D .. (=1, bn)
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Sl 2 s
Shift automorphism

Lemma

Letr,n € N. Let F(r,n) be the Fibonacci group. Then the
homomorphism o : F(r,n) — F(r,n) defined by

Vo<i<n—1 0(a;) = a;—1

is an automorphism of F(r,n).

Remark
Let’s call o the left shift automorphism of F'(r,n).
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

One dimensional euclidean representations

Theorem
Letn e Nbeodd. Letl' = (C; |i=0,...,n—2) C E(1), where
Co=(1,c),C1 = (—1,¢1),...,Cpna = (—1,cpn_2)
andc; € R fori =0,...,n— 2. Then there exists an epimorphism
p: F(n—1,2n) - T

such that
p(a;) = C;

fori =0,...,n—2anday,...,as, are the "cyclic" generators of
F(n—1,2n).
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Proof

We will show that the sequence (C;) of elements of T, defined
recursively by

Vizn-1Ci = Ci—n41Ci—nt2... Ci1

is periodic with period 2n. For this to prove it is enough to show that

Cop = Cp, Copg1 = C1, ..., C3p—2 = Cp_a.

Rafat Lutowski (University of Gdansk)
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Proof

We will show that the sequence (C;) of elements of T, defined
recursively by

Vizn-1Ci = Ci—n41Ci—nt2... Ci1
is periodic with period 2n. For this to prove it is enough to show that
Con = Co, C2py1 = C1,...,C3p2 = Cpy 2.
Note that for i > n — 1 we have
Ci =Ci—nt1Ci—n42...Ci—1
=0 (CimnCipi1Cinta . .. Cim2)Cig = Ci_yC7.
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Euclidean representations of the Fibonacci groups

Visne1 C; = Ci_nC2,. J
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Euclidean representations of the Fibonacci groups

Visn—1 Ci = Ci_nC7 ;. J

Cn—l = (1,00)(—1,01)...(—1,Cn_2> = (—1,Cn_1>
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Euclidean representations of the Fibonacci groups

Visne1 C; = Ci_nC2,. J

Co = C'C2,=(Le) (~Lew)? =(1,—c)
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Euclidean representations of the Fibonacci groups

Visne1 C; = Ci_nC2,. J

Coi1 = C7'C2=(—1,c1)(1,—2¢0) = (—1,2c0 + 1)
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Euclidean representations of the Fibonacci groups

Visn_1 Ci = CinC2,. J

Coyi = C7'C2,, =C;,2<i<n-—1
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Euclidean representations of the Fibonacci groups

Visn—1 Ci = Ci_nC7 ;. J

Con = C'C3, 1 =(1,—co)™! =Co
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Euclidean representations of the Fibonacci groups

Visn—1 Ci = Ci_nC7 ;. J

n

Conp1 = Cp1C3 = (—1,2¢)+c1)(1,2c0) =C4
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Euclidean representations of the Fibonacci groups

Visn—1 Ci = Ci_nC7 ;. J

—1 .
Conyi = n+iC22n+i—1 = Ch+i =C;,2<i<n-—1
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Euclidean representations of the Fibonacci groups

CQn = Cglcgn—l - (17 _CO)_I = Co

Contr = 07:41-102271 = (-1,2¢c0 +c1)(1,2¢0) =C4

Conyi = C;iicgn+i—1 = Ch+i =C;,2<i<n-1
Vo<i<n—2 Contyi = Cj. J
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Every HW-group is cyclic

Theorem

Letn € N be odd. LetT' C E(n) be a HW-group. Then there exists an
epimorphism

®: F(n—1,2n) —» I

Rafat Lutowski (University of Gdansk) | Irreducible euclidean reps of the Fibonacci groups 22/1



Euclidean representations of the Fibonacci groups

Decomposition of HW-group
@ Let
[bij] 0<i,j<n

be a matrix of I.
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Decomposition of HW-group
@ Let
[bif]ogi,jm
be a matrix of T".

@ Let
idr = 0O @ .. @D

be the euclidean decomposition of idr.
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Decomposition of HW-group
@ Let
[bif]ogi,jm
be a matrix of T".

@ Let
idr = 0O @ .. @D

be the euclidean decomposition of idr.
@ For every 0 < i < n there exists epimorphism

fi: F(n—1,2n) — () c E(1)
given by

filao) = (1,bi), fi(a1) = (=1, b5441), . - -, filan—1) = (=1, b i4n—1).
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Decomposition of HW-group
o Let
[bij]()gi,j<n
be a matrix of I.

o Let
idr = 0O @ .. @D

be the euclidean decomposition of idr.
@ Forevery 0 < i < n there exists epimorphism

fi: F(n—1,2n) — () c E(1)

given by
Vo<j<n fila;) = ((_1)1+5i’i+j;bi,i+j>
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Euclidean representations of the Fibonacci groups

Left shift automorphism

@ o € Aut(F(n — 1,2n)) — left shift automorphism.
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Left shift automorphism

@ o € Aut(F(n — 1,2n)) — left shift automorphism.
@ fio': F(n—1,2n) — o®(T) C E(1) for every 0 < i < n.
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Left shift automorphism
@ o € Aut(F(n — 1,2n)) — left shift automorphism.
@ fio': F(n—1,2n) — o®(T) C E(1) for every 0 < i < n.
‘ .
Vo<ij<n fio'(a;) = fiaj—i) = ((—1)1+6i’jabz‘,j>
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Left shift automorphism

@ o € Aut(F(n — 1,2n)) — left shift automorphism.
@ fio': F(n—1,2n) — o®(T) C E(1) for every 0 < i < n.
°

Vo<ij<n fio'(a;) = filaj—i) = ((—1)1+6i’jabz‘,j>

-1 [ b1y ]
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Left shift automorphism

@ o € Aut(F(n — 1,2n)) — left shift automorphism.
@ fio': F(n—1,2n) — o®(T) C E(1) for every 0 < i < n.
°

Vo<ij<n fio'(a;) = filaj—i) = ((—1)1+6i’jabz‘,j>

[—1 1T b1 ; i foao(aj)
-1 bj—1,; fi—1077(a))
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Left shift automorphism
@ o € Aut(F(n — 1,2n)) — left shift automorphism.
@ fio': F(n—1,2n) — o®(T) C E(1) for every 0 < i < n.
‘ .
Vo<ij<n fio'(a;) = fiaj—i) = ((—1)1+6i’jabz‘,j>

1 | big fio? (aj)
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

Left shift automorphism
@ o € Aut(F(n — 1,2n)) — left shift automorphism.
@ fio': F(n—1,2n) — o®(T) C E(1) for every 0 < i < n.
‘ .
Vo<ij<n fio'(a;) = fiaj—i) = ((—1)1+6i’jabz‘,j>

-1 bjt1,j fiv107 (ay)

~1) Lws ]/ foa
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Euclidean representations of the Fibonacci groups Representations of the Fibonacci groups

The epimorphism
The map
n—1
&~ P o’
i=0
is the desired epimorphism:
n—1 )
Vo<j<n (aj) =EP fio'(ay)
i=0
=(=Lbo;) & ... (=1,bj-15) ® (1,b;,;)d

O (=1,bj11) ® ... D (—1,by)
=(Bj bj)-
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