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1 Preliminaries

=(f1,..-, fu) : R" - R" - a C*™°-mapping.

O(fr1s- -+ fn)
8($1, ceey a:n)

(the determinant of the Jacobian matrix)

J =

B C R" - an open bounded set such that 9B N F~1(0) = 0.

For almost all y € R” sufficiently close to 0 € R":
P={seB| @)=y}

is finite and

VpeP J(p) #0

Definition. The topological degree of F' with respect to B and 0 €
R™:
deg(F, B, 0) Zs1gn J(p

peP



Let R (resp. C) denote the field of real (resp. complex) numbers. Let
V' be a finite dimensional real vector space and let

OV xV =R

be a bilinear symmetric form. Let V, (resp. V_) denote a maximal
subspace of V' on which & is positive (resp. negative) definite, i.e. if

r €V, —{0} (resp. x € V_—{0}) then ®(z, x) > 0 (resp. ®(z,z) < 0).
We define

signature ® = dim V, —dim V_.

We shall say that ® is non-degenerate if its matrix is non-singular.

Lemma 1.1 Let ¢ : R — R be an R-linear functional and let
®: R x R — R be the bilinear form given by ®(x,y) = p(xy). Then
signature ® = sign ¢(1). Moreover ® is non-degenarate if and only if

p(1) # 0.

Proof. Since ¢ is R-linear then for every z € R—{0} we have ®(z,x) =
o(z?) = p(x?- 1) = 2%p(1). Because 2° > 0 then

signature ® = sign ¢(1).



Lemma 1.2 Let ¢ : C — R be an R-linear functional and let
d . Cx C — R be the bilinear form given by ®(z,w) = p(zw).
Then signature ¢ = 0.

Proof. Let V. C C denote a maximal R-subspace on which ® is positive
definite, i.e. ®(z,2) = p(z?*) > 0 for every z € V, — {0}. Then
v —1 V., is an R-subspace of C and if

w =+v—-1z¢ev—-1V, —{0}
then
b(w, w) = p(w?) = p(—2%) = —p(z*) < 0.

Hence dim V_ > dim+/—1 V, =dim V.
By similar arguments dimV, > dimV_ . Hence dimV, = dimV_
and

signature ® = 0. [
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Then B is a finite dimensional R-algebra. Let ¢ : B — R be an R-linear
functional. Denote
s1=p(1®0&---0),

Sm=p0& - B1G---0).

From previous lemmas we get

Proposition 1.3 Let ® : B x B — R be the bilinear form given by
O(f,9) = ¢(fg). Then

signature® = #{1 <i<m:s; >0} —#{1 <i<m:s; <0},

Moreover if ® is non-degenerate then s; #0,...,5s,, # 0.



Let  fi,....fo €Rlzy,...;x,], let  Fr=(f1,....f,) R" > R"
and let fo: C" — C” be its complexification. Let
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8($1, ceey a:n)
denote the determinant of the Jacobian matrix. Let A = Rlzy,...,x,] /1,

where [ is the ideal in Rz, ..., x,] generated by polynomials fi, ..., f,.
Then A is an R-algebra.

From now on we shall assume that d = dim A < oo and that
F¢ has only non-degenerate complex roots, i.e. if 2 € F;'(0)

then J(z) # 0.

The next two facts generalize the Fundamental Theorem of Alge-
bra. They follow immediately from Corollary 1 in [W.Fulton, Algebraic
Curves|, p.57.

Proposition 1.4 #{z € C" : Fo(z) =0} =dim A =d



So there are d complex roots for F» and we may assume that

Fc_l(o) — {p17 s 7pm7Q17QI7 SRR 7%“7@“}7

where p1,...,pm € R*, q1,...,q € C" — R" and ¢, is the complex
conjugate of g;. Clearly m + 2r = d.

If f € Tthen f =0 on F;'(0). Then there is an R-homomorphism

of algebras
V:A-B=FH REP C
1 1

given by W(f) = f(p1) @ @ f(pm) © f(q1) ©--- D f(gr). 1t is easy
to see that dim B =m + 2r = d = dim A.

Theorem 1.5 If f = 0 on F,'(0) then f € 1. Hence ¥V : A — B
1s an isomorphism of R-algebras. Thus g = h in A if and only if

9(pi) = h(pi) for 1 < < m and g(q;) = h(g;) for 1 < j <.



2 The construction of bilinear forms

Denote = (21,...,24), ¥ = (Yy1,---,Yn). Define A> = Rlz,y]/ I,
where e Iy is the ideal in R[z, y] generated by fi(z), ..., fu(z), fily),. ..,
fn(y). One may check that A? is isomorphic to A ® A.

For 1 <1,5 < n define

fi(yla .. ,yj_l,ﬂfj, ... ,a:n) — fi(yla ... 7yj7xj+17 ... ,.In)

Tj = Yj

ﬂj($7y) —

It is easy to see that each T;; extends to a polynomial, thus we may
assume that T;; € Rz, y]. Define
T'(z,y) = det [Tij(xv y)l.

It is easy to see that J(z) =T (z, z).
Definition. The residue class of T'(z, %) in A? is called the Bezoutian

of fi,..., fn

Theorem 2.1 For any polynomial q(x) we have

()T (z,y) = q(y)T(z,y) in A



Proof. Note B; the j-th column of | T;;(z,y)]. Then

fl(yla' s Yi—1, T4, - - 7$k) - fl(yla' e Yiy Tj1y - e 7$n)
(j—y;)B; = 5
fn(y17 ceesYji—1, LG,y .- 733/6) _ fn(yh v Yjy gty - 7337’&)

We do not change the determinant if we add to this column a linear
combination of the form
> (@ — yi)Br.

=y

The j-th column then becomes

n fl(xla-”axn)_fl(yla'“ayn)

k=1 fn(xla---axn)._fn(ylv"wy”)



Developing this determinant relatively to the j-th column we get an
element of the ideal I5. Hence

(z; —y;)T(z,y) =0 in A2

and then z,;T(z,y) = y;T(z,y) in A* Hence

v T(x,y) = vy T(2,y) = yy;T(x,y)  in A°

and by induction

xclll U x?tnT(aja y) — y?l T ygnT(.ﬂj’ y) n A2'

So the theorem is true if ¢(z) is a monomial. One gets the general case
by linearity.
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Proposition 2.2 Suppose thatp,q € Fc_l(O). If p=qthenT(p,q) =
T(p,p) = J(p), if p # q then T(p,q) = 0.

Proof. We have already proved that T'(p,p) = J(p). Suppose that
p # q. There is a polynomial Q(x) € Clz| such that Q(p) # 0 and
Q(q) = 0. Applying the same arguments as in the proof of the previous
theorem one can see that there are hy, ..., h,, g1,...,9, € Clz,y] such
that

Q(z)I'(z,y) = Qy)T wy+zh (@, y)fi(x +Zg]wyfj

Since fi(p) = -+ = fulp) = filg) = - = falg) = 0then Q(p)T(p, q) =
Q(q)T(p,q) =0, and then T'(p,q) = 0.
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Suppose that ej(x), ..., eq(z) form a basis in A. Since A? is isomor-
phic to A® A then e;(x)e;(y) for 1 < 4,5 < d form a basis in A% Hence
there are ¢;; € R such that

d d
T(z,y) = Z tijei(x)e;(y) = Zei(x)éi(y) in A%,
ij=1 i=1
d
where éz = Z tijej.
j=1
Theorem 2.3 é;,...,¢; form a basis in A.

Proof. According to Theorem 1.5, A is isomorphic to the product B =
P RP, C. Let Ey, ..., E,; be the basis given by

Ei=1000 ---®0, B,=001®---®0,...,
Eerl:O@...@l@...@O’ Em+2:0@...@,/_1@...@07“_7
Ei1=08---0081, ;=060 06/—1.

Using Proposition 1.2 it is easy to see that elements El, e E, con-
structed as above form a basis. Moreover, since ej,...,e; are non-
singular combinations of Ey,...,E; then é41,...,é4 are non-singular
combinations of El, e Ed, and then they form a basis.
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Then there are aq,...,ay € Rsuch that 1 = a1é;+---+aqgéy in A.
Hence if p € F5'(0) then

aréy(p) + -+ + aqgéq(p) =

Definition Let ¢ : A — R be the linear functional given by

o(f) = a1by + - - - + agbq,

for f=bie;+---+bjeqg e A

The functional ¢ is called the Kronecker symbol, or the Global Residue,
associated to fi,..., f,.
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Lemma 2.4 Ifp; € F;'(0) for 1<i<m and Ti(z)=T(z,p) €
A then o(T;) = 1.

d
Proof. Since T(z,y) = >_ e;(z)é;(y) in .A? then there are hy, gi €
j=1
Rz, y| such that

d n

T(r,y) = Zej(ﬂﬁ)éj(y) + > (hi(z,y) fr(®) + gr(@, y) fr(y))-
Because fi(p;) = -+ = fu(pi) = 0 then

Ti(z) = Z ej(z)e;(pi) + Z hi(z, pi) fe(2),

j=1 k=1

and then T; = é;(p;)ei(z) + - - - + éq(pi)eq(r) in A. So

o(T;) = aréi(pi) + - - - + aqéa(pi) = 1.
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Take p; € Fp'(0). We have assumed that J(p) # 0 for every
p € F;10), 50 J(p;) # 0. Let t; = T; | J(pi) € A. From Propo-
sition 2.2, ¢;(p;) = 1 and t;(g) = 0 for every ¢ € F5'(0) , q # pi.

Let ¥ : A — B be the isomorphism of algebras defined before. Then
Ut) =0 ---®1d--- 0, where 1 is in the i-th factor.

Let & : A x A — R be the bilinear form given by ®(f, g) = ¢(fg).

m
Lemma 2.5 signature ® = ) sign J(p;).
=1

A

Proof. From Lemma 2.4,

o(t:) = o(T;/ T (p)) = T (pi) ' o(Ti) = T (pi) ™"

for 1 <7 < m. Then sign ¢(t;) = sign J(p;). Now it is enough to apply
Proposition 1.3.
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Let M : R" — R be a polynomial, let ¢3; : A — R be the linear
functional given by wu(f) = @(Mf), let &y : A x A — R be the
bilinear form given by ®,(f, g9) = pm(fg) = (M fg).

Lemma 2.6 signature &, = Z sign M (p;) T (p:). If Pas is non-degenerate
-1
then M (p;) # 0 for every 1 < i <m.

Proof. Using the same arguments as in the proof of the previous lemma
one can show that ¢y, (¢;) = M(p;)/ T (p;). From Proposition 2.3,

signature &, = Z sign M (p;) T (p;)-
i=1

Moreover, if @), is non-degenerate then 0 # ¢y (t;) = M(p;) /| T (pi)-

16



3 A formula for the topological degree

Let Fp = (f1,...,fn) @ R — R” be a polynomial mapping, let
M : R" — R be a polynomial and let B={x € R" : M(z) >0 }.
If B is bounded and dB N F'(0) = 0 then deg(Fg, B,0) will denote
the topological degree of Fr with respect to B and 0 € R”.

Let A = Rlzy,...,2,] / 1, where I is the ideal in Rz, ..., z,] gen-
erated by fi,..., f,. If dim A < oo then one may define bilinear forms &
and
dy 0 A X A — R the same way as in Section 2.

Theorem 3.1 (A formula for the topological degree)) If &, is
non-degenerate then OB N Fp*(0) = 0. So if B is bounded then
deg(FRr, B,0) is defined and

1
deg(Fg, B,0) = i(signature ® + signature @yy).

We give the proof under the additional assumption that
all complex roots are non-degenerate, i.e. if p € F '(0) then
J(p) # 0. We want to point out that this assumption is not
necessary.

17



Proof. From Lemma 2.6, M ~1(0) N Fz'(0) = 0. Since 8B C M~%(0)
then B N F5'(0) = (). According to Theorem 1.4, F;'(0) is finite. In
that case

deg(FRa B7 O) - Z Sign j(pl)a
1€P

where P ={1<i<m : M(p;) >0 }. From Lemmas 2.5 and 2.6 it is
easy to deduce that

1
deg(Fg, B,0) = i(signature ® + signature ®yy).

Using the same arguments one can prove

Theorem 3.2 Let D C R" be an open bounded set containing all
F;'(0). Then
deg(Fg, D, 0) = signature .

18



Example 1. F = (12 — 9, 79) : R* — R?
I = (2§ — 29, 29)

(y% — x9) — (37% — 1)

Ty = i =y + 21
1 — T
2 N (2
T12:(y1 y;) iyl DN
9 — Ty
To — T
Ty =22
Y1 — X1
T22_y2—152:1
Yo — T2

T(z,y)=1-y1+z1-1=ex(x)ex(y) + ex(x)er(y)
€1 =€y, €9:=e1 =1
T(z,y) = ei(z)ér(y) + ealz)éa(y)
l1=0-e1+1-¢90 = a1=0,a0=1
@by - 1+by-x1) =ay-by+as-by =1y

19



@(61, 61) = 90(1 . 1) =0
D(eq,e9) = (1 -x1) =1

B(eg, e9) = p(a1 - 1) = (1) = p(0) = 0

01

M‘DZL 0

] = signature ® = 0

Theorem 3.2 = deg(Fg, D,0) = 0.
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4 A formula for the local topological degree
F={(fi, ..., fa): (R",0) = (R",0) — a polynomial mapping.
Suppose that 0 is isolated in F5'(0). Define

degy(F) = deg(Fg,int B(r),0),
where B(r) = {x | || z [|[<r} and {0} = F'(0) N B(r).

QO = R[[xla s 7$n]]/(f17 Ty fn)7
Jo — the residue class of J in Qg

Theorem 4.1 (Eisenbud-Levine, Khimshiashvili) .

(1) dimpQy < 0o = 0 is isolated in F;'(0)

(2) Let 6y : Qo — R be a linear functional such that 6y(Jy) > 0.
Define
O : Q(] X Q() — R, @O(CL, b) = Ho(ab)

Then © s non-degenerate and

deg,(F') = signature O

21



Proof: (as in [5]) Additional assumptions:
(a) fi = g; + 23, 2k > degree(y;)
(b) if Fe(p) =0 and p # 0, then J(p) # 0

(a) = 22 =—-g;in A = dim A= (2k)" < 0
FZ1(0) is finite = 0 is isolated in F;*(0

¢ : A — R - the Kronecker symbol
O AxA—=R : Da,b) = p(ad)

A=QOoR®---dRaC® ---®C

m—1

The (2k)" x (2k)™-matrix of ® (of even dimension) is of the form

0 0 1
0 0 1

1 * %
1 * * %

22



m
0 = signature ® = signature P o, + Z sign J (pi)
2

Let D C R" be an open bounded set containing all Fj'(0). By
Theorem 3.2,

0 = deg(Fg, D,0) = deg(Fg, B(r),0) + Zsign J (pi)
2

signature @ o, = deg(Fr, B(r),0) = degy(F)

$o ‘= SO|Q0 : QU — R
(I)() = (I)|Q0><Q0 : QO X QO — R

23



Theorem 4.2 ([5, 6, 27]) ¢o(Jy) = dim Qo > 0

Theorem 4.3 ([4, 5, 6, 20, 27]) Let A : Qy — R. Then

AMTo) # 0 if and only if
A(a,b) = Aab) : Qo x Qy — R is non-degenerate.

wo(Jo) >0 , 0o(Jp) >0
>\t = th() + (1 — t)e(]
vie1] M) >0

Vte0,1]  Aga,b) = N\(ab) — non-degenerate

signature ®; = signature Ay = signature Ay = signature ©

signature ©g = signature ®y = signature ®|g, g, = degy(F")

24



Example2. F(x,15) = (27 — 23, 271715)

I = (2} — a3, 20125) C Ry, 25]]

3 9 9 1
L9

— —ng(x] — $2) + (5,771) - 2x1x9 € 1
Qo = Rl[z1, 2o]]/T =~ Rlzy, 29/ (2] — 23, z129, 73)
2

2 _ _
=15 129 =0, x5 =

Q(]:{bl'1—|—bg'$1—i—bg'$2—|—b4'$§}

2$1 _2$2 2 2 2
= :4 =
Jo det[%2 2$1] (x] + z35) = 85
(9(]([)1'1+bg'$1+bg'$2—|—b4°$§):b4
90(j0)28>0

(000 1]
0100
Meo=1001 0
1 000

signature Oy = 2

degy(F) =2
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5 Local invariants for functions

f:(R",0) — (R,0) - a polynomial

S(r)y=Az| || @ ll=r}
L(r) = S(r) N f71(0)
Ar(r)y=S(r)n{xf >0}

If » > 0 is small enough then the topology of L(r), A.(r), A_(r) is
well-defined up to homeomorphism.

Theorem 5.1 (Sullivan) The Euler characteristic x(L(r)) is even.
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of of
===, ... - R"” R"
Vf (83:1’ 783%) -

Definition. p is a regular (resp. critical) point of f if Vf(p) # 0
(resp. Vf(p) =0). Put

o0 f
8.7@ 837]'

Iy =t | 5| =

A critical point p is non-degenerate if J;(p) # 0

f has an isolated critical point at the origin if B(r) NV f~1(0) = {0}.
If that is the case then deg,(V f) is well defined.

Theorem 5.2 (Khimshiashvili) If f has an isolated critical poit
at the origin then

X(A-(r)) =1 —degy(V[)
X(A4(r)) =14 (—=1)"" degy(V f)

X(L(T)){O if n s odd

2(1 —degy(Vf)) ifn is even

27



Fix 0 <y <r <1 Put

C(f)=B(r) N [~ (-y)
D(f)=B(r)n f ([~y,y))
(Lojasiewicz): x(D(f)) =1
(Milnor): X(A-(r)) = x(C(f))

Let g be a function having only non-degenerate critical points which is
sufficiently close to f together with all derivatives of order one and two.

=
S
=
I
=
=
=
U
=
S
=
I
—_
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A:={zx € B(r) | Vg(z) =0}

1 = x(D(g)) = (Morse theory) = x(C(g)) + Zsign Jy(p) =
peEA
X(C(g)) + deg(Vg, B(r),0) = ( Vg is close to Vf) =
X(A_(r)) + deg(V f, B(r),0) = ( Vf has an isolated zero at 0) =

X(A-(r)) + degy(V f)
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6 Local invariants for curves
H=(hy,...,hy,_1): (R",0) = (R"1,0) - a polynomial mapping
DH (x) - the derivative of H at x

Suppose that {z | H(z) =0, rank DH(z) <n — 1} N B(r) C {0}.
Then near the origin H~1(0) is a finite union of half-branches emanating
from the origin.

b - the number of half-branches equals # H1(0) N S(r).

xl « o xn
Ohy .. O
Qp =det | o1 Ot
Ohp—1 .. Ohp—1
| Ox Oxp

Fy = (QH,hl, .. -;hn—l) : (RH,O) — (RH,O)
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Theorem 6.1 (Aoki, Fukuda, Nishimura,Sun) 0 is isolated in
F710), and
b= 2. degy(Fi)

Proof. Take G = (g1,...,gn_1) close to H such that G™1(0) N B(r) is
a finite union of smooth curves transversal to S(r).

b=2-Farcsin G'(0) N B(r)
FG — (QG7917 cee 7gn—1) :R" - R"

T € Fgl(O) & s a critical point of || @ ||;G-1)
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One may assume that if Fiz(p) = 0 then Jr,(p) # 0.
Jrs(p) >0 = || 2 |||g-1() has a minimum at p
Jrs(p) <0 = || 7 |||g-1(0) has a maximum at p

degy(Fy) = deg(Fy, B(r),0) = (H is close to G) =

deg(Fg, B(r),0)= ) sign Jr,(p) =

PEFS(0)
# minof |z |||G—1(o) — # maxof ||z H|G—1(0):

#arcs in G1(0) N B(r)

b=2-degy(Fy)
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